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To Barbara, Michele, and Louie 


Preface 


This book is based on a one-year course in nuclear reactor theory which I have 
given over a number of years at Cornell and New York Universities. The major 
objective of this course is to provide the student with an understanding of the 
fundamental physical principles underlying the operation of a nuclear reactor. At 
the same time, it is expected that by the end of the course the student will be able to 
perform some of the more elementary calculations necessary in reactor design. 

The prerequisites for this course, and hence for this book, are an undergraduate 
course in atomic and nuclear physics and a study of mathematics through advanced 
calculus. A knowledge of quantum mechanics is not assumed. 

The selection and processing of nuclear data, especially cross-section data, is the 
starting point for many reactor calculations, and it is important for the nuclear 
engineer to be able to interpret and use such data correctly. These data and the 
physical processes from which they stem are discussed in the first portion of this 
book. It would not be necessary to include these chapters were it not for the fact 
that this material is not ordinarily covered in sufficient detail in prerequisite courses 
in nuclear physics. Physicists understandably are no longer so concerned with 
these matters as they once were. Where adequate prerequisite courses exist, the 
first three chapters can be omitted. 

Most of the phenomena involving the transport of neutrons in a reactor can be 
understood within the framework of diffusion theory, and this model of neutron 
transport is used throughout much of this book. The cumbersome mathematical 
machinery of space-dependent transport theory is not included, because these tech- 
niques do not contribute substantially to an understanding of the basic physical 
` principles. At the same time, a discussion of such techniques in a textbook of 
finite size requires the exclusion of other matters of greater importance. In certain 
important situations, however, where diffusion theory gives especially poor re- 
sults, namely, in calculations of heterogeneous reactors, more accurate methods 
based on escape probabilities are introduced. 

The notation used in this book is that recommended by the Commission on 
Symbols, Units, and Nomenclature (SUN Commission) of the International Union 
of Pure and Applied Physics; the physical constants are those recommended by 
the Committee on Fundamental Constants of the National Academy of Sciences— 
National Research Council (1963); and the cross-section data have been updated 
to include the second supplement to the second edition of BNL-325 [1964, 1965 
and 1966 (to appear)]. 

The problems are arranged, in so far as possible, in the order of presentation of 
the material and not according to their difficulty. Some of the problems are pa- 

у 


tently trivial but are included because they demonstrate important physical prin- 
ciples. On the other hand, some problems are long and tedious and lend themselves 
well to machine computations. However, no problem specifically requires the use 
of a computer. 

I have been aided by many persons in the preparation of this book. I especially wish 
to thank J. Chernick, N. R. Corngold, S. Glasstone, H. Goldstein, C. C. Graves, H. 
Hurwitz, Jr., I. Kaplan, M. S. Nelkin, L. W. Nordheim, D. S. St. John, and E. P. 
Wigner for comments on specific questions and/or reviews of portions of the 
manuscript. I am also indebted to B. A. Magurno and J. R. Stehn for sending me 
cross-section data prior to publication in the current supplement of BNL-325. 
My colleagues at New York University, R. Aronson, J. J. Herbst, R. W. Kupp, 
and E. Starr, have been most helpful in their comments on the evolving manuscript. 

I also wish to acknowledge the assistance of many present and former students, 
especially S. J. Fierberg, J. S. Ingley, C. R. MacVean, J. R. Roth and R. A. Shaw, 
whose comments and suggestions over the years have helped to shape the final 
product. Mr. Joel Adir performed most of the calculations and provided many of 
the curves used in the figures, and I am pleased to acknowledge his vital assistance. 
The manuscript was prepared for publication by my wife, and it is doubtful that 
this work would have reached completion were it not for her untiring efforts in this 
project. 


J. R. L. 


Larchmont, New York 
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Review of Nuclear Physics 


Those portions of nuclear physics that are particularly important in reactor theory 
will be reviewed briefly in this chapter and in Chapter 2. It is presumed that the 
reader has already become acquainted with much of the subject matter of these 
chapters through prerequisite courses in atomic and nuclear physics. 


1-1 The Constituents of Nuclei 


The atomic nucleus consists of Z protons and N neutrons, where Z and М are the 
atomic number and neutron number, respectively. The total number of nucleons in 
the nucleus, that.is, neutrons and protons, is equal to Z + N = A, where A is 
the atomic mass number. 

Nuclei having the same atomic numbers but different neutron numbers are 
known as isotopes. Oxygen, for instance, has three stable isotopes, O!9, O!7, and 
O18, and three unstable isotopes, O!*, O!5, and O!?. A table of some of the more 
important isotopes encountered in nuclear engineering appears in Appendix I. 
More complete tabulations are given in the references at the end of this chapter. 

The mass of the proton is 1.67252 X 107?* gram (gm). It carries a positive 
charge of 1.60210 X 10—!9 coulombs (coul), equal in magnitude to the charge of 
the electron, and is a stable particle. 

The mass of the neutron, for reasons which until recently were not entirely under- 
stood,* is slightly larger than the mass of the proton, namely, 1.67482 X 10774 gm, 
and it is electrically neutral. The neutron is not stable, however, unless it is bound 
in a nucleus. A free neutron decays to a proton with the emission of a 8-ray and 
an antineutrino, a process which occurs on the average in about 12 min. It will be 
shown later in this book that the average lifetime of neutrons in a nuclear reactor 
before they are absorbed or leak from the system is only about 1073 sec. The 
instability of the neutron is therefore of no importance in reactor theory. 


1-2 Particle Wavelengths 


All particles in nature have a split personality, behaving sometimes like individual 
particles and sometimes like waves. The wavelength ^ associated with a particle 
having momentum p is given by 


* This question evidently has been settled at last; the neutron-proton mass difference can 
now be calculated from first principles. Cf. R. F. Dashen, Phys. Rev. 135B, 1196 (1964). 
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where h is Planck’s constant.* It is now customary to speak of a particle’s reduced 
wavelength, denoted by X, which is simply its wavelength divided by 27. Thus X 
can be written as ; 


h 
X = —› 1-1 2 
А (1-1) 


where й is Planck’s constant divided by 27. For neutrons, Eq. (1—1) gives 
_ 4.55 x 107? Bes 
VE | 


where Е is the neutron energy in electron volts.T 


A (1-2) 


1-3 Nuclear Radii 


To a first approximation, the atomic nucleus can be considered to be a sphere of 
radius R given by the expression 


R = 1.25 X 107134"? ст, (1-3) 


where A is the atomic mass number. The constant 1.25 is derived from neutron 
scattering experiments, and since other types of measurements give somewhat 
different values, radii computed from Eq. (1-3) should not be taken too seriously. 
It should also be noted that this equation is not valid for the very light nuclei. 

It is often convenient to express the nuclear radius in terms of the classical 
radius of the electron, ге, which is defined by the formula 


е? 


5 
тес? 


Те = (1-4) 
where e and m, are the electronic charge and mass, respectively, and c is the velocity 
of light. The numerical value of re is 2.82 X 1071? cm, so that R can be written 
roughly as 

R= BAM? (1-5) 


Although Ед. (1-5) is not numerically exact, it is sufficiently accurate for many 
computational purposes. | 

The volume У of a nucleus is proportional to R?, and, in view of Eq. (1-3), V is 
proportional to A. Thus the average number of nucleons per unit volume in a 
nucleus, that is, A/V, is constant for all nuclei. Such a uniform density of nuclear 
matter suggests that nuclei are similar to little liquid drops, which, it will be 
recalled, have the same density whether they are large or small. This /iquid-drop 
model of the nucleus has been widely used in nuclear physics and accounts for many 
properties of nuclei. It will be discussed further in Chapter 2. 


* A table of physical constants is given in Appendix I. 
f 1 electron volt = 1 eV is the unit of energy equal to 1.60 X 10—19 joule. 
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1-4 Nuclear Mass 


The masses of atoms are expressed in terms of the atomic mass unit, or ати. Until 
comparatively recently the amu was defined as one-sixteenth of the mass of the 
neutral 016 atom. For a number of reasons, chiefly to bring the atomic mass unit 
closer to the chemical scale of atomic weights, nuclear masses are now measured 
relative to the mass of C!? rather than O!9. The amu is therefore currently defined 
as one-twelfth the mass of the neutral C!? atom, and is equal to 1.660438 х 10774 
gm. In energy units the amu (using the C'? standard) is equivalent to 931.478 MeV. 
In terms of this unit the proton and neutron have the following masses: 


M, = 1.007277 amu, 
M, = 1.008665 amu. 


Compilations of nuclear masses are noted in the references at the end of this 
chapter. Before using any compilation of data, however, the reader is cautioned to 
determine whether the values of mass are based on О! $ or C1. 


1-5 Binding Energy 


The masses of all nuclei are slightly less than the sum of the masses of the individual 
neutrons and protons contained in them. This difference in mass is called the 
mass defect, and is given by 


A = ZM, + NM, — МА, (1-6) 
where M 4, is the mass of the nucleus. Equation (1-6) can also be written as 
A = Z(M, + m) + NM, — (Ма + Zm), (1-7) 


where m, is the mass of an electron. The quantity Mp + meis approximately equal 
to the mass My of neutral hydrogen, while Ма + Zm, is approximately equal to 
the mass M of the neutral atom in question. The mass defect of the nucleus is 
therefore 

A = ZMy + NM, — М. (1-8) 


Equations (1-6) and (1-8) are not precisely equivalent owing to differences in 
electronic binding energies, but this is not important for most purposes. 

When A is expressed in energy units, it is equal to the energy which is necessary 
to break the nucleus into its constituent nucleons. This energy is known as the 
binding energy of the system, since it represents the energy with which the nucleus 
is held together. On the other hand, when a nucleus is produced from A nucleons, 
A is equal to the energy released in the process. For example, when a neutron and 
proton combine to form a deuteron, the nucleus of H 2 4 2.23-MeV 7-ray is emitted. 
Since this energy escapes as the deuteron is formed, the mass of the deuteron in 
energy units is 2.23 MeV less than the sum of the masses of neutron and proton. 
The neutron and proton can later be separated again, provided the binding energy 
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Binding energy per nucleon, MeV 


0 20 40 60 80 100 120 140 160 180 200 220 240 
Mass number 


Fig. 1-1. Binding energy per nucleon as a function of mass number. 


is resupplied to the system. This can be done in a number of ways, for instance by 
bombarding deuterium with Y-rays having an energy greater than 2.23 MeV. 

The total binding energy of nuclei is an increasing function of the atomic mass 
number A. It does not increase, however, at a constant rate. This can be seen most 
conveniently when the average binding energy per nucleon is plotted versus A, 
as shown in Fig. 1—1. It will be noted that there are a number of deviations from 
the curve at low A, while above about A = 50 the curve is a smooth but decreasing 
function of A. The behavior of the binding energy is particularly important in 
determining possible sources of nuclear energy. 

Those nuclei in which the binding energy per nucleon is high are particularly 
stable or “tightly bound,” and a relatively large amount of energy must be supplied 
to these systems to break them apart. On the other hand, nuclei with low binding 
energy per nucleon are less stable and can be disrupted more easily. 

Whenever it is possible to form a more stable configuration by combining two 
less stable nuclei, energy is released in the process. Such reactions are possible with 
a great many pairs of isotopes. For instance, when two deuterons, each with a 
binding energy of 2.23 MeV, react to form НЗ, having a total binding energy of 
8.48 MeV, according to the equation 


2H? — H? + H}, (1-9) 
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there is a net gain in the binding energy of the system of 8.48 — 2 X 2.23 = 
4.02 MeV. In this case, this energy appears as kinetic energy of the product nuclei 
H? and Н!. 

Reactions such as Eq. (1—9), in which at least one heavier, more stable nucleus is 
produced from two lighter, less stable nuclei, are known as fusion reactions. 
Reactions of this type are responsible for the enormous release of energy in 
hydrogen bombs and may some day provide unlimited sources of thermonuclear 
power. 

Moving now to regions of large A in Fig. 1-1, it will be seen that a more stable 
configuration is formed when a heavy nucleus splits into two parts. The binding 
energy per nucleon in U??$, for instance, is about 7.5 MeV, while it is about 
8.4 MeV in the neighborhood of A = 238/2 = 119. Thus if a uranium nucleus 
divides into two lighter nuclei, each with about half the uranium mass, there is a 
gain in the binding energy of the system of approximately 0.9 MeV per nucleon, 
which amounts to a total energy release of about 238 X 0.9 = 214 MeV. This 
process, of course, is called nuclear fission, and is the source of energy in nuclear 
reactors. | 

Before leaving the discussion of nuclear binding energy, it should be noted that 
nuclei containing 2, 6, 8, 14, 20, 28, 50, 82, or 126 neutrons or protons are especially 
stable. These nuclei are said to be magic, and their associated numbers of nucleons 
are known as magic numbers. These correspond to the numbers of neutrons or 
protons that are required to fill shells (or subshells) of nucleons in the nucleus in 
much the same way that electron shells are filled in atomic structures. 

The existence of magic nuclei has a number of practical consequences in nuclear 
engineering. For instance, nuclei with a magic neutron number absorb neutrons 
to only a very small extent, and materials of this type can be used where neutron 
absorption must be avoided. Zirconium, for example, whose most abundant 
isotope contains 50 neutrons, has been widely used as a structural material in 
reactors, and bismuth (in liquid form), whose only naturally occurring isotope has 
126 neutrons, has been proposed as a reactor coolant. 


1-6 Excited States in Nuclei 


The preceding sections pertain to nuclei in their ground state, that is, in the state of 
lowest energy. Nuclei also have excited states or energy levels. Figure 1-2 shows 
the known energy levels of C!?, A1?3, and U??5, which are typical light, interme- 
diate, and heavy nuclei, respectively. It will be observed that in every case the 
density of levels increases with increasing excitation energy. Furthermore, it should 
be noted that the density of levels at a given excitation energy also increases with 
increasing mass of the nucleus. While it is generally true that energy levels become 
increasingly dense with increasing mass number, the magic nuclei are important 
exceptions to this rule, and their excited states tend to resemble those of the lighter 
nuclei. This is shown in Fig. 1-3 for the nucleus Bi???, Such a level scheme has 
little in common with those of other heavy nuclei. 
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22 


- 


C12 А] U?235 
Fig. 1-2. The energy levels of С!2, А128, апа 10235. 


It is interesting to compare the origins of excited states in nuclei and atoms. It 
will be recalled that in atoms the excited states are formed as the result of the 
continued excitation of only one electron at a time. That is, the states are formed 
by raising one electron through a succession of levels until it finally escapes from 
the system and the atom is ionized. More highly excited states of the atom are then 
formed by the excitation of a second electron until the atom is doubly ionized, and 
so on. Atomic energy states arise in this way because it always takes less energy to 
raise an electron, already in an excited state, to a higher level than to place two or 
more electrons in excited states. 

The situation is quite different with nuclear energy levels. Once a nucleon has 
been raised to an excited level, it very frequently requires less energy for a second 
nucleon to make the same or another transition than it does to raise the first nucleon — 
to a higher level. Thus the excited states of nuclei differ from those of atoms in 
that the higher excited states of nuclei usually result from the simultaneous excita- 
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tion of a number of nucleons; they are not due to 
the continued excitation of a single nucleon. For 
this reason, excited states in nuclei can exist above 
the “ionization” or binding energy of a single 
nucleon, a situation which is only rarely found in © 6 

atomic structure. Thus an energy level can occur ы fer 
at 10 MeV in a nucleus in which only 8 MeV is 2 

necessary to remove a nucleon, simply because the a 

10 MeV of excitation energy is shared among 
several nucleons. 

The binding energy of the least bound nucleon 
in a nucleus is called the virtual energy. This is the 
minimum energy which must be added to the Fig. 1-3. The energy levels of 
nucleus in order to remove a nucleon, and is en- Bi^09, (There may be a few 

. DRAN additional levels in the vicinity 
tirely analogous to the first ionization energy of of 3 MeV.) 

an atom. Nuclear excited states above the virtual 
energy are called virtual states or virtual levels, while states below the virtual energy 
are called bound states or bound levels. It is clearly possible for nuclei in virtual 
states to decay by nucleon emission, whereas this is not possible for nuclei in bound 
states. It may be noted, however, that in order for a nucleon to be emitted from a 
virtual state, other excited nucleons must give up some of their own energy so that 
escape from the system is possible. Such a concentration of energy upon only one 
nucleon can occur as the result of collisions between the nucleons in the nucleus. 
However, when the energy of the excited nucleus is shared among a great many 
nucleons, such an unlikely distribution of energy among the nucleons rarely occurs. 
On the other hand, if only a few nucleons are involved in the formation of a virtual 
level, the chance that one nucleon can receive enough energy to escape from the 
nucleus is much greater. 


1-7 Radioactivity 


The spontaneous disintegration of nuclei, a process known under the (now) 
somewhat erroneous name “radioactivity,” is governed by only one fundamental 
law, namely, that the probability per unit time that a nucleus decays is a constant 
independent of time. This constant is called the decay constant and is denoted by ^. 

Consider the decay of a sample of radioactive material. If at time ¢ there are 
n(t) atoms which have not as yet decayed, then in view of the definition of №, 
An(t) dt of these will decay on the average in the time dt between t and t + dt. 
The rate of decay of the sample at time t is therefore simply \n(t). This decay rate 
is also called the activity of the sample, and is measured in curies. One curie is 
defined as 3.700 X 10? disintegrations per second. 

The decrease in the number of undecayed nuclei in time df is given by 


—dn(t) = међа. (1-10) 
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This equation can be integrated to obtain 
n(r) = пое“, (1-11) 


where no is the number of atoms at f = 0. 
The time during which the activity of a radioactive sample falls by a factor of two 
is known as the half-life, and is denoted by the symbol T',3. Writing 


n(T 3/2) = No/2 
in Eq. (1-11), it is easy to see that 


(1-12) 


Consider next a sample of radioactive material containing по nuclei at time 
t = 0. In view of Eq. (1-11), there will be noe ^* nuclei remaining after t sec. 
The fraction of the original nuclei which has not decayed is therefore е. This 
fraction can also be viewed as the probability that any nucleus will not decay in the 
interval from t = 0 to t = t. Now let p(t) dt be the probability that a nucleus 
decays in the time dt between 1 and t + dt. In other words, p(t) dt is the probability _ 
that a nucleus survives up to the time ¢ and then decays in the interval from ¢ to 
t + dt. This is evidently equal to the probability that the nucleus has not decayed 
up to the time / times the probability that it does in fact decay in | the additional 
time dt. It follows therefore that 


p(t) dt = e хуа 
ме“ dt. (1–13) 


If Eq. (1-13) is integrated over all г, there is obtained 
| p(t) dt = af "edt = |. (1-14) 
0 0 


This shows that the probability that a radioactive nucleus eventually decays is 
equal to unity, as would be expected. 

The mean-life of a nucleus can now be determined by finding the average value 
of t over the probability distribution p(r). Denoting the теап-Ше by f, 


i= | * tp(t) dt = 1/d. (1-15) 
0 


In view of Eq. (1-12), the mean-life can also be written as 


+ _ Ти? _ z 
i = 5495 = 14472. (1-16) 
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It is frequently necessary to consider situations in which radioactive isotopes are 
produced and decay within a reactor. If they are produced at a rate of R(t) 
atoms/sec at the time 7, the change in the number of atoms of the isotope in the 
subsequent interval dt is 


dn(t) = —dn(t) dt + ко) dt. (1-17) 


This equation can be solved directly by multiplying each term by the integrating 
factor е^, Thus 


n(t) = ње“ + е | REN dt’, (1-18) 
0 


where по is the number of atoms present at / = 0. The function л(ї) can easily 
be found once the explicit form of R(t) is known. 

Equation (1-18) can also be used to find the amount of an isotope at any point 
in a radioactive decay chain of the type 


A—B—C-. 


Consider, for example, the accumulation of the isotope B. Since the disintegration 
of one atom of A gives one atom of B, the rate of production of B is equal to the 
activity of A, that is 
| R(t) = ^4na(t) = Nana ое "^. (1-19) 


Inserting this into Eq. (1-18) and performing the integration gives the result 


= A = = 
g(t) = пвое 79! + у (eat — e, (1-20) 


where nao and ngo аге the numbers of atoms of A and B at ¢ = 0. 


1-8 The Decay of Excited States 


It has been found that the fundamental law of natural radioactivity, i.e., the proba- 
bility per unit time that a system decays is a constant, also applies to the sponta- 
neous decay of nuclei in excited states. It is customary, however, in discussing the 
decay of an excited state to express the decay constant Х in terms of a new quantity, 
T, called the Jevel width, which is defined by the relation 


r= A. (1-21) 


Since й has the units of energy times time, and ^ has units of inverse time, it is 
evident that T has units of energy. In other words, T is the decay constant of an 
excited state expressed in energy units. 

The level width can be used instead of the usual decay constant to describe the 
decay of nuclei from excited states. If, for example, there are ле nuclei in a certain 
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excited state at т = 0, т sec later there will be 
п = noe T! (1-22) 


nuclei left in this state. Formulas such as Eq. (1-22) are not often useful, however, 
since the decay of excited states usually occurs so quickly that the time dependence 
of the process is not easily observed. 
From Eqs. (1-15) and (1-21) it follows that the mean-life of a state of width Г 
is given by 
i= 1A = A/T. (1–23) 


Thus а state of large width tends to be short-lived; a state of small width is long- 
lived. 

The widths of a great many excited states have been measured. For instance, the 
first virtual state of U??? is at 6.67 eV above the virtual energy and has a width of 
27 millivolts (i.e., 0.027 eV). The mean-life of this state is therefore about 


6.58 X 10719/0.027 = 2.4 X 1071!“ sec. 


Lifetimes as short as this cannot be measured by ordinary methods, and this state 
appears to decay (in this case primarily by Y-ray emission) as soon as it is formed. 

The decay of a nucleus from an excited state can frequently occur in a number of 
ways. If the nucleus is in a bound state, however, nucleon emission cannot occur, 
and, with few exceptions,* the nucleus decays by the emission of Ү-гауѕ. On the 
other hand, if the nucleus is in a virtual state, then one or more nucleons, in addi- 
tion to Y-rays, may be emitted, depending on the energy of the state. 

The probability per unit time of each mode of decay of an excited state is 
described in terms of a partial width characteristic of each process. For instance, 
the partial width for y-ray emission, Га, which is also known as the radiation width, 
is the probability per unit time (expressed in energy units) that the excited nucleus 
decays by Y-ray emission. Similarly, Tn, the neutron width, gives the probability 
per unit time that the state decays by neutron emission, etc. Since the total decay 
probability is the sum of the probabilities for all possible processes, the total width 
is the sum of the partial widths: 


Г=г, + Га +. (1–24) 


The relative probability that an excited state decays by a given mode is evidently 
the ratio of the partial width of the particular mode to the total width. For example, 
the relative probability that a state decays by Y-ray emission is Гу/Г, that it decays 
by neutron emission is Г„/Г, and so on. 


* The first excited state of O16 at 6.06 MeV, for example, decays by emitting an electron- 
positron pair; decay by 6-гау emission is also possible from certain long-lived (isomeric) 
states. 
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1-9 Nuclear Reactions 


When two nuclear particles, that is, two nuclei or a nucleus and a nucleon, interact 
to produce two or more nuclear particles or gamma radiation, a nuclear reaction 
is said to have taken place. If the initial nuclei are denoted by a and b, and the 
product nuclei (for simplicity it will be assumed that there are only two) are 
denoted by c and d, the reaction can be represented by the equation 


а+ bcd. (1-25) 


In equations of this type, the interacting particles are always written in terms of 
neutral atoms, although some of the particles may be ionized. 

In the usual experimental arrangement, one of the particles, say a, is at rest in 
some sort of target, and the particle b is projected against the target. In this case, 
Eq. (1-25) is often written in the abbreviated form 


a(b, c)d, 
or 
a(b, дус, | (1-26) 


whichever is the more appropriate. For example, when oxygen is bombarded by 
energetic neutrons, one of the reactions that can occur is 


Об + n > №8 + Н!. (1-27) 


In abbreviated form this is 
O!9(n, p)N!$, | (1-28) 


where the symbols п and р refer to the incident neutron and emergent proton, 
respectively. | 

The detailed theoretical treatment of nuclear reactions is beyond the scope of this 
book. For present purposes, however, it is sufficient to note four of the fundamental 
laws governing these reactions: 


(1) Conservation of nucleons. The number of nucleons before and after a reaction 
must be equal. 

(2) Conservation of charge. The sum of the charges on all the particles before 
and after a reaction must be equal. 

(3) Conservation of linear and angular momentum. The total momentum of the 
interacting particles before and after a reaction are the same since no external 
forces act upon the particles. The importance of the conservation of momentum 
will be discussed further in Chapter 2. 

(4) Conservation of energy. Energy is conserved in all nuclear reactions. 


The principle of the conservation of energy can be used to predict whether a 
certain reaction is energetically possible. Consider, for example, a reaction of the 
type given in Eq. (1-25). The total energy before the reaction is the sum of the 
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kinetic energies of the particles a and b plus (ће rest-mass energy of each particle. 
Similarly, the energy after the reaction is the sum of the kinetic energies of particles 
с and d plus their rest-mass energies. By conservation of energy it follows that 


Е, + Ey + Mac? + Myc? = Е, + Ea + Mic? + Мас“, (1-29) 


where E,, E, etc. are the kinetic energies of particles a, b, etc. Equation (1-29) 
can be rearranged in the form 


(E, + Ej) — (Е, + Е) = [(М„ + Mi) — (М. + Маје“. (1-30) 


Thus it is seen that the change in the kinetic energies of the particles before and after 
the reaction is equal to the difference in the rest-mass energies of the particles before 
and after the reaction. 
The right-hand side of Eq. (1-30) is known as the Q-value of the reaction; 
that is, 


Q = [(М, + Mi) — (Me + Маје". (1-31) 


From Eq. (1-30) it is clear that when Q is positive, there is a net increase in the 
kinetic energies of the particles. Such reactions are called exothermic. When Q 
is negative, on the other hand, there is a net decrease in the energies of the particles, 
and the reaction is said to be endothermic. With exothermic reactions, nuclear 
mass is converted into kinetic energy, while in endothermic reactions, kinetic 
energy is converted into mass. | 

The Q-value сап be calculated without difficulty for any reaction involving atoms 
whose masses are known, provided the product nuclei are formed in their ground 
states. Consider, for instance, the reaction 


H*(d, n)He*, 


which is of considerable importance both as a laboratory source of neutrons and 
as a possible source of thermonuclear power. The Q-value of the reaction is found 
from the following (atomic) masses: 


M(H?) = 3.016049 M(He*) = 4.002604 
M(H?) = 2.014102 M(n) = 1.008665 


M(H?) + M(H?) = 5.030151  M(He*) + Ма) = 5.011269 


Thus О = 5.030151 — 5.011269 = 0.018882 amu, which is equivalent to 17.6 
MeV. This means that if, for instance, a stationary tritium (Н?) target is bom- 
barded with 1-MeV deuterons, the sum of the energies of the emergent neutron 
and alpha particle will be 18.6 MeV. On the other hand, if both the deuteron and 
H? have essentially zero kinetic energy, the emergent neutron and alpha particle 
share only 17.6 MeV. In this latter case, it is easy to show that in order to conserve 
linear momentum, the neutron actually has an energy of 14.1 MeV while the alpha 
particle has 3.5 MeV. 
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When a reaction leads to nuclei in excited states, the Q-value cannot be calcu- 
lated directly from the masses of the neutral atoms. In this case, either the masses 
of the nuclei in their excited states must be inferred from the neutral masses and 
the energies of the excited states, or else the Q-value can be calculated for the 
reaction proceeding to the ground states of the product nuclei, and then adjusted 
to take into account their state of excitation. 
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Problems 


1-1. The isotopic abundances of Н! and H?, in atom percent, are 99.9851 and 0.0149, 
respectively. Compute the atom densities (atoms/cm?) of Н! and Н? in ordinary water. 
1-2. The isotopic abundance of U235 is 0.714 atom percent. Compute the atom densities 
of U235 and U238 in (a) natural uranium, (b) uranium enriched to 1 atom percent in U235, 
[Nore: In both (a) and (b) take the density of the uranium to be 18.7 gm/cm?.] 

1-3. The useful substance rubber has a density of approximately unity and can be repre- 
sented by the chemical formula (CsHs):, where x depends on the degree of polymerization. 
Find the atom densities of carbon and hydrogen in this material. ' | 
1-4. The density of thorium at 0°С is approximately 11.3gm/cm?. Its coefficient of 
linear expansion between 0°C and 100°C is constant and equal to 12.3 X 10-9/*C. Find 
the fractional change in its atom density as thorium is raised from 0°C to 100°C. 

1-5. A certain reactor is fueled with a mixture of ОО 2504 (uranyl sulfate) dissolved in 
water. The ratio of the atom density of the uranium to the molecular density of the water 
is only 0.00141, so that it may be assumed that the ОО250 4 takes up no space whatever 
in the solution. Find the concentration of the UO2SOxz in grams/liter. 

1-6. Show that the speed of a neutron is given by 


v = см E/470, 


where ¢ is the speed of light and E is the kinetic energy of the neutron in MeV. 

1-7. Beryllium has a density of 1.85 gm/cm?. At what energy is the wavelength of a 
neutron comparable to the average interatomic distance in this material? 

1-8. Using the data in the table below, compute the fractions of the molecules of LiH 
that have molecular weights of approximately 7, 8, and 9. 


Isotope Abundance, atom percent 


99.9851 
0.0149 
7.42 

92.58 


1-9. Using atomic mass tables, compute the binding energy of the “last neutron," that is, 
the energy required to remove a neutron from the following nuclei. 

(a) H? (b) H3 (c) He* 

(d) Be? (e) C!3 (f) Pb?08 

(в) 0285 (h) U?36 (i) 10239 
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1-10. Using atomic mass tables, compute the average binding energy per nucleon of the 
following nuclei. 


(a) H? (b) He* (c) 015 . (d) Fe56 . (e) Bi? (f) U?35 
1-11. Complete the following reactions and determine their Q-values. 

(а) Be?(o, n) (b) Li®(p, а) ©) С!2(п, 2n) 

(d) N!*(n, p) (е) AI?"(d, p) (f) Th?3?(n, y) 

(в) U?3*(n, 2n) (h) U?39(y, п) (i) U?88(n, Зп) 


1-12. The radiation and neutron widths of the first virtual state in Xel?9 are 86 mV 
(millivolts) and 24 mV, respectively. (a) What is the mean-life of the state? (b) What is 
the relative probability that the state decays by neutron emission? 


1-13. An indium foil is irradiated to saturation in a reactor and then removed. One-half 
hour later its activity (which is due to the decay of In!!9 with a half-life of 54.1 min) is 
measured in a device that registers 1000 counts in 1 min. Had the activity been measured 
5 min after its removal from the reactor, how many counts would the detector have 
registered in 1 min? 


1-14. In nuclear reactors a newly-formed radioactive isotope 4 may be transformed into 
another isotope B by neutron absorption before it has had an opportunity to decay. 
Neutron absorption occurs at a rate proportional to the amount of isotope 4 present in 
the system. If the proportionality constant is denoted by c, and the rate of production 
(atoms of A/sec) is denoted by R(r), show that the number of atoms of isotope A present 
in the reactor at time 7 is given by 


t , 
n(t) = noe ^ *?' + eTAto | e *?* RG) dr’, 
0 


where ло is the number of atoms of A present at / = 0. 
1-15. The isotope Na?* (Түз = 15.0 hr) can be produced by bombarding a Na?? 
target with deuterons. The reaction 1s 


Na?3 + H2 > Na?‘ + HL. 


If the yield of Na?*, i.e., the number of Na?* atoms produced per second multiplied by 
the decay constant, is 100 ucuries/hr, (a) what is the activity of the Na?* after a 5 hr 
bombardment? (b) If the bombardment is ceased after 5 hr, what is the activity 10 hr 
later? (c) What is the maximum possible activity (the sarurarion activity) of Na?* in 
the target? 


1-16. Many coolant materials become radioactive External 
as they pass through a reactor. Consider a circulat- Reactor circuit 
ing liquid coolant which spends an average of г sec 

in a reactor and fe sec in the external circuit as in- | 

dicated in Fig. 1-4. While in the reactor it becomes ! 


activated at the rate of R atoms/cm?-sec. (a) Show: 
that the activity а added per cm? of the coolant 
per transit of the reactor is given by 


а = КА — елй). Figure 1-4 
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(b) Show that after т cycles the activity per cm? of the coolant leaving the reactor 15 


a = e 441 =. e "^+ | 


Om = R 1 H g Me) 


(c) What is the maximum coolant activity at the exit? 


1-17. Isotope A is produced in a reactor at the constant rate of R atoms/sec and decays 
by way of the chain А — B — C, where the half-life of B is much longer than that of A. 
(a) If the reactor is operated for the time го and then shut down, derive expressions for 
the activity of A and B at shutdown. (b) If fo is large compared to 71/2(4) but small 
compared to 71/2(B), at what time after shutdown is the activity of B the greatest? (c) 
Repeat part (b) for the case of fo much larger than 71/2(8). What is the maximum 
activity of B in this case? 


2 


Interaction of Neutrons 
with Matter 


The operation of a nuclear reactor depends fundamentally on the way in which 
neutrons interact with atomic nuclei. It is necessary, therefore, to consider the 
nature of these interactions in some detail. 

Neutrons interact with nuclei in a variety of ways. For instance, if the nucleus is 
unchanged in either isotopic composition or internal energy after interacting with a 
neutron, the process is called elastic scattering. On the other hand, if the nucleus, 
still unchanged in composition, is left in an excited state, the process is called 
inelastic scattering. The symbols (n, n) and (n, n’) are often used to denote these 
processes. In referring to these interactions it is common to say that the incident 
neutron has been "scattered," elastically or inelastically, as the case may ђе, 
because a neutron reappears after the interaction. However, this term is somewhat 
misleading, since the emerging neutron may not be the same neutron that origi- 
nally struck the nucleus. 

Neutrons disappear in a reactor as the result of absorption reactions, the most 
important of which is the (n, Y) reaction. This process is also known as radiative 
capture, since one of the products of the reaction is Y-radiation. Neutrons also 
disappear in charged-particle reactions such as the (n, p) ог (п, о) reactions. 
Occasionally, two or more neutrons are emitted when a nucleus is struck by a high- 
energy neutron. The processes involved here are of the (n, 2n) or (n, 3n) type. 
A closely related process is the (n, pn) reaction, which also occurs with highly 
energetic incident neutrons. Finally, when a neutron collides with certain heavy 
nuclei, the nucleus splits into two large fragments with the release of considerable 
energy. This, of course, is the fission process, which will be discussed in Chapter 3. 

In one way or another, most of these interactions must be taken into account in 
the design of a nuclear reactor. Before considering the specific interactions, 
however, it is necessary to set up a framework with which these interactions can be 
discussed quantitatively. 


2-1 Cross Sections 


The interactions of neutrons with matter are described in terms of quantities known 

as cross sections which are defined in the following way. Consider a thin target of 

area G and thickness X containing N atoms per unit volume, placed in a uniform, 
17 
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monodirectional beam of neutrons of in- 
tensity* J, which strikes the entire target nor- ; 
mal to its surface as shown in Fig. 2-1. In ; 
such an experiment, it is found that the rate at Р 
which interactions occur within the target is 
proportional to the beam intensity and to the 
atom density, area, and thickness of the tar- 
get. If, for instance, the area of the target is 
doubled, the interaction rate is also doubled, Aen g : 
provided, of course, the beam still has the Incident клен А, 
same intensity over the entire target. On the neutrons 
other hand, if the intensity is doubled, the Fig. 2-1. Neutrons incident on a 
number of interactions which take place ina target. 
given time is also doubled, and so on. 
These observations can be summarized by the equation: 


Interaction rate (in the entire target) = c INQX, (2-1) 


where the proportionality constant, c, is known as the cross section. Solving 
Eq. (2-1) for ø gives 
c = Interaction rate/ING X. (2-2) 


However, NQX is equal to the total number of atoms in the target, and it follows 
therefore that c is the interaction rate per atom in the target per unit intensity of the 
incident beam. 

It may be noted that in view of the definition of beam intensity, J@ neutrons 
strike the target per second, and according to Eq. (2-1), cINGX interact. The 
relative probability that any one neutron in the beam interacts is therefore 


cINGX c 


Since the quantity NG.X is the number of nuclei in the target, it follows that ¢/@ 
is the probability per target nucleus that a neutron in that portion of the beam 
striking the target will interact. Therefore, since the area of the target is fixed by 
the experiment, the probability of an interaction is determined by т alone. It is in this 
sense, that of a probability of interaction, that the concept of cross section has its 
widest application. 

It was assumed in the preceding discussion that the incident neutron beam 
strikes the entire target, which is the case when the target is smaller in area than 


* The intensity of a monodirectional beam is defined as the number of neutrons which 
strike the target per cm2/sec. If there are n neutrons/ cm? in the beam and if these neutrons 
move with the speed v, then J = nv, since all neutrons within the distance v cm in front of 
the target strike it in 1 sec. 
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the beam. In many experiments the reverse is true, and the beam is smaller than 
the target. When this is the case, it is merely necessary to replace the target area 
appearing in the above formulas by the interaction area, that is, the area of the 
target exposed to the beam. The definition of cross section, of course, is the same 
in both cases. 

It can be seen from Eq. (2-2) that v has the dimensions of area. Cross sections 
are usually measured in units of barns, where 1 barn, abbreviated as b, is equal to 
10724 cm?. 

As mentioned in the introduction to this chapter, neutrons interact with nuclei 
in a number of ways, and it is convenient to describe each type of interaction in 
terms of a characteristic cross section. Thus elastic scattering is described by the 
elastic scattering cross section, ба; inelastic scattering by the inelastic scattering 
cross section, с;; the (n, Y) reaction (radiative capture) by the capture cross section, 
су; fission by the fission cross section, су; etc. The sum of the cross sections for all 
possible interactions is known as the total cross section and is denoted by the symbol 
g; that is, 

ос, =O, о; а, - 05 +. (2-4) 


The total cross section measures the probability that an interaction of any type will 
occur when neutrons strike a target. 

The sum of the cross sections of all absorption reactions is known as the absorp- 
tion cross section and is denoted by да. Thus, 


ба = 04 + Of + бр t ба + 700, (2-5) 


where ср and c, are the cross sections for the (n, p) and (n, а) reactions. As 
indicated in Eq. (2-5), fission, by convention, is treated as an absorption process. 

Finally, the difference between the total and elastic cross sections is known as 
the nonelastic cross section, and is usually denoted by Gne. In symbols, this is 


One = 0; — Оз. (2-6) 


The nonelastic cross section is occasionally called the “inelastic cross section.” 
This terminology is not correct, however, unless inelastic scattering is the only 
nonelastic process that can occur.* 


* A somewhat different cross-section notation has recently been proposed by the Nuclear 
Cross Section Advisory Group of the U. S. Atomic Energy Commission [See H. Goldstein 
in Fast Neutron Physics, J. B. Marion and J. L. Fowler, Editors, p. 2227, New York: 
Interscience, 1963]. This group prefers to use с, and ow for elastic and inelastic scattering 
cross sections, respectively, ст for the total cross section, сл for the absorption cross 
section, and ox for the nonelastic cross section. Despite certain advantages of this pro- 
posed notation, particularly in connection with calculations of fast reactors, the older 
notation given above will be used throughout this book. However, the reader should be 
alert for a possible general adoption of this alternative notation. 
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2-2 Neutron Interactions and Macroscopic Cross Sections 


Suppose that a target of thickness X is placed in a monodirectional beam of 
intensity Jọ, and that a neutron detector is placed at some distance behind the 
target as shown in Fig. 2-2. It will be assumed that both the target and the detector 
are small so that the detector subtends a small solid angle at the target. In this case 
every neutron that interacts in the target will be lost from the beam, and only those 
neutrons that do not interact will enter the detector. 


Scattered 
Incident neutrons 
— „ Noninteracted Detector 
— neutrons 
—— К 
== | А 
————— 
— 
Target 


Fig. 2-2. Measurement of neutrons that have not interacted in the target. 


Let I(x) be the intensity of the noninteracted neutrons after penetrating the 
distance x into the target. In traversing an additional distance dx, the intensity of 
the beam will be decreased by the number of neutrons that have interacted in the 
thin sheet of thickness dx. In view of Eq. (2-1), this decrease in intensity is given by 


—dl(x) = Мало) dx, (2-7) 


where N is the atom density of the target. The total cross section must be used in 
Eq. (2-7) since by definition any interaction removes a neutron from the non- 
interacted beam. Equation (2-7) can be integrated with the result 


I(x) = Ге №. (2-8) 


The intensity of the noninteracted beam thus decreases exponentially with distance 
inside the target. The intensity of the noninteracted beam emerging from the target 


is then А 
KX) = Бе“ "t, (2-9) 


and this is the intensity measured by the detector. 

The product of the atom density and a cross section, which appears in the 
exponential in Eq. (2—9), occurs quite frequently in the equations of reactor theory ; 
it is given the special symbol 2, and is called the macroscopic cross section. In 
particular, the product No, = 2, is called the macroscopic total cross section, 
No, = 2, is called the macroscopic scattering cross section, etc. Macroscopic cross 
sections evidently have the dimensions of ст“ !. 


In terms of Z,, Eq. (2-7) can be written as 


—di(x) = 2100 dx. (2-10) 
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Dividing this expression by /(x) gives 


a(x) _ 
Kx) | 


Z, dx. (2-11) 


The quantity d/(x)/I(x) in this equation is equal to the fraction of the neutrons that 
have penetrated the distance x into the target without interacting, which subse- 
quently interact in the distance dx. This, in turn, is equivalent to the probability 
that a neutron which survives up to x interacts in the next dx. Thus from Eq. 
(2-11), =, dx is the probability that a neutron interacts in dx, and it follows that 
2, is the probability per unit path length that a neutron will undergo some sort of 
interaction. In a similar manner, it is easy to show that Z,, the macroscopic 
scattering cross section, is equal to the probability per unit path length that a 
neutron will undergo elastic scattering. Analogous interpretations hold for all 
other macroscopic cross sections. 

Returning to Eq. (2-8), it should be noted that in view of the fact that J(x) refers 
to those neutrons that have not interacted in penetrating the distance x, the ratio 
I(x)/Ig = е1 = e—“t® is equal to the probability that а neutron can move 
through this distance without interacting. Now let the quantity p(x) dx be the 
probability that a neutron will have its first interaction in dx in the neighborhood of 
x. This is evidently equal to the probability that the neutron survives up to x 
without interaction times the probability that it does in fact interact in the addi- 
tional distance dx. Since Z, is the probability of interaction per path length, 
p(x) dx is given by 
e X Z,dx 
Уе? dx. | (2-12) 


p(x) dx 


The similarity between p(x) and the function p(t) for radioactive decay should be 
particularly noted [cf. argument preceding Eq. (1-13)]. 

The first interaction probability distribution function p(x) can be used in a 
number of ways. For instance, the probability P(a, b) that a neutron will have its 
first interaction between x — aand x — bissimply the integral of p(x) dx between 
these limits. That is, 


P(a, b) = zif У gU dx 


= et oq. (2-13) 


In particular, the probability that a neutron will interact at least once in an infinite 
medium is obtained by placing a = 0 and b = co; thus | 


P(0, ©) = [ p(x) dx = 1, 


as would be expected. 
The distance that a neutron moves between interactions is called a free path, and 
the average distance between interactions is known as the mean free path. This 
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quantity, which is usually designated by the symbol (not to be confused with the 
radioactive decay constant or neutron wavelength), is equal to the average value of 
x, the distance traversed by a neutron without interaction, over the interaction 
probability distribution p(x), that is, 


Х = E xp(x) dx 
9 o 
= 2, f хе dx 
0 


1/2.. | (2-14) 


2-3 Cross Sections of Mixtures and Molecules 


Consider a homogeneous mixture of two nuclear species X and У, containing 
Nx and Ny atoms/cm? of each type, and let ox and су be the cross sections of the 
two nuclei for some particular interaction. According to the discussion in the 
previous section, the probability per unit path that a neutron interacts with a 
nucleus of the first type is 2x = Мхох, and with the second is Ху = Мусу. The 
total probability per unit path that a neutron interacts with either nucleus is, 
therefore, 

У = Ху + Ху = Nxox + Мусу. (2–15) 


If the nuclei are in atoms that are bound together in a molecule, Eq. (2-15) can 
be used to define an equivalent cross section for the molecule. This is done simply 
by dividing the macroscopic cross section of the mixture by the number of molecules 
per unit volume. If, for instance, the molecular formula is Xm Y,, the resulting 
cross section for the molecule is 


с = mox + noy. (2-16) 


Equations (2-15) and (2-16) are based on the assumption that the nuclei X 
and Y act independently of one another when they interact with neutrons. In some 
cases, particularly for low-energy elastic scattering by molecules and solids, this 
assumption is not valid and Eqs. (2-15) and (2-16) do not apply. This question 
will be considered again in Section 2-8. 


2-4 Angular Distributions 
and Differential Cross Sections 


Returning now to the experiment discussed in Section 2-1 in which a small detector 
was placed at some distance behind the target, it will be recalled that with the 
detector in this position, only those neutrons that do not interact in the target are 
counted. However, if the detector is moved off the axis of the incident beam, as 
shown in Fig. 2-3, neutrons that have been elastically or inelastically scattered or 
produced by reactions in the target will be observed in the detector, provided they 
are scattered in the proper direction. 
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neutrons 
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Fig. 2-3. Experimental arrangement for measuring angular distributions. 


When such experiments are performed it is found that the number of neutrons 
scattered into the detector per unit time is often a function of the angle 9 but 
rarely depends on e, the angle of rotation of the detector about the direction of the 
incident beam. In addition, it is found that this number is proportional to the 
beam intensity; to the atom density, area, and thickness of the target; and, in 
addition, to the solid angle subtended by the detector at the target. This last result 
is reasonable, since if the aperture of the detector is doubled, for instance, roughly 
twice as many neutrons are able to enter it per unit time. Consider for the moment 
only those neutrons that arrive in the detector as a result of elastic scattering; 
these results can then be summarized by the equation 


dn(9) = o,(8)INGX а0(9), (2-17) 


where dn(2) is the number of neutrons of the scattered beam entering the detector 
per unit time, 115 the intensity of the incident beam; N, 8, and X are, respectively, 
the atom density, area, and thickness of the target; and 20(9) is the solid angle 
subtended by the detector at the target (cf. Fig. 2-3). Equation (2-17) defines the 
proportionality factor, &,(2), which is called the differential elastic scattering cross 
section. Differential cross sections for other types of interactions such as inelastic 
scattering, the (n, 2n) and (n, 3n) reactions, etc., are defined in a similar manner. 

Since dn(2) is the number of neutrons scattered per unit time from the beam into 
solid angle 20(9), it is easy to see that the differential cross section с,(9) is propor- 
tional to the probability that a neutron interacting in the target will be elastically 
scattered into the solid angle dQ(9). The total probability that a neutron will be 
scattered through any angle is therefore equal to the integral of o,(:) over all solid 
angle. This, in turn, must be equal to the scattering cross section os, which was 
defined in Section 2-1. Thus, 


с, = f с.(9) 40(8), (2-18) 
Ат 
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where the 4r on the integral indicates that the integration is to be carried out over 
all solid angle. Since с,(9) in this integral does not depend upon the angle o, the 
differential solid angle can be written as 


49(8) = 2r sin 9 dd, (2-19) 
and Eq. (2-18) becomes 


с, = 2r f 7 ¢,(8) sin 9 dà. (2-20) 
0 


It is often necessary to evaluate integrals of the form given in Eq. (2-20) and 
this is usually facilitated by making the transformation и = созд. Then du = 
—sin 9 29, and Eq. (2-20) becomes 


а, = Inf H (ш) du. (2-21) 


2-5 Center-of-Mass Coordinates 


As will be shown presently, calculations of the kinematics of neutron interactions 
are considerably simplified when the interactions are described by a coordinate 
system in which the center of mass of the interacting particles is at rest. Such a 
coordinate system is known as the center-of-mass system. To be specific, let r; and 
R; be vectors describing the positions of the neutron and nucleus with respect to an 
arbitrary zero of coordinates at rest in the laboratory, as shown in Fig. 2-4. The 
center of mass of the system is the point defined by the vector p given by 


= mr; + MRi, 


p= cM (2-22) 


where m and M are the masses of the neutron and nucleus, respectively. The 
center-of-mass coordinates are simply those coordinates which describe the 
positions of the particles with respect to the center of mass. Thus, for the neutron 
and nucleus, the center-of-mass coordinates r, and R, are defined by the equations 


г = гр — P, (2-23) 
R, = Ri — p. (2-24) 


If the particles are in motion, the vectors in Eqs. (2-23) and (2-24) are functions 
of time. Differentiating each with respect to time, there is obtained 


Ve = Vi — Vos (2-25) 
V. = Vi — Vo. (2-26) 


Here, v, = dr,/dt and V, = dR./dt are the velocities of the neutron and nucleus 
with respect to the center of mass, v; and V; are their velocities in the laboratory, 
and vo = dp/dt is the velocity of the center of mass as observed in the laboratory. 
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Fig. 2-4. Laboratory and center-of-mass coordinates. 


The velocity vo can be found by differentiating Eq. (2-22); thus, 


ту; + МУ; | 


НИ (2-27) 


у) = 

In many encounters between neutrons and nuclei, the velocity of the neutron is 
much larger than the velocity of the nucleus, and the latter can be assumed to be at 
rest in the laboratory. In this case, the second term in the numerator of Eq. (2-27) 


is zero, and 
m 


m+ M VI. (2-28) 


Vo = 
Since m and M are about one amu and A amu, respectively, where A is the atomic 
mass number, this equation can also be written approximately as 


1 


у) > TEI ME (2-29) 


It is clear from Eqs. (2-28) or (2-29) that for large A, Vo is essentially zero, and in 
this case, the laboratory and center-of-mass coordinates are identical. 

The velocity of the neutron in the center-of-mass system can be found by 
substituting Eq. (2-28) into Eq. (2-25); thus 
DUE LL 
mo-M'! 
M A 


~ 
~ 


me MO Aad 


у. = ү — 


vi. (2-30) 


Finally, with the nucleus assumed to be at rest in the laboratory, V; = 0, and 
Eq. (2-26) gives 


LA (2-31) 


In other words, the velocity of the nucleus in the center-of-mass system is simply 
the negative of the velocity of the center of mass as observed in the laboratory. 
The total momentum of the neutron and nucleus in the center-of-mass system is 
given by 
p. = mv. +M Ve 


26 INTERACTION OF NEUTRONS WITH MATTER [CHAP. 2 


Introduction of Eqs. (2-30) and (2-31) gives 


mM mM 


poc. cau ute 


Hence the total momentum in the center-of-mass system is precisely zero. As will 
be seen below, this result simplifies calculations of two-particle collisions. 
Consider now the energies of the neutron and nucleus as observed in the labora- 
tory and center-of-mass systems. If the nucleus is at rest in the laboratory, the 
total energy E; of the two particles in this system is just the kinetic energy of the 


neutron; that is, 
E; = ти. (2-32) 


With respect to the center-of-mass system, however, both the neutron and the 
nucleus are in motion, and the total kinetic energy E, in this system is 


E, = mv? + 4MV?2. (2-33) 
In view of Eqs. (2-30) and (2-31), this can be written as 


_ 1 mM 2 _ 1 2 = 


The quantity и [not to be confused with the cosine of the scattering angle; cf. 
Eq. (2-21)], which is defined as 
mM 


пр М” (2-35) 


is known as the reduced mass of the two-particle system. 

It may be noted at this point that in the derivation of Eq. (2-34) it was assumed 
that the nucleus is at rest in the laboratory system. If this is not the case and the 
nucleus is also in motion, it is easily shown (cf. Prob. 2-8) that the total kinetic 
energy in the center-of-mass system is obtained by replacing v; in Eq. (2-34) by 
the relative speed of the particles v,. Thus in general for two particles, 


E, = ұш. | (2-36) 


Equations (2-34) and (2-36) express the familiar result from classical mechanics, 
that the kinetic energy of two particles with respect to their center of mass is equal 
to the kinetic energy of a fictitious particle of mass equal to the reduced mass of 
the particles moving with a speed equal to the relative speed of the two particles. 

By combining Eqs. (2-32) and (2-34), it is easy to see that with the nucleus at 
rest in the laboratory the total energy in the laboratory and center-of-mass systems 
are related by 

_ M 


E, = m cM Е, (2-37) 
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which can also be written approximately as 


E A 


с ^ А + 1 Ex (2-38) 


From Eq. (2-38) it follows that the total energy of two particles in the center-of- 
mass system is always somewhat /ess than it is in the laboratory system. 

It will be recalled that in many interactions, such as elastic and inelastic scatter- 
ing, neutrons emerge from their encounter with the nucleus at some angle with 
respect to the direction of the incident beam. It is in connection with such problems 
that center-of-mass coordinates are most helpful, because the kinematics of these 
interactions are particularly simple when viewed in this system. This, in turn, is 
due to the fact that the total momentum of the particles in the center-of-mass 
system is precisely zero before the collision, and, since momentum must be con- 
served, it is also zero after the collision. As a consequence, if only two particles 
emerge from a collision, they must necessarily part company back to back when 
observed in the center-of-mass system. 


Scattered 
neutron 


Incident — Target ` Neutron Center of Nucleus 
neutron nucleus mass 
Recoiling 
nucleus “$ Nucleus 
V; 
Laboratory system Center-of-mass system 


Fig. 2-5. Elastic scattering of neutron by nucleus, as observed in laboratory and center- 
of-mass coordinates. 


As an illustration, consider the elastic scattering of a neutron as seen in the 
laboratory and center-of-mass systems (cf. Fig. 2—5). Viewed in the laboratory, the 
incident neutron moves with the speed v; and strikes the nucleus which is initially 
at rest. As a result of the collision, the neutron emerges with the speed v; at the 
angle 9 with respect to its original direction, and the nucleus recoils in another 
direction with speed V;. Viewed from the center-of-mass system, the neutron and 
the nucleus are observed to approach each other with speeds of v, and V.. After 
the collision, the scattered neutron and residual nucleus leave back to back, as 
shown in the figure, with speeds v; and V, respectively. 

With elastic scattering, the situation is further simplified by the fact that in the 
center-of-mass system the speeds of the neutron and nucleus do not change in the 
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collision. This can be seen by the following argument. The relative speed of 
approach of the particles before the collision is 


шщ = Ve + Vi, (2-39) 
and from Eq. (2-34) the total energy in the center-of-mass system can be written as 
Е, = 4u(ve + V). | (2—40) 


After the collision the relative speed of neutron and nucleus is v; + V;, but the 
total energy is unchanged since the collision is elastic. Therefore after the collision, 
Е, is given by 

E, = tut + V2. (2-41) 


Thus, in view of Eqs. (2-40) and (2-41) it follows that 
ve + Ve = v, + Ve. (2-42) 


The total linear momentum in the center-of-mass system is zero both before and 
after the collision, however, so that 


mv, = МУ; (2-43) 
and 
то = MV}. (2-44) 


Using Eq. (2-43) to eliminate V, from the left-hand side of Eq. (2-42) and Eq. 
(2-44) to eliminate V; from the right-hand side of Eq. (2-42) gives 


( + x) D, = ( + x) vi, (2-45) 


so that v, = vi. From Eq. (2-42) it is also seen that У, = V;. In other words, 
the speeds of the neutron and nucleus with respect to the center of mass are un- 
changed in an elastic collision. This result, incidentally, is also true if both the 
neutron and nucleus are initially in motion in the laboratory system. 

With interactions other than elastic scattering, v; is not equal to ve, but is larger 
or smaller depending upon whether the Q-value for the interaction is positive or 
negative. In any event, the particles emerging from the interaction must leave back 


Direction of incidence 


Fig. 2-6. Vector diagram relating laboratory and center-of-mass scattering angles. 
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to back in the center-of-mass system since the total momentum in this system must 
always remain zero. 

It will be noted in Fig. 2-5 that the angle д at which an elastically scattered 
neutron appears in the laboratory system is not, in general, the same as the angle 6 
at which it is observed in the center-of-mass system. The relationship between à 
and @ can be found by noting that Eq. (2-25) relating the neutron velocities in the 
center-of-mass and laboratory systems is a general result, valid both before and 
after the interaction. The velocities of the scattered neutron in the two systems 


are therefore related by 
у = Vi — Vo. (2-46) 


This equation is depicted as a vector diagram in Fig. 2-6. From the figure it is 
clear that 


vj Sin 8 = v; sin 6, (2-47) 
and 
vicos 8 = Ug + v; COS 6. (2-48) 
Dividing these equations gives 
"M 
апд = — Sn P (2-49) 


Uo + 0; cos 0 


Using Eqs. (2-29) and (2-30) and noting that for elastic scattering v; = Ve, 
Eq. (2-49) can be written as 


{ап д = —————: (2-50) 


Equation (2-50) is valid only for elastic scattering. For other types of neutron 
interactions, the relation between the angles 4 and @ is of the same form, namely, 


sin ð 
tand = Y + cos ô , (2-51) 
where 
у = 20. (2-52) 
v; 


The parameter Y depends upon such things as bombarding energy, Q-value, etc., 
in addition to the mass of the struck nucleus (cf. Prob. 2-11). 
Another useful formula relating 9 and 6 can be obtained by writing Eq. (2-48) as 


/ 
Vo + 2e cos 0. (2-53) 
01 


cos ð = 


Then, from the law of cosines, 


v, = Vv)? + và + 2vtvo cos 6, (2-54) 
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and again noting that v; = v, for elastic scattering, Eq. (2-53) gives 


cos 9 = ___[ + 4cos0 __, (2-55) 


vA? + 24 сове + 1 
For interactions other than elastic scattering, Eq. (2-55) becomes 


____ | | 0058 — , (2-56) 
vv? + 2¥cos Ө + 1 


cos ð = 


where Y is given by Eq. (2-52). 

Because the laboratory and center-of-mass scattering angles are not equal, the 
angular distributions of the emergent particles expressed in the two systems are 
also different. The relation between the two angular distributions may be obtained 
by noting that the number of neutrons appearing in a given element of solid angle 
must be the same in both systems. It follows therefore that 


т(д) d(e) = 0(0) dQ(0), (2-57) 


where o(6) is the differential cross section measured in the center-of-mass system.* 
Since 40 = 2 sin 9 29, Eq. (2-57) is equivalent to 


с(9) sin 9 29 = 0(0) sin 0 20. (2-58) 


· Equation (2-58), together with Eqs. (2-51) or (2-56), can be used to convert 
angular distributions from one system to the other. For instance, suppose the 
differential cross section in the laboratory must be found from values given in the 
center-of-mass system. From Eq. (2-58), т(д) is 


sin 0 dé d(cos 6) | 


о(д) = olb) = dB = o(6) —7— —À соз 3) ' (2-59) 
and from Eq. (2-56) 
d(cos 6) _ (Y? + 2vcos0 + 172. , 
d(cosO) — 1 + Ycos 0 (2790) 
Thus 
2 3/2 
с(9) = (6) (7 + 27 cos @ + 1) , (2-61) 


1 + У сов0 
which is the desired relation. 


* Equation (2-57) is an example of the standard prescription for relating distribution 
functions of different but related statistical variables. Thus, if x and y are two such 
variables, their associated distribution functions f(x) and F(y) are connected by the 
equation f(x) dx = F(y) dy. Since f(x) and F(y) are different functions, they аге usually 
(always by mathematicians) represented by different symbols. The cross sections c (9) 
and o(6) are also different functions but it is the usual practice to denote them both by the 
symbol c, since this is standard symbol for cross section. This hopefully not too-confusing 
procedure will be met throughout this book. 
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If both sides of Eq. (2—57) are integrated over all solid angle, the result is: 
i с(9) 4009) = f с(9) а0(0). (2-62) 
Ат Ат 


The left-hand side of Eq. (2-62) is the cross section for the process as observed in 
the laboratory, while the right-hand side is the cross section as observed in the 
center-of-mass system. Equation (2—62) shows that although the differential cross 
sections may not be equal, the integrated cross sections are identical. This is no 
surprise, however, since the integrated cross sections are directly related to the 
probability that the process will occur at all, and this clearly must be independent 
of the coordinate system in which the process is expressed.* 


2-6 Mechanisms of Neutron Interactions 


Each of the various neutron interactions discussed at the beginning of this chapter 
may occur by way of one or more of three fundamentally different mechanisms. 
These are called, respectively, compound nucleus formation, potential or shape 
scattering, and direct interaction. 


Compound nucleus formation. In this process the incident neutron 
is absorbed by the nucleus, and a system known as the compound nucleus is formed. 
If the target nucleus is Z4, the compound nucleus will be Z4 *!. 

It is interesting to consider how the formation of the compound nucleus appears 
when observed in the center-of-mass system. In this system, it will be remembered, 
the target nucleus and incident neutron approach each other and collide at the 
center of mass which is at rest. If the neutron is absorbed and a compound nucleus 
is produced, this nucleus must necessarily remain motionless at this point since 
the center of mass now resides with the compound system. It follows that when 
the compound nucleus is formed, the kinetic energies of both neutron and target 
nucleus with respect to the center-of-mass system are transferred into internal 
energy of the compound nucleus. This energy, E., was computed in Section 2-5 
and is given by Eq. (2-34). | 

The excitation of the compound nucleus is considerably higher than £., however. 
In Chapter 1 it was pointed out that energy is required to remove a neutron from a 
nucleus, and, conversely, this energy reappears when the neutron is replaced in the 
nucleus. Thus, when the incident neutron coalesces with the target nucleus Z^ to 
form the compound system 24+! it brings with it, so to speak, its binding energy 
B to the nucleus Z4^*!. The compound nucleus is formed therefore at the energy 
E, + B above the ground state. This situation is illustrated schematically in 
Fig. 2-7. The compound nucleus in this excited state could immediately decay 


* This assumes that the target nuclei are at rest in the laboratory before the interaction. 
If they are in motion the cross sections in the laboratory and center-of-mass systems may 
be different (cf. Section 2-8). 
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Fig. 2-7. Diagram showing role of compound nucleus in neutron interactions. 


with the reemission of the neutron, were it not for the fact that the energy of 
excitation of the compound system is usually shared among many nucleons. 
The nucleus therefore may remain in this state for a long time, and, as discussed in 
Section 1-6, can decay by the emission of a nucleon (or a group of nucleons, such 
as an a-particle) only if, as a result of random collisions within the nucleus, the 
nucleon receives enough energy to enable it to escape from the system. 

If the emitted nucleon is a neutron and the residual nucleus Z4 is returned to its 
ground state the process is known as compound elastic scattering or sometimes 
resonance elastic scattering. On the other hand, if the emitted neutron leaves the 
residual nucleus in an excited state, the process is called compound inelastic scatter- 
ing or resonance inelastic scattering. These processes are shown in Fig. 2-7. 

The compound nucleus may also decay by the emission of one or more capture 
Y-rays, as indicated in Fig. 2-7, and in this way the highly excited compound 
nucleus eventually reaches the ground state. While the nucleus Z4*! may not be 
stable with respect to 8-decay, it can no longer decay by nucleon emission once it 
has decayed by Y-rays to a bound state. 
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Fig. 2-8. Resonances in cross section. 


The characteristic feature of an interaction that proceeds by way of the com- 
pound nucleus is that it is first necessary to form the compound system as an 
intermediate state. Furthermore, it can be shown using quantum mechanics that 
the probability of formation of the compound nucleus is high if there is an excited 
state in the nucleus 24+! in the vicinity of the energy Е, + B. When such a state 
exists, the probability of the formation of the compound nucleus is very large and 
the cross sections for whatever interactions are energetically possible are corre- 
spondingly quite high. On the other hand, if there is no excited state in zu 
near the energy E, + B, the probability that a compound nucleus will be formed 
is much smaller, and so are the corresponding cross sections. The dependence of 
the cross sections on the energy of the incident neutron for interactions that 
proceed via compound-nucleus formation can therefore be quite pronounced. 
This type of behavior is shown schematically in Fig. 2-8. Distinct peaks in a cross 
section, like those shown in the figure, are called resonances. 

The cross sections for neutron interactions that involve the compound nucleus 
as an intermediate state can be written as the product of two terms; namely, the 
cross section for the formation of the compound nucleus times the relative prob- 
ability that this system decays in a specified way. In this connection, it will be 
recalled from Section 1-8 that the probability that the nucleus decays by the 
emission of an elastic neutron is Г„/Г; the probability that it decays by inelastic 
neutron emission is Г„/'/Г; and so on. If, therefore, the cross section for the forma- 
tion of a compound nucleus is denoted by ocn(£,), the cross section for compound 
elastic scattering is 


с.(Е.) = ссм(Е,) E | (2-63) 


Analogous expressions hold for all the other compound nucleus processes. 
The energy dependence of ссм(Е,) is fairly complicated in general, but near an 
isolated resonance at the energy E, it can be shown to behave roughly as 


constant 


Tox) = (g, — Ey + A i 
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In view of Eq. (2-63), the elastic scattering cross section and the cross sections for 
other compound-nucleus processes also follow Eq. (2-64). According to this 
equation, ссм(Е,) is peaked as shown іп Fig. 2-8 іп the vicinity of Е, = Ej. 
It is also easy to see from Eq. (2-64) that when E, = E, + T/2, ссм is equal to 
one-half its maximum value. Thus, T' is a measure of the width of the resonance, 
and it is for this reason that Г is called a “width.” 


Potential scattering. While the cross section for compound elastic scatter- 
ing is only significant in the neighborhood of a resonance, potential scattering is a 
type of elastic scattering which occurs with neutrons of any energy. This mode of 
scattering does not involve the formation of a compound nucleus; it arises simply 
because of the presence of the nucleus. It is similar in this respect to the scattering 
of one billiard ball by another, which ordinarily does not occur through the forma- 
tion of a compound billiard ball. Potential scattering is only a function of the forces 
which act upon a neutron as it moves in or near the nucleus, and since these 
depend upon the size and shape of the nucleus this process is sometimes called 
shape elastic scattering. 


Direct interaction. Neutrons with comparatively high energy by reactor 
physics standards can also interact with nuclei by direct interaction. In this process 
the incident neutron collides directly with one of the nucleons in the nucleus. 
If, as a result of the collision, a proton is ejected from the nucleus and the incident 
neutron is retained, the process is called a direct interaction (n, p) reaction. On the 
other hand, if the incident neutron merely knocks the struck nucleon into an 
excited state, emerging itself with a reduced energy, the process is called direct- 
interaction inelastic scattering. Very few neutrons in a reactor have the energy 
necessary to cause direct interactions, however, and this mode of interaction is of 
little importance in reactor theory. | 


2-7 The Total Cross Section 


Having concluded with the preliminary discussion of neutron interactions, it is now 
possible to consider actual experimental cross-section data and their interpretation. 
It will be seen that these data depend on both the energy of the incident neutron 
and the nature of the target nucleus. It is possible, however, to classify the data 
into a few rather broad categories, depending upon whether the target nucleus is 
light (A 5 25) or magic, intermediate (25 5 A 5 150), or heavy (A 2 150). 
It is logical to begin by considering the total cross section, since this represents a 
composite of all possible interaction processes. 


Total cross section—data. The total cross section is usually measured 
in transmission experiments of the type discussed in Section 2-2. In such measure- 
ments, it will be recalled, only those neutrons which pass directly through the 
target are detected, and any neutron that interacts in the target is removed from 
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Fig. 2-9. The total and elastic scattering cross sections of C!2, [Based on BNL-325, 
Second Edition (1958).] 


the beam. Because of the inherent simplicity of these experiments, more data have 
been accumulated on total cross sections than on any other cross section. Most of 
the data discussed below can be found in the report, Neutron Cross Sections, 
BNL-325, Second Edition, plus supplements to this report which are issued from 
time to time. 

The results of these measurements can be summarized as follows: 


(1) Light and some magic nuclei. At low energy* с, usually behaves as 
Са, 
VE 


where C, and С» are constants. Since the neutron velocity is proportional to 
МЕ, с, can also be written as а 
2 


о 


с; = Cc (2-65) 


т, = С, (2-66) 


* The term “low energy” in this section means energies from approximately 0.01 eV to 
1.0 eV. 
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where C3 is another constant. As will be shown later in this chapter, the value of 
C, is determined by the elastic-scattering cross section, while the value of С; 
(or С) depends upon the cross section for radiative capture or any other exo- 
thermic reaction which may be possible at these energies. The energy dependence 
of с, thus depends upon the relative magnitudes of the cross sections of elastic 
scattering and those other interactions. When the second term in the above 
equations predominates over the first, the cross section is said to exhibit a 1/v 
behavior. 

The total cross section of C!? is shown in Fig. 2-9. It will be observed that 
0,15 approximately constant in the entire region from 0.01 eV to 0.1 MeV. Thus for 
this nucleus the constant С, is much less than С. It will also be noted that at very 
low energy (E < 0.01 eV), much lower, in fact, than the average energy of thermal 
agitation (~ 0.025 eV), the cross section exhibits a complicated and temperature- 
dependent behavior. This rapid variation in cross section is due to various 
crystalline effects which will be discussed in Section 2-8. 

Figure 2-10 shows с, for B!?. It will be noted that, in contrast to the low-energy 
cross section of C!?, this nucleus shows a pronounced 1/v behavior. 
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Fig. 2-10. The total cross section of В! from 0.01 eV to 10? eV. 
[From BNL-325, Second Edition (1958).] 
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Moving now to higher energy, c, of the light nuclei еуепіс:Лу ceases to be 
either flat ог 1/v and a number of resonances are observed in the MeV-region. 
These resonances may persist up to about 6 ог 8 MeV where :-2 cross section 
becomes rather smooth and rolling. It should be noticed that these resonances are 
fairly wide. In C!? (cf. Fig. 2-9), the total width of the 2-MeV resonance is 7 keV; 
the width of the 3.65-MeV resonance is 1.2 MeV; etc. 

All light nuclei do not, of course, show the same behavior as >eron or carbon; 
but the total cross sections of most of them are quite similar in zeneral character, 
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Fig. 2-11. The total and nonelastic cross sections of Bi?9?. [From BNL-325, Second 
Edition (1958).] 
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with the exception of the two lightest isotopes, H! and H?, which do not show 
any resonances whatever. 

The above remarks concerning c; for light nuclei apply equally well to some 
magic nuclei. This is illustrated in Fig. 2-11 for Bi???, which contains the magic 
number of 126 neutrons. The cross section of this nucleus strongly resembles that 
of a lighter nucleus such as C!?, and bears no resemblance to the cross sections of 
heavy nuclei discussed below. 
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Fig. 2-12. The total cross section of U?38, [From BNL-325, Second Edition (1958).] 


2-7] THE TOTAL CROSS SECTION 39 


(2) Heavy nuclei. With heavy (but nonmagic) nuclei, such as 238, whose total 
cross section is given in Fig. 2-12, с; again may be constant or exhibit a 1/0 
behavior at low energy. This is followed in the electron-volt region by a spectacular 
series of resonances. Here, in marked contrast to the resonances in light nuclei, 
the resonances are very sharp, with widths usually much less than 1 eV, and the 
cross section rises to great heights. Moving to higher energies, at some point, 
usually between 3 keV and 5 keV, the resonances can no longer be resolved experi- 
mentally and с, becomes a smooth function of energy. By contrast, it will be 
recalled that for light nuclei, the end of the resonance region occurs at several MeV. 

(3) Intermediate nuclei. The total cross sections of intermediate nuclei, as would 
be expected, are somewhat intermediate in character between those of light and 
heavy nuclei. Thus the total cross section may or may not be 1/v at low energy, 
the resonance region tends to lie somewhere in the range from 100 eV to 1 keV, 
and the resonances are neither as narrow nor as high as in the heavy nuclei, nor as 
wide and short as they are in light nuclei. 


Total cross section—theory. It is not possible to calculate from first 
principles, the total cross sections of nuclei in the region of the discrete resonances 
in the cross section. Above the resonance region, however, where the resonances 
overlap and the cross section is smooth, т, can be computed using a phenomeno- 
logical theory known as the optical model of the nucleus. A detailed description of 
this theory is beyond the scope of this book, and only the underlying principles will 
be considered here. 

The central feature of this model is that the nucleus is treated as a diffuse absorb- 
ing medium. Thus, a neutron which strikes the nucleus, that is, passes within range 
of the nuclear forces, is not immediately absorbed by the nucleus, but moves 
within the nuclear matter with a finite-absorption mean free path. If the neutron is, 
in fact, absorbed, a compound nucleus is formed which decays in the manner 
described in Section 2-6. There is, however, a good chance that the neutron can 
pass entirely through the nucleus without being absorbed. In this case the neutron 
merely reappears, having been elastically scattered by the potential field of the 
nucleus. It is in this context that this potential scattering is usually called shape 
elastic scattering. 

To carry out a calculation using the optical model, the incident neutrons are 
represented by a plane wave, whose amplitude y varies with position according to 
the usual formula 

V = const еї“, 
where the wave has been assumed to be moving in the z-direction. The constant k 
is called the wave number of the neutrons and is the reciprocal of the neutron 
reduced wavelength X (cf. Section 1—2), that is, 


(2-67) 


>| — 
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It is now convenient to describe the motion of the incident neutrons in terms of a 
spherical coordinate system centered on the nucleus,* as shown in Fig. 2-13. Then 
2 = rcos ð, and exp (ikz) = exp (ikr cos 9). It is possible to show that this 
function can be expanded in the series 


аи Y (21 + Di fi(pr)P«os 9), (2-68) 
l=0 


where the functions f,(r) are related to Bessel functions, although their precise 
definition is not important in the present discussion, and Р; (cos д) are the familiar 
Legendre polynomials. According to Eq. (2-68), a plane wave of neutrons can 
be viewed as a superposition of an infinite number of partial waves, each char- 
acterized by the functions /1(ғ) and P; (cos 9). The importance of this partial-wave 
expansion will be clear in a moment. 
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Fig. 2-13. Coordinates of a plane wave. 


It is also convenient to divide the incident wave into cylindrical zones of radii X, 
2%, 35, etc., as indicated іп Fig. 2-14. The virtue of this construction lies in the fact 
that it can be shown that the neutrons in the /th partial wave in the above expansion 
are almost always to be found in the zone bounded by radii JA and (/ + 1). 
For example, the neutrons in the partial wave having / = 0, which are called 
s-wave neutrons,f are almost always found in the first zone of radius А; {һе / = 1 
neutrons, which are also called p-wave neutrons, lie in the next zone; and so on. 

If the reduced wavelength X of the incident neutrons is larger than the nuclear 
radius R, it will be evident that only the s-wave neutrons can interact with the 
nucleus. If, however, A = А, both s- and p-wave neutrons can interact. In general, 
all partial waves in the incident beam up to those having / = К/Х = КК can 
interact with the nucleus. Since ~ 1 МЕ [cf. Eq. (1-2)], k ~ VE, and it follows 


* More precisely, the zero of the coordinate system should be taken at the center of mass 
of the neutron and nucleus. 

t This notation is borrowed from optical spectroscopy. The correspondence between / 
and the wave notation is as follows: 
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that the number of partial waves which can interact with the nucleus increases with 
the energy of the incident neutrons. 

One of the most important virtues of the optical model is that it accounts for the 
existence of giant or broad resonances in the total cross section. These resonances 
were not mentioned earlier because they are not so easy to recognize in the cross- 
section data as compound nucleus resonances, owing to the fact that their widths 
are so very large. Several broad resonances are indicated in Figs. 2-9, 2-11, and 
2-12, where it will be observed that the resonances are several MeV wide. Such 
resonances are found in all nuclei at both high and low energy, though they are 
most easily distinguished at high energy, where the compound-nucleus resonances 
overlap and the total cross section is a smooth function of energy. 


Direction of 
propagation 


Fig. 2-14. Partial wave zones of a plane wave. 


The broad resonances are explained with the optical model in the following way. 
It will be recalled that according to this theory the incident neutrons move freely 
within the nucleus, which is treated as a diffuse absorbing medium. It can be 
shown, however, that at various neutron energies, certain partial waves “‘fit better" 
within the nuclear volume than at other energies. When this is the case, the 
amplitude of a particular partial wave in the nucleus is greatly increased, with the 
result that the scattering of neutrons in this partial wave is enhanced, and the total 
cross section is therefore somewhat larger. This phenomenon has many counter- 
parts in other branches of physics. Thus it resembles the resonances observed in the 
forced vibration of a string, the scattering of sound by a hollow pipe, etc. In view 
of this explanation, it is possible to identify the particular partial wave that gives 
rise to each broad resonance. For instance, the general rise of the cross section 
from about 2 to 4 MeV, in СЇ? (cf. Fig. 2-9) is due 10] = 2 neutrons and is there- 
fore called a d-wave resonance, while the resonance at about 20 MeV is due to 
l = 3 neutrons and is an f-wave resonance. 

The optical model can be used to compute the total cross section with good 
accuracy, at least at energies where this cross section is reasonably smooth. These 
calculations are quite complicated, however, and they are usually performed with 
an electronic computer. The results of a number of calculations are shown in 
Fig. 2-15 where the total cross section is plotted as a function of both A and E 
(note that the parameter x? is proportional to E). It will be observed that c; 
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Fig. 2-15. Optical model calculations of the total cross section as a function of energy 
and mass number. (After H. Feshbach in Nuclear Spectroscopy, Part B, F. Ajzenberg- 
Selove, Ed., New York: Academic Press, 1960.) 


changes rather smoothly from nucleus to nucleus. This fact can be used to estimate 
the value of an unknown cross section by interpolating between known values for 
nearby nuclei. In the region of the narrower compound-nucleus resonances, the. 
optical model is also useful in obtaining the average behavior of the total cross 
section, which is often adequate for many types of reactor calculations. Predictions 
of other cross sections, in particular the cross section for the formation of the 
compound nucleus, can also be made using the optical model. This will be dis- 
cussed later in the chapter. 


2-8 Elastic Scattering 


Elastic scattering is one of the more difficult neutron interactions to measure and 
the most complicated to analyze theoretically. Yet it is one of the most important 
nuclear processes which occur in reactors. With elastic scattering, it is necessary to 
consider the differential elastic cross section, which describes the angular distribu- 
tion of the scattered neutrons, as well as the total elastic cross section. 
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Elastic scattering—data. Because of experimental difficulties, the elastic 
scattering cross section is not usually measured directly; it is obtained by subtract- 
ing the cross sections for all other processes from the total cross section. Of course, 
at those energies where nonelastic processes do not occur, the total and elastic 
cross sections are identical. 

The data on elastic scattering can be summarized as follows: 


(1) Light and some magic nuclei. With these nuclei, с, is constant from low energy 
up to about the MeV region, where a number of fairly wide (T ~ keV) scattering 
resonances are observed. Above the resonance region, с, becomes smooth and 
rolling, and broad resonances in с, are found at the same energies as fora,. The 
elastic cross section of C!? is shown in Fig. 2-9. The behavior of the cross section 
at very low energy will be explained later in this section. 

(2) Heavy nuclei. Here, c, is again constant at low energy, although the data in 
this region are frequently rather inaccurate. In the resonance region, с, varies 
rapidly with energy in the vicinity of each resonance, while in between resonances, 
с, is constant. (The exact variation of т, with energy at a resonance will be dis- 
cussed below.) At energies above this region, с, becomes smooth and rolling. 

(3) Intermediate nuclei. The elastic cross sections of these nuclei, as expected, 
exhibit a behavior intermediate between those of the light and heavy nuclei. 


Elastic scattering—theory. It is possible to write a general theory 
of elastic scattering in the resonance region in terms of phenomenological param- 
eters such as the nuclear radius, neutron widths, etc., but unfortunately, the result- 
ing expressions for the elastic cross section are so complicated they have little 
practical application in reactor calculations. 

At low energy, however, where only s-wave scattering can occur (kR < 1), 
and provided the resonances in the cross section are well separated, these formulas 
simplify considerably. Under these conditions near a resonance at the center-of- 
mass energy Еј, it can be shown that с, is given by 


4rA1gR(E, = ЕГ, 
(E, — E)? + 12/4 


whigla 


2 
(E, — E? + 12/4 E een 


o(E.) = + 
In this equation, Е, is the total kinetic energy of the incident neutron and the target 
nucleus with respect to the center-of-mass system. In view of Eq. (2-38), if the 
nucleus is at rest in the laboratory, E, is essentially equal to the laboratory energy 
of the neutron except for the very lightest nuclei. Also in Eq. (2-69), X is the re- 
duced wavelength of a particle of reduced mass и and energy ЕЁ}, that is, A; = 
h/A/2uE,, T and T, are the total and neutron widths, respectively, R is the nuclear 
radius, and g is a statistical factor which is given by the formula 


g- (2+1), iad o 
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where Г is the spin of the target nucleus, and J is the spin of the compound nucleus. 
Equation (2-69) is known as the Breit-Wigner one-level formula for s-wave res- 
onance scattering. Tables of Еу, T, and Г, are given in BNL-325 for a large number 
of resonances. It should be noted, however, that these tables present these data in 
the laboratory system.* | 

By defining the quantities 


2 
су = 4т\18Гъһ (2-71) 
Г 
апа 
2 
x= т Œ- Е)), (2-72) 
Eq. (2-69) can be written in the more convenient form 
Gj =н. ЖИНИ. (2-73) 


Г ТЕ А 01443 


It will be recalled from Section 2-6 that elastic scattering can occur by way of 
two interaction mechanisms, namely, potential scattering and compound elastic 
scattering. This can also be seen from Eqs. (2-69) or (2-73). Thus the first term 
in these equations represents the compound-elastic scattering, while the last term 
is the potential scattering. The middle term is somewhat more complicated, and 
arises as the result of the interference between the neutron waves emitted in 
compound-elastic scattering and potential scattering. When E, < Еј, this term 
is negative, whereas it is positive when E, > È. Аз a consequence, с, exhibits a 
pronounced asymmetry in the neighborhood of the resonance, as illustrated in 
Fig. 2-16. As indicated in the figure, c, approaches the constant value 4r R? at 
energies far from the resonance. It is for this reason that the usual practice is to 
assume that c, is a constant at low energy even when the cross sections for compet- 
ing reactions, such as radiative capture or fission, are so large that direct measure- 
ments of c, are impossible. At energies above the resonance, о, takes on the value - 
4v R? up to the point where another resonance appears, provided kR remains 
much less than unity. | 

The asymmetric behavior of c, at a resonance is ordinarily found only in s-wave 
resonance scattering, and this fact сап Бе used to identify this type of scattering. 
Thus, minima will be found in the total cross section just below a resonance if the 
principal contribution to с, is scattering, and the scattering is s-wave. Examples 


* Equation (2-69) is also valid if all energies are given in the laboratory system (as they are 
in BNL-325), and и is interpreted as the mass of the neutron. In this connection, it must 
be noted that level widths transform as kinetic energy between center-of-mass and labora- 
tory coordinates. Except for the lightest nuclei, of course, the distinction between the two 
. Systems need not be made. 
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Е; 


Fig. 2-16. The elastic scattering cross section for / = 0 neutrons in the vicinity of a 
resonance. The energy is the total kinetic energy of neutron and nucleus in the center-of- 
mass system. | 


of this phenomenon may be seen in Fig. 2-11 for Bi??? and Fig. 2-12 Гог (0238, 
It is interesting to note that in the case of 0238, minima are found before all of 
the prominent resonances except the one at 6.67 eV. Since kR < 1 at this energy, 
only s-wave scattering is possible, and it must be concluded that elastic scattering 
is not the principal mode of interaction at this resonance—a conclusion which is 
verified by the fact that Г, is only 1.5 mV for this resonance whereas Ty is about 
26 mV. 

The difference between the actual scattering in the neighborhood of a resonance 
and the (constant) potential scattering is known as anomalous scattering. 'The cross 
section for this anomalous scattering is given by the first two terms of Eqs. (2-69) 
or (2-73), and the sum of these terms is called the anomalous scattering cross 
section. 

At energies where the resonances are closely spaced, the formulas for elastic 
scattering are too complicated to be useful in ordinary applications. It should be 
particularly noted that due to interference effects from the scattering of neutrons 
from different resonances, the cross section in this case is not equal to the sum of 
the cross sections for each resonance computed from the one-level formula. Above 
the resonance region where the cross section becomes smooth, с, can be estimated 
theoretically from optical model calculations discussed in the preceding section. 
It will be recalled that with this model it is possible to calculate the total cross 
section and the cross section for the formation of the compound nucleus. The 
difference between these two cross sections is equal to the potential, or shape- 
elastic, scattering cross section. However, the shape-elastic cross section is not the 
entire elastic cross section, since the compound nucleus formed by the absorption 
of the incident neutron can also decay by the emission of an elastic neutron. 
Fortunately, at high energy it can be shown that compound elastic scattering is 
much less probable than shape elastic scattering, and the computed shape-elastic 
cross section can therefore be used as a good estimate of the elastic cross section. 
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Low-energy scattering by molecules and solids. If the energy, 
E, of an incident neutron is large compared with the chemical binding energy, Bm, 
of the atoms in a molecule, the molecule is generally disrupted when the neutron 
is scattered by one of the atoms. In this case, the fact that the atoms (nuclei) 
are bound together in the form of a molecule can be ignored. The scattering 
cross section for the molecule is then the sum of the cross sections of its con- 
stituent nuclei, weighted by the numbers of each atomic species in the molecule, as 
given by Eq. (2-16). On the other hand, when E is of the order of or less than Bm, 
the nuclei cannot be considered to be free, and there is no simple prescription for 
computing the cross section of the molecule in terms of the free cross section of its 
individual nuclei. The same is true for the scattering of low energy neutrons by 
solids. At energies comparable to or less than the binding energy of an atom to a 
solid, the macroscopic scattering cross section of the solid is not equal to the sum 
of the cross sections of the free nuclei. 

In the scattering of neutrons by molecules, there are several factors which may 
contribute to the failure of Eq. (2-16). One of the most important of these is that 
the scattering of slow neutrons by nuclei is greater when the nuclei are bound in 
molecules than when they are free. Suppose for the moment that the atoms in the · 
molecule are at rest in the laboratory system; this is the case if the target material 
is at a temperature of absolute zero. It can then be shown using elementary 
quantum mechanics that the cross section for the scattering of a neutron by a 
single nucleus is proportional to the square of the reduced mass of the two particles. 
At neutron energies above Bm, where the nucleus can be considered to be free, the 
cross section can thus be written as 


«== Gg) = (247) 

DE m+ M А + 1/' 

On the other hand, at energies comparable to or less than Bm, the nucleus is no 
longer free, and as a result its mass effectively increases. As the ratio E/B,, de- 
creases, this effective nuclear mass increases; and in the limit as E/B,, — 0, it 
becomes equal to the mass of the entire molecule. Except for light molecules, 
therefore, the reduced mass of neutron and nucleus approaches the mass of the 
neutron alone. Thus at a temperature of 0°K, the cross section of the completely 
bound nucleus, съсипа, 15 

Ü bound ~ и? = (1)?. 


It follows that in the limit as E/B,, — 0, the bound and free cross sections are 


related by f 
1 
Tpound = (4 + ) Ofree- (2-74) 


This phenomenon is illustrated schematically in Fig. 2-17, where the cross 
section of a nucleus in a molecule is shown as a function of E/Bs. It will be 
observed that for E/B,, >> 1, this cross section is approximately.equal to түгө. 
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Fig. 2-17. The low energy scattering cross section at 0°K of an atom (nucleus) bound in 
a molecule as a function of E/B,, where E is the incident neutron energy and Bm is the 
binding energy of the atom to the molecule. 


However, for E/Bm < 1, itis larger than тее and approaches C'vouna aS E/Bm — 0° 
Since the factor [(А + 1)/4] in Eq. (2-74) increases with decreasing A, this 
bound-nucleus effect is evidently of greatest importance for the light nuclei. In 
particular, in the limit as the neutron energy approaches zero, the cross section of 
bound hydrogen at absolute zero is four times its free cross section. 

For temperatures above absolute zero there is another effect on low-energy 
scattering which arises from the thermal motion of the atoms. To understand this 
effect consider the rate at which scattering collisions occur in a target as observed 
in the center-of-mass system. By analogy with Eq. (2-1), the interaction rate can 
be written as the product of a scattering cross section and a beam intensity, both 
measured in the center-of-mass system. In this case, the beam intensity is propor- 
tional to the relative speed of the neutrons and nuclei. At sufficiently low neutron 
energy, however, the neutron speed is small compared to the speed of the nuclei, 
and, as a result, the beam intensity observed in the center-of-mass system is 
relatively independent of the neutron speed. Furthermore, the scattering cross 
section in the center-of-mass system can be shown to be a constant at low energy. 
It follows that the interaction rate is independent of the neutron energy, although 
it is a function of the temperature of the medium. With respect to the laboratory 
system this constant interaction rate is written as the product of the scattering cross 
section and the beam intensity, both measured in this system. However, the beam 
intensity is now proportional to the laboratory speed, v, of the neutrons, and as a 
consequence 

9,0 = constant, 


where c, is the cross section as observed in the laboratory. Hence at sufficiently 
low energy, с, varies as 1/v, and increases without limit as E — 0. Only at T = 
0°K does с, approach the constant value given in Eq. (2-74). These conclusions 
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hold for solids as well as molecules. An example of this temperature-dependent, 
1/v scattering can be seen in Fig. 2-9 for graphite (note the portion of the figure 
below 0.002 eV) and in Fig. 2-12 for metallic U??8 (E < 0.003 eV). 

The low-energy scattering cross section of a molecule may also be complicated 
by the occurence of coherent scattering. This effect arises as the result of the inter- 
ference of neutron waves scattered from different nuclei in the molecule, and it can 
lead to anomalous values of the cross section. Fortunately, in the important case of 
molecules containing hydrogen, it can be shown that the coherent scattering from 
different hydrogen nuclei (protons) can be ignored, and these atoms can be treated 
independently. This considerably simplifies calculations of scattering from such 
molecules. 

A molecule, of course, is a complex dynamical system, which, to a good approxi- 
mation, can be pictured as a group of atoms held together as if by springs. A 
neutron that collides with such a system may excite one or more of its vibrational 
modes, it may cause the molecule to rotate or twist, or it may set the molecule into 
translational motion. All of these factors must be taken into account in a detailed 
calculation of the low-energy cross section, and they contribute in one way or 
another to the observed cross section. To complicate matters further, the molecule 
may not be able to vibrate, rotate, or translate freely due to various intermolecular 
forces acting between the molecules in the medium. That is, the normal reaction of 
the molecule to the interaction with a neutron may be impeded by the presence of 
other molecules. The scattering cross section thus depends upon the coupling of 
the molecule to the surrounding medium as well as upon the structure of the 
molecule itself. 

The above considerations are particularly important in nuclear engineering in 
connection with the scattering of neutrons by H5O ог 020. Figure 2-18 shows the 
tota] cross section (which is essentially all scattering) of water, along with the 
quantity 20,(H) + с,(О) where с (Н) and o,(O) are the free cross sections of 


200 


~ 
сл 
о 


g e(H3O) 
[^] 
Ke] 
= 
2 100 
9 
о 50 
2о(Н) + (О) 
0 
0.001 0.01 0.1 1 10 


Neutron energy, eV 


Fig. 2-18. Measured total cross section of H20 and the quantity 2e,(H) + o,(O). 
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hydrogen and oxygen, respectively. As indicated in the figure, the water cross 
section rises to large values at low energies while the free cross sections remain 
constant. It is of interest to mention that in recent years it has been possible to 
derive the observed cross section from reasonable assumptions regarding the 
vibrational frequencies of the molecule and by assuming that the molecule under- 
goes impeded rotation and translation. These calculations are very complicated, 
however, and are well beyond the scope of this book. 

With regard to the scattering of neutrons by solids,* it has already been men- 
tioned that for incident neutron energies comparable to or less than the chemical 
binding energy of atoms in a solid, the individual atoms cannot be treated as if 
they were free, and the observed cross section reflects the fact that the neutron has 
interacted with a complex dynamical system. Indeed, for this reason, it is not 
logical to describe the observed interaction rate in terms of a microscopic cross 
section. Only the macroscopic cross section has a precise meaning. While it is 
always possible to write the macroscopic cross section as Z, = Nos, the micro- 
scopic cross section so-defined is only an effective one-nucleus cross section and 
must not be construed to mean that the nuclei scatter independently. 

One of the principal effects which is responsible for the observed scattering cross 
section of solids at low energy is Bragg scattering, which may be familiar to the 
reader in connection with the scattering of x-rays. Suppose that a beam of mono- 
energetic neutrons is incident upon a crystal at the angle 9 with respect to one of 
the planes of the crystal lattice (these planes are called Bragg planes) as shown in 
Fig. 2-19. It is not difficult to show that neutrons will be reflected from these 


Reflected 
(scattered) 
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Incident 
neutrons 
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Transmitted 
(unscattered) 
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Fig. 2-19. Diagram showing Bragg reflection from three Bragg planes. 
* The solids of interest in reactor analysis, i.e., graphite, beryllium, beryllium oxide, 


various metals, and so on, are polycrystalline in nature. That is, they are composed of 
large numbers of tiny microcrystals, each of which consists of an ordered array of atoms. 
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planes, i.e., scattered through the angle 29, provided the neutron wavelength Х 
satisfies the relation 
n^ = 2dsin 9, (2-75) 


where n = 1,2,3,... and d is the distance between adjacent Bragg planes. At 
neutron energies corresponding to the wavelengths satisfying Eq. (2-75), the 
scattering cross section is much enhanced. Also, according to Eq. (2-75) there is a - 
maximum wavelength above which Bragg scattering cannot occur. By placing 
9 = «/2and n = 1, this wavelength, \max, is found to be 


Amax = 2d. (2-76) 


Since ^ increases with decreasing neutron energy, it follows that there is a minimum 
energy, called the Bragg cutoff, below which Bragg scattering cannot occur. This 
cutoff and several Bragg peaks are evident at low energy in the cross section of 
carbon shown in Fig. 2-9 (in this figure the target is graphite). 

-At energies, both above and below the Bragg cutoff but still below the binding 
energy of the atoms in the crystal, it is possible for neutrons to excite vibrational 
modes of the crystal. Such vibrational modes are known as phonons. This type of 
interaction is actually a form of inelastic scattering, since the internal energy of the 
crystal is increased at the expense of the energy of the incident neutron. By con- 
trast, neutrons do not lose energy in Bragg scattering, that is, Bragg scattering is an 
entirely elastic process. In view of the nature of phonon excitation and Bragg 
scattering, it will be evident that low-energy scattering of neutrons by a solid 
depends in detail upon its crystalline structure and upon the forces which act 
between the atoms in the crystal. It should also be pointed out that this scattering 
is a function of the size of the microcrystals in the solid. The cross sections of 
different samples of the same material may be somewhat different if the samples 
have different microcrystalline structure. 

It must be emphasized that the above discussion pertains only to scattering. 
With other interactions, such as radiative capture or fission, the individual atoms 
in a molecule or solid interact independently with the incident neutrons at all 
energies. The molecular cross section is then given by Eq. (2-16) and the macro- 
scopic cross section for a solid is simply the sum of the contributions from all 
nuclei per cubic centimeter. 


Elastic angular distributions. It has been found experimentally and it 
can also be shown theoretically that the scattering of s-wave neutrons is always 
isotropic in the center-of-mass system. It will be recalled that s-wave scattering is 
the only mode of potential scattering possible when КК « 1. Since k ~ МЕ, this 
condition is always satisfied if the energy of the incident neutron is sufficiently low. 
Also, in view of the fact that R increases with A, it follows that isotropic s-wave 
scattering is observed in light nuclei up to a much higher energy than in heavy 
nuclei. When, however, either the neutron energy or the nuclear radius become 
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sufficiently large so that KR ~ 1, the p-waves begin to interact with the nucleus, 
and the scattering ceases to be isotropic in the center-of-mass system. The angular 
distribution in this case tends to become forward peaked; that is, the neutrons are 
most frequently scattered through small angle. As the value of КК is increased 
still further, more partial waves interact and the scattering becomes increasingly 
forward peaked. 

As an illustration of this situation the differential cross section in the center-of- 
mass system is shown in Fig. 2-20 for C? for 0.5 MeV and 14 MeV neutrons. In 
the first case KR = 0.4, and it will be observed that the angular distribution is 
indeed isotropic. At the higher energy, however, where kR 3, с.(6) is forward 
peaked. By way of contrast, с.(0) is shown in Fig. 2-21 for (238, again at 0.5 MeV 
and 14 MeV. It will be noted that now even at 0.5 MeV where kR = 1.3, the 
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Fig. 2-20. Differential elastic scattering cross sections of С!2 at 0.5 MeV and 14 MeV as 
a function of the cosine of the scattering angle in the center-of-mass system. [From 
BNL-400, Second Edition (1962).] 
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angular distribution is markedly forward peaked, and at 14 MeV with kR = 7.4, 
it is very peaked in the forward direction. Incidentally, the series of maxima and 
minima shown in Fig. 2-21 are due to the interference between the scattered waves, 
a phenomenon similar to the diffraction of light by a small obstacle. 

In the region of scattering resonances, for example, at about 6 MeV in C??, the 
situation is more complicated, and it is difficult to make general statements regard- 
ingo,(6). If, however, a scattering resonance is reasonably isolated, o,(@) is usually 
forward peaked at energies above the resonance; backward peaked below the 
resonance; and near the center of the resonance, с.(6) is fairly symmetric about 
90°; all, of course, in the center-of-mass system. 
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Fig. 2-21. Differential elastic scattering cross sections of U238 at 0.5 MeV and 14 MeV 
as a function of the cosine of the scattering angle in the center-of-mass system. [From 
BNL-400, Second Edition (1962).] 
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It is possible to derive formulas for the differential cross section in the resonance 
region, but they are quite lengthy and will not be reproduced here. Above the 
resonance region, @,(@) can be computed using the optical model. However, this 
model gives only the angular distribution of the shape-elastic (i.e. potential) 
scattering; it does not include compound elastic scattering. Fortunately, at 
energies where the model is most useful, that is, beyond the resonance region, 
compound elastic scattering is not usually an important process and it can often be 
ignored. A more accurate procedure is to add a constant to computed values of . 
the shape-elastic differential cross section, since compound elastic scattering at 
these energies is isotropic. This constant can then be adjusted so that the integrated 
cross section is equal to the correct value of the total elastic cross section c. 

The above discussion refers entirely to scattering in the center-of-mass system, 
and, using Eq. (2-61), it is a simple matter to transform the differential cross 
section to the laboratory system. Since the two systems tend to become identical 
with increasing mass of the target nucleus, it is not usually necessary to make a 
distinction between the two systems for nuclei heavier than nitrogen or oxygen, 
and the difference is often ignored even for carbon. (For one thing, the present 
experimental data on c,(0) are generally too inaccurate to warrant making the 
transformation.) With the very light nuclei, however, the transformation must 
always be made. 

In this connection, the scattering of neutrons by hydrogen is particularly interest- 
ing. At all energies of importance in reactor theory the scattering of neutrons by 
hydrogen (Н?) is isotropic in the center-of-mass system. The angular distribution is 
quite different when viewed in the laboratory. In this case, since A = 1, Eq. 
(2-50) gives | 

sin @ 
оро + cosó. 


Using the identities 


sin 0 = ain cor? 


2 2 
and 

20 

1 + cos 0 = 2cos 2: 
this reduces to 
tan? = tan 5 , 
and therefore 
0 
= > 


Thus, as 6 varies from 0 to т, 9 ranges only from 0 to 7/2. In other words, as 
viewed in the laboratory, there is no back scattering (i.e., 9 > 1/2) of neutrons 
from hydrogen. 
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The differential cross section of hydrogen in the laboratory system can be found 
from either Eq. (2-59) or Eq. (2-61). Using the former, and writing с,(6) = 
o,/4m since the scattering is isotropic in the center-of-mass system, gives 


_ с. 5іп 049. 
0.09) = Tr sino do 
Since 0 = 29, this becomes 
_ Os 2 sin 9 cos 9 249 
(д) = 4т sin 3 dà 
an cos 9. 
т 


It may be noted that this is the equation of a sphere tangent to the plane 9 = 7/2, 
perpendicular to the direction of incidence. 


2-9 Transport Cross Section 


The effect of the scattering angular distribution on the motion of a neutron in a 
scattering medium may be taken into account very roughly by the use of the. 
transport cross section. To define this new cross section, consider the motion of a 
neutron which is injected into an infinite medium that scatters but does not absorb 
neutrons. It will be assumed that the energy of the neutron does not change as the 
result of collisions. | 

From the point where it is injected into the system, the neutron moves, on the 
average, the distance Хо = A, before having its first collision, where A, is the 
scattering mean free path. As a result of this collision, the neutron is scattered 
through the angle 81, as shown in Fig. 2-22, and then travels another mean free 
path in this direction before it has a second collision. As indicated in the figure, 
this is equivalent to moving the distance x; = A, cos 81, in the original direction. 
The average value of x, is then X; = М со5д/ = XE, where р is the average 
value of the cosine of the scattering angle. 


Fig. 2-22. Diagram for calculating the transport cross section. 
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At the second collision the situation is somewhat more complicated. The angle 
of scattering, 9», is measured from the direction of the second mean free path, and 
the average distance which the neutron travels in its original direction before a 
third encounter is now хә = М cos a, where о is the angle between the direction of 
motion after the second collision and the original direction. With a little trigo- 
nometry it is easy to show that 


сова = COS 9, COS #5 + Sin 2, sin 95 COS фо, (2-77) 


where ¢ is the angle of rotation of the third mean free path with respect to the 
plane of the first two paths (see Fig. 2-22). Since all values of 2; are equally 
probable, the average value of the second term in Eq. (2—77) is zero, so that 


X34 = M соба = №, COSOI COS д: = AE. 


In a similar way it can be demonstrated that after the nth collision the neutron 
moves the distance X, = мр" in the original direction before its next collision. 
Since Z is necessarily less than unity, it follows that X, approaches zero as n — oc. 
Physically, a zero value of the average of the mean free path projection in the 
direction of motion implies that on its next collision the neutron will be scattered 
with equal probability in both directions, i.e., forward and backward from the 
original direction of motion. In other words, after a succession of collisions in 
which the neutron has been carried the distance 


Xo Xi Жз ++ = А + At Ад? +e: 

ae 

1— д 

the neutron has effectively “forgotten” its original direction of motion. The 


quantity \,/(1 — д) is known as the transport mean free path and is denoted by Mr, 
i.e., 


м = р. (2-78) 


1— д 
It will be noted that if the elastic angular distribution is forward peaked, Z is 
positive and 4, is somewhat greater than s. This is to be expected on physical 
grounds since, with forward scattering, neutrons tend to propagate in their original 
direction of motion. On the other hand, if o,() is peaked in the backward direc- 
tion, р is negative and Mtr < Ag. 
By analogy with other cross sections, the transport cross section, Ctr, is defined 
by the relation 
1 


= NG (2-79) 


Atr 


Thus in view of Eq. (2-78), 
Or = 0,(1 — 2). (2—80) 
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In general, the average value of the cosine of the scattering angle can be found 
by evaluating the integral 


Ё = JE || с.(9) cos 9 dQ. 
Os Јах 
Writing dQ = 27 sin 9 dò gives 


д = r c.(9) cos 9 sin д dà. (2-81) 
з ЈО 


With the substitution u = cos 9, Eq. (2-81) becomes 


m RE | 

т 

pe с.(и)н dy. (2-82). 
8 J—1 

From Eqs. (2-81) or (2-82) and Eq. (2-80), cır can be computed from either ex- 

perimental or theoretical values of o,(¥). 

It may be mentioned for future reference that it is possible to obtain a simple 
formula for р in the important case of isotropic scattering in the center-of-mass 
system. Since с,(9) 20(9) = o,(6) dQ(0), where @ is the center-of-mass angle, 
Eq. (2-81) becomes 


ћ = 2" 0,(0) cos 9 sin 0 dé. (2-83) 
s /0 
With isotropic scattering in the center-of-mass system, с,(0) = с,/4т, and Ед. 
(2-83) reduces to 
П = ; | cos 9 sin 6 dé. (2-84) 
0 
From Eq. (2-55), however, 
1 + A cos ө 


cos? =O * 
V/A? + 24cos 0 + 1 


Inserting this expression into Eq. (2-84) and performing the integration, the result is 


д = = (2-85) 
It has been assumed so far, that elastic scattering is the only possible mode of 
interaction. If absorption is present, it is necessary to generalize the definition of 
Gtr as follows: 
са = да + 0,(1 — В), 
= g, — Op. (2-86) 


The transport mean free path is then given by 


1 1 т 


Мы NM А (2-87) 


2-11] INELASTIC SCATTERING 57 


2-10 Nonelastic Cross Section 


The nonelastic cross section One was defined in Section 2-1 as the difference be- 
tween the total and elastic cross sections. In view of this definition, Cne is also equal 
to the sum of the cross sections for all nonelastic processes. The importance of 
this cross section lies in the fact that it can be used to infer the elastic and inelastic 
cross sections above about 3 MeV, where these cross sections cannot accurately 
be measured at the present time. 

Many measurements of Cne have been performed in recent years and the result- 
ing data are given in BNL-325. Values of Cne for Bi??? are shown in Fig. 2-11. 
With this nucleus virtually all of cne up to about 8 MeV is due to inelastic scattering. 
Above 8 MeV the (n, 2n) reaction also contributes to the value of One (cf. Section 
2-13). The behavior of fne for other nuclei is very similar to that of Bi?°°, except 
that the threshold for nonelastic processes usually occurs at much lower energies for 
nuclei as heavy as bismuth. Being magic, Bi??? tends to be a somewhat exceptional 
heavy nucleus. 

The nonelastic cross section can also be computed using the optical model. It 
will be recalled from Section 2-7 that this theory gives ссу, the cross section for 
formation of the compound nucleus. Since all nonelastic processes (with the 
exception of direct interaction which is usually negligible) proceed by way of 
compound nucleus formation, it follows that cow = Gne, provided the cross 
section for compound elastic scattering is small. As pointed out in Section 2-8, 
this is the case at energies above the resonance region in all nuclei, where elastic 
scattering is primarily shape elastic, i.e., potential scattering. Computations based 
on the optical model must be used in the absence of experimental data on тше. 


2-11 Inelastic Scattering 


Inelastic scattering plays an important role in nuclear reactor theory. It will be 
shown in Chapter 6, that because of inelastic scattering, heavy nuclei are more 
effective than light nuclei in slowing down neutrons at high energies. 


Threshold energy. Consider the collision of a neutron with a nucleus as 
viewed in the center-of-mass system. In this system the two particles are seen to 
approach each other and collide at the center-of-mass, and the sum of the kinetic 
energies of the two particles in the center-of-mass system is available to induce a 
reaction. If their total kinetic energy is greater than є], the energy of the first 
excited state, this state can be excited in the collision; that is, inelastic scattering 
can occur. Following such an interaction, the excited nucleus and inelastic neutron 
part company back to back in order to conserve momentum, and the total kinetic 
energy of the two is reduced by an amount equal to the excitation of the nucleus. 
According to Eq. (2-38), the kinetic energy of the neutron in the laboratory E; 
and the total energy of the neutron and nucleus in the center-of-mass system E, 
are related by | 
_ А+1 


Е, 4 


Е,. 
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Since E, must be greater than e, for inelastic scattering to occur, it follows that E; 
must be greater than E;, where 


cd 


a е. (2-88) 


Е, 


The energy ЕЁ, is known as the inelastic threshold, and in view of Eq. (2-88) it is 
evident that E, is always greater than the energy of the first excited state. For 
example, the first state of С!? is at 4.43 MeV, but inelastic scattering does not 
occur unless the neutrons have a laboratory energy greater than 13 X 4.43 = 
4.80 MeV. Of course, the difference between E, and є; is of the order of 1/4, so 
that the distinction is unimportant except for light nuclei. 

Although there are a great many exceptions, in particular, the magic nuclei, the 
energy of the first excited state, i.e., €}, generally decreases with increasing mass 
number, as indicated in Fig. 1-2. As a practical matter, therefore, inelastic scatter- 
ing tends to be more important for heavy nuclei than for light nuclei. Thus in 
calculations of a reactor consisting of an assembly of uranium and water, for 
example, inelastic scattering by oxygen (inelastic threshold — 6.42 MeV) can 
ordinarily be ignored, whereas inelastic scattering by uranium must be included. 


Inelastic scattering cross-section data. Modern time-of-flight 
techniques have made it possible to obtain considerable data on inelastic scattering 
where, until recently, comparatively little data were available. Figure 2-23 shows 
the cross sections for the excitation of the first three levels in 0238, along with the 
total inelastic cross section o;. 

When a great many levels can be excited, с; is not usually measured directly. 
It can be found, however, by subtracting the cross sections of other nonelastic 
processes from the nonelastic cross section. These calculations are particularly 
simple for intermediate and heavy nuclei in the MeV region, for as mentioned in 
the next section, the cross sections for all nonelastic interactions except inelastic 
scattering are usually small. Thus in this case, Cne and а; can be taken to be equal. 


Calculations of inelastic cross sections. For energies near the 
inelastic threshold, and except for the very lightest nuclei, с; can be computed by а 
method due to Hauser and Feshbach. The details of this method are too compli- 
cated to be given here, and the reader is referred to the references at the end of the 
chapter. In any event, this method can be used to predict с; when one or at most a 
few levels are excited. At energies where several levels can be excited the method 
becomes too involved for practical calculations. At these energies, however, с; and 
One are usually very nearly identical at least for intermediate and heavy nuclei, and 
values of буг computed from the optical model (cf. Section 2-7) can be used when 
nonelastic cross-section data is not available. 


Energy distribution of inelastically scattered neutrons. 
When the energy of the incident neutron is only high enough to excite a few levels 
in the target nucleus, the inelastic neutrons appear in the center-of-mass system in 
distinct energy groups, each group corresponding to the excitation of a single level. 
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Fig. 2-23. The cross sections for the excitation of the 44 keV, 146 keV, and 300 keV 
levels and the total inelastic cross section of 0238. The cross sections for the excitation 
of several levels above 300 keV are not shown. (From S. Yiftah, D. Okrent, P. A. 
Moldauer, Fast Reactor Cross Sections, New York: Pergamon Press, 1960.) 
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Fig. 2-24. Discrete energy spectrum of inelastic neutrons. 


When observed in the laboratory system, however, this line spectrum of energies is 
modified to some extent by the motion of the center of mass. Nevertheless, pro- 
vided the energy of the incident neutron is not too high, a fairly discrete spectrum 
of inelastic neutrons is observed as shown in Fig. 2-24. 

If the energy of the incident neutron is raised to a point where many levels can 
be excited, the neutron groups corresponding to the more closely spaced levels 
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Fig. 2-25. Continuous energy spectrum of inelastic neutrons from inelastic scattering of 
10 MeV neutrons by 0238, as computed from Eqs. (2-89) and (2-90). 


cannot be resolved and a continuous spectrum is observed in addition to the dis- 
crete spectrum. The shape of the continuous spectrum can be derived on the basis 
of the liquid-drop model mentioned in Chapter 1. In this theory it is assumed that 
the inelastic neutrons simply "boil off” from the compound nucleus and then 
appear with the energy distribution: 


d , 
P(E > E) = 2 к (2-89) 


The function P(E — E") is defined so that P(E — E") dE’ is the probability that an 
inelastic neutron will be emitted with an energy between Е' and Е' + dE’ when the 
nucleus is struck by a neutron of energy E. The parameter T is called the nuclear 
temperature and is given approximately by the formula 


Т = 3.2\/E/A, | (2-90) 


where Т and E are in MeV and А is the mass of the target nucleus. It must be 
emphasized that Eq. (2-90) is very approximate and is particularly erroneous when 
used for magic or near-magic nuclei. 

The function P(E — E)is plotted in Fig. 2-25 for 10-MeV neutrons incident on 
17238 It should be noted that the peak of the curve, which corresponds to the 
most probable energy of the emitted neutrons, occurs at E' — T = 0.66 MeV. 
Thus, when U??? is bombarded with 10-MeV neutrons, the inelastic neutrons are 
most likely to appear with an energy of only about 0.66 MeV. 


Angular distribution of inelastic neutrons. The angular distribu- 
tions of inelastically scattered neutrons are quite simple over most of the energy 
range of interest in reactor theory. Up to around 10 MeV these neutrons are 
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emitted isotropically, or nearly so, in the center-of-mass system. Above approxi- 
mately 10 MeV, the angular distribution tends to become forward peaked and 
exhibits a diffraction pattern similar to that found in elastic scattering at these 
energies. This forward-peaked distribution is due to the neutrons which have 
undergone the direct-interaction type of inelastic scattering discussed in Section 
2-6. Since there are comparatively few neutrons with such a large energy in nuclear 
reactors, it is usually adequate in reactor theory to assume that inelastic scattering 
is always isotropic in the center-of-mass system. 


2-12 Absorption Reactions 


The disappearance of neutrons as the result of absorption reactions has an impor- 
tant bearing on the design of a reactor. By far the most important reaction of this 
kind is radiative capture. 


Radiative capture—data and theory. This process can occur at all 
neutron energies, but it is most probable at low energies and in particular at those 
energies that lead to long-lived states of the compound nucleus. The requirement 
that the compound state must be long-lived is due to the fact that the emission of 
Ү-гайіайоп by a nucleus can be shown to be a very lengthy process when measured 
on a nuclear time scale. For instance, it takes a nucleon on the order of 107?! sec 
to move once around an orbit in the nucleus, whereas the emission of a Y-ray 
requires about 107! * sec, a difference of a factor of 107. 

In Section 2-6 it was pointed out that when a neutron is first absorbed by the 
nucleus Z4, the compound nucleus 24+! is formed in a highly excited (virtual) 
State because the neutron brings into the system both its original kinetic energy and 
its binding energy. Since the compound state lies above the virtual energy, the 
System can decay either by the reemission of a neutron, as in elastic scattering, or by 
emitting a Y-ray. However, as discussed in Chapter 1, the excitation energy of the 
compound nucleus is divided among several nucleons, and the emission of a 
nucleon is delayed until one nucleon obtains an energy in collisions with other 
nucleons greater than its binding energy in the nucleus. It is reasonable to expect, 
therefore, that when the excitation energy is shared among a large number of 
nucleons, the average time that elapses before a nucleon can be emitted is much 
longer than when only a few nucleons are involved. If nucleon emission is delayed 
by much more than about 107! * sec, the average time required for Y-ray emission, 
the compound nucleus may decay by emitting a Y-ray. Since it is logical to assume 
that a given excitation energy is shared among many more nucleons in a heavy 
nucleus than in a light nucleus, it follows that radiative capture is comparatively 
unimportant in light nuclei but becomes increasingly important in the heavier 
nuclei. 

The fact that radiative capture requires a long-lived compound state can be used 
to determine whether the more important process at a particular resonance is 
Scattering or capture. As shown in Section 1-8, the lifetime of a compound state is 
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inversely proportional to its total width. Narrow resonances therefore correspond 
to capture while the wider resonances are due to scattering. For example, the 
first resonance іп 0238 at 6.67 eV, which corresponds to the first virtual level in 
1239, has a total width of only 0.027 eV, and the mean life of this state is 2.4 X 
10-14 sec. By contrast, the resonance observed at 443 keV in 018, which corre- 
sponds to the first virtual state in 017, has a total width of 41 keV, giving a mean 
lifetime of 1.5 X 107?! sec. Thus it is highly likely that the compound state in 
U23? decays at least to some extent by Y-ray emission, while the compound state 
in 017 must decay primarily by nucleon emission. The 443-keV resonance in O!$ 
is clearly a scattering resonance, whereas the 6.67-eV resonance in U??? is in part 
(and almost entirely, as it turns out) a capture resonance. 

In view of the fact that the cross section for radiative capture is only large at low 
energy, it follows that it is primarily s-wave neutrons which are involved in this 
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Fig. 2-26. The total ~ radiative capture cross section of cadmium at low energy. [From 
BNL-325, Second Edition (1958).] 
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process. In this case, near an isolated resonance at the energy Ey, оу is given by 
the Breit-Wigner one-level formula: 


E " E, 1/2 TAI. | 
te) = та (Z) a Bera то 


Here, Ta and Гу are the neutron and radiation widths, respectively, and the other 
symbols have the same meaning as in Eq. (2-69). Since capture resonances are 
found only in intermediate and heavy nuclei, the center-of-mass energy E, is 
essentially equal to the laboratory energy E of the incident neutron. This is true, 
of course, provided the target nucleus is at rest in the laboratory system. (This 
point will be reconsidered in Section 2-14.) 

It should be observed from Eq. (2-91) that when E(~ Е.) is very much less than 
E,,04 behaves as 1/4/E, that is, as 1/v, where v is the speed of the neutron. 
The magnitude of cy at low energy depends, however, upon whether or not there is 
a resonance in this energy region. If there is a low energy resonance, oy is quite 
large and the 1/v-portion of ay is short. This situation is illustrated in Fig. 2-26 
for cadmium, where the first resonance (which is due to Cd!!3) occurs at only 
0.178 eV. It is of some interest to note that it is actually rather unlikely to find a 
resonance at such a low energy. This is because the corresponding level in the 
compound nucleus, which lies just slightly above the virtual energy, is, in fact, at 
an energy of about 7 MeV above the ground state of the compound nucleus. The 
spacing of levéls at this energy and for nuclei with A about 113 has been found to 
be about 40 eV ; that is, this is the average energy between levels. The probability 
that a level will be found in the small energy interval between zero and 0.2 eV is 
therefore only 0.2/40 = 0.5%. The more usual situation is shown in Fig. 2-27, 
where oy = с; is shown for Au!?7, Here the long 1/v-tail is quite evident. 
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Fig. 2-27. The total ~ radiative capture cross section of Аџ197 at low energy. [From 
BNL-325, Second Edition (1958).] 
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Fig. 2-28. The radiative capture cross section of U?38 at high energy. [From 
BNL-325, Second Edition (1958).] 


By introducing the quantities с; and x defined in Eqs. (2-71) and (2-72), the 
Breit-Wigner one-level formula can be written in the more convenient form 


г, (Е.\/? 1 
e 1 (BY rm 2-92) 


In the immediate vicinity of a narrow absorption resonance the term (Е1/ Е„)!!? in 
Eq. (2-92) is approximately constant and equal to unity, and oy reduces to 


gil. 1 


Г Та x Ce) 


сү(х) = 


In a region of several s-wave resonances the capture cross section can be found 
by merely adding together the contributions from each resonance as computed 
from Eq. (2-91). This is in marked contrast to the situation with elastic scattering. 
It will be recalled from Section 2-8 that the elastic cross section in a region of 
closely spaced resonances is given by a complicated: formula and is not the sum of 
contributions from each resonance. 

At energies above the resonance region oy drops rapidly as 1 /E, or faster, to 
very small values. An example of this behavior is shown for 0238 in Fig. 2-28. 
The reason for the rapid decrease in су is that with increasing energy of the incident 
neutron, the compound nucleus is formed in more highly-excited states which can 
more readily decay by neutron emission (or fission, if this is energetically possible) 
than by y-ray emission. At the higher energies, inelastic scattering and the (n, 2n) 
reaction thus become the dominant compound nucleus process, at the expense of 
both elastic scattering and radiative capture. 


2-12] ABSORPTION REACTIONS 65 


Measurements of oy have been carried out at low energy and in the resonance 
regions of most nuclei. These data, including both the cross sections and resonance 
widths, are given in BNL-325. Above the resonance region, the experiments аге 
more difficult to perform since, among other things, the cross section is so small, 
and considerably less data are available. 


Charged-particle reactions. Neutrons also disappear as a result of 
charged-particle reactions, such as the (n, p) or (n, a) reactions. These reactions 
are usually endothermic and do not occur below a threshold energy. For a few 
light nuclei, however, they are exothermic. 

The most important exothermic reaction of this type is the B!?(n, o)Li* reaction. 
The low-energy cross section for this reaction is very high, and for this reason 
boron is widely used to absorb slow neutrons. The total cross section of B!? at low 
energies, which is almost entirely due to the (n, o) reaction, is shown in Fig. 2-10. 
It will be noted that с; = с, is 1/v over a wide range of energy. The reason for 
this is as follows. It can be shown that except in the vicinity of resonances the cross 
section of any reaction of the type X(a, Б) Ү is given by the formula* 


oo = (E) HE, (2-94) 


where E, and E, are the kinetic energies of the incident and emergent particles, 
respectively, and H(£,) is a slowly varying function of E,. If the reaction is exo- 
thermic, E, will usually exceed E, by several MeV. Hence, at low energies of the 
incident neutron, i.e., Ea = eV, changes іп E, have almost no effect on Ej. The 
cross section therefore behaves essentially like 1/4/ E,, that is, like 1/v,. 

A similar exothermic reaction which also shows a strong 1/v behavior is 
Li?(n, ојн 3. This reaction is used for the production of tritium, НЗ. — 

Another important charged-particle reaction which occurs with low-energy 
neutrons is the N!4(n, p)C!* reaction. Although the cross section is not par- 
ticularly high (1.8 barns at 0.025 eV), many neutrons emitted from nuclear explo- 
sions are absorbed in the atmosphere via this reaction and produce the long-lived 
and potentially dangerous 8-етійег C!*. 

Some endothermic charged-particle reactions are important in reactors even 
though their thresholds are high. In water reactors, for example, the O!9(n, p)N!9 
reaction is the principal source of the radioactivity of the water (the N!9 undergoes 
B-decay with a half-life of approximately 7 sec, which is accompanied by the 
emission of 6- to 7-MeV "-rays), despite the fact that ordinarily only one neutron 
in several thousand has an energy greater than the 9-MeV threshold for this 
reaction. | 


* It may be noted that the Breit-Wigner formula for radiative capture at energies far from 
a resonance is a special case of this more general relation. 
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With intermediate and heavy nuclei, the cross sections for charged-particle 
reactions are so small they cannot usually be measured. This is because the emitted 
charged particle must pass through a coulomb barrier in order to escape from the 
nucleus in much the same way. that a-particles do when emitted from radioactive 
nuclei. Except for light nuclei, this barrier is so high and the associated delay in 
charged-particle emission is so long that the compound system almost always 
decays by the emission of an elastic or inelastic neutron before a charged particle 
can be emitted. 


2-13 Neutron Producing Reactions 


The principal source of neutrons in reactors is nuclear fission, and this reaction is 
discussed in detail in Chapter 3. Neutrons are also produced in certain other 
reactions, however, though to a much smaller extent. 


The (n, 2n) and (n, 3n) reactions. The (n, 2n) reaction usually proceeds 
in two steps. First, the incident neutron is inelastically scattered by the target 
nucleus. Then, if the residual nucleus is left with an excitation energy above the 
binding energy of its least bound neutron, this neutron is free to escape from the 
system. According to the discussion of Section 2-11 and as shown in Fig. 2-25, 
inelastically scattered neutrons usually leave most of their initial energy in the 
residual nucleus. This means that if the incident neutron has an energy above the 
threshold for the (n, 2n) reaction it is likely that a second neutron will appear. As 
a result, the (n, 2n) cross section rises rapidly above its threshold at the expense of 
the inelastic cross section, since the bulk of the inelastic neutrons are now included 
as part of the (n, 2n) reaction. This situation is illustrated in Fig. 2-29, where the 
inelastic and (n, 2n) cross sections are shown for U??*, 

The Q-value of the (n, 2n) reaction is equal, of course, to the binding energy of 
the “loosest” neutron in the target nucleus. As in other reactions, the threshold 
energy in the laboratory system is then given by 


Roms (4 + ) Q. (2-95) 


Nuclei which contain a loosely bound neutron, thus have a low (n, 2n) threshold. 
One of the most important examples of this kind is Be?, whose (n, 2n) threshold is 
only 1.8 MeV. Beryllium is often used in substantial quantities in reactors, and 
when this is the case special attention must be given to this reaction. With most 
nuclei, however, the (n, 2n) threshold is in the range from about 7 to 10 MeV.. 

The relationship of the (n, 3n) reaction to the (n, 2n) reaction is similar to that 
of the (n, 2n) reaction to inelastic scattering. Thus a third neutron will be emitted 
provided the nucleus retains sufficient excitation energy after the emission of the 
second neutron in the (n, 2n) reaction. The (n, 3n) cross section therefore rises 
from the (n, 3n) threshold at the expense of the (n, 2n) cross section, as indicated in 
Fig. 2-29. Ordinarily, however, the (n, 3n) threshold is so high (it ranges from 
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Fig. 2-29. The inelastic, (n, 2n) and (n, Зп) cross sections of 0238, (Based оп R. J. 
Howerton, “Semi-empirical Neutron Cross Sections 0.5-15 MeV," UCRL-5351, Novem- 
ber 1958.) 


about 11 MeV to 30 MeV) that this reaction is not important in most reactor 
calculations. In this connection, it may be mentioned that if a nucleus has a low 
(n, 2n) threshold, it does not necessarily follow that its (n, 3n) threshold will also 
be low. For instance, while the (n, 2n) threshold of Be? is only 1.8 MeV, its 
(n, 3n) threshold is 21 MeV. The origin of this disparity lies in the fact that 
although it may require only a small amount of energy to remove one neutron from 
a nucleus it may take considerably more energy to remove a second neutron. 


The (7, n) reaction. When a nuclear reactor is in operation, a great many 
energetic Y-rays are produced in its interior as the result of fission, from the decay 

_ of radioactive fission products, and from various neutron interactions, in particu- 
lar, radiative capture and inelastic scattering. The more energetic of these Y-rays 
can produce neutrons by the (Y, n) reaction. This reaction is similar to the (n, 2n) 
reaction in that a neutron originally bound in the nucleus is ejected in the process. 
It is easy to see, in fact, that except for center-of-mass effects, the thresholds for the 
(Y, n) and (n, 2n) reactions are identical, and these reactions are therefore impor- 
tant for the same nuclei. However, unlike the (n, 2n) reaction, the (7, n) reaction 
continues to produce neutrons even after a reactor is shut down, owing to the 
continuing decay of the fission products. 
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2-14 The Doppler Effect 


Up to this point, it has been assumed that prior to a neutron-nucleus interaction 
the nucleus is at rest in the laboratory system. This is never strictly true, however, 
since the atoms containing the nuclei are in continual motion due to their thermal 
energy. It will be recalled from Section 2-5 that the energy available for an inter- 
action is the sum of the kinetic energies of the neutron and nucleus with respect 
to their center of mass. This energy, Ee, is given by 


E, = %ш%, (2-96) 


where и is the reduced mass of the particles and v, is their relative speed of ap- 
proach. If the nucleus is at rest, v, is equal to the laboratory speed of the neutron. 
On the other hand, if the nucleus is in motion, v, has a range of values. It is larger, 
for instance, if the two particles are approaching each other, as in Fig. 2–30(а), 
than if the neutron must “catch up with" the nucleus, as in Fig. 2-30(b). It follows, 
therefore, that because of the thermal motion of the target nuclei, a beam of 
neutrons that is monoenergetic in the laboratory appears to have a smear of 
energies insofar as their interactions with the nuclei are concerned. By analogy 
to similar phenomena encountered in acoustics and optics this effect is known as 
the nuclear Doppler effect. 


Neutron Nucleus Neutron Nucleus 
у —— 


(a) (b) 


Fig. 2-30. Motions of neutron and nucleus. 


Because of this effect, the observed interaction rate of a beam of monoenergetic 
neutrons depends upon the temperature Т of the target as well as on the laboratory 
energy E of the neutrons. By analogy with Eq. (2-1), the interaction rate/cm? 


is written 
interaction rate/cm? = ING(E, Т), (2-97) 


where Zis the intensity of the beam, N is the atom density of the target, and o(£, T) 
for reasons that will be clear momentarily, is called the average Doppler-broadened" 
cross section. 

To compute (Е, T), let N(V) dV be the number of atoms (nuclei)/cm? in the 
target moving with velocities between V and V + dV. With respect to these 
nuclei, the incident neutrons approach with the speed v, and with an intensity 
nv,, Where n is the density of neutrons in the beam, and interact at the rate of 
nv,o(E-)N(V) dV interactions per cm?/sec. The total interaction rate for all 
nuclei is therefore 

ING(E, T) = J nv,o(E.)N(V) dV, (2-98) 
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If the target is a gas (a rather unusual situation) N(V,) is given by the Maxwellian 
distribution function for a velocity component, namely, 


1/2 i 

муд = (зу) enm, (2-104) 
where К is Boltzmann’s constant (k = 8.617 X 1075 eV/°K) and Т is the absolute 
temperature of the gas. For a solid target it can be shown that M(V,) is given 
approximately by the same function, except that the parameter T is somewhat 
different from the temperature of the target. The difference is small, however, for 
temperatures above approximately 300°K, and it can frequently be assumed that T 
refers to the actual temperature of the target. 

Consider first the radiative capture cross section near an isolated resonance at 
energy Еј; o(E.) is then given by the Breit-Wigner formula (Eq. 2-91). Inserting 
this expression and Eq. (2-104) into Eq. (2-103), and noting that since u = m, 
v,/v = Уу Е,/Е, the result is 


(ЕТ) = (em CR M мг f exp (— MV2/2kT) dV, . 
orit) NT INE 2тКТ _« (Ee — ETE +1 
(2-105) 
This integral can be simplified by making the following substitutions:* 
x= 5 (E- Е), (2-106) 
2 
у = т (Ее — Fi), (2-107) 
Г 
{ = г? (2-108) 
and 
1/2 
Гр = (жт) > (2-109) 


where the quantity Гр is known as the Doppler width. Equation (2-105) can then 
be written as 


1/2 
(E, T) = 913 (2) V, х), (2-110) 


where /({, x) is a function defined by the integral 


_ 0 | ер[- 0х – y] | 
МИ Se x | ду. (2-111) 


* Note that the parameter x in Eq. (2-106) is different from the x defined by Eq. (2-72). 
In the literature the parameter ¢ is also denoted by 6, £, and 1712. 
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This function cannot be expressed in terms of elementary functions. It has been 
tabulated, however, and a short table is given in Table 2-1. More extensive 
tabulations may be found in the references at the end of the chapter. 

Unless the resonance is located at a very low energy, the expression for а (Е, Т) 
near the resonance can be simplified by taking the factor V E/E in Eq. (2-110) 
to be unity; then 


out yq, x). Q-112) 


(Е, T) = 


The similarity in form of Eqs. (2-110) and (2-112) to Eqs. (2-92) and (2-93) 
should be particularly noted. 

According to these results the temperature dependence of &4(E, T) is contained 
in the function y(t, х). To clarify the nature of this function, it should first be 
noted that the quantity exp [—3¢?(x — y)?] in the integrand of Eq. (2-111) is a 
Gaussian centered about the point y — x, whose width (standard deviation) is 
proportional to 1/¢. In view of Eqs. (2-108) and (2-109), however, 1/f varies as 
МТ, so that at low temperature the Gaussian in the integrand is rather narrow. 
As a consequence, the bulk of the integral in Eq. (2-111) comes from the region in 
the immediate vicinity of y = x, and the denominator in the integrand can be 
extracted from the integral as 1 + x?. The remaining Gaussian can then be 
integrated, and it is easily seen that G4(E, T) reduces to the original Breit-Wigner 
formula. This is to be expected since at low temperature there is little thermal 
motion of the nuclei and therefore no Doppler effect. 

At high temperature, on the other hand, 1/¢ is large, the Gaussian is broad, and 
the integral in Eq. (2-111) is now dominated by the term 1/(1 + y?). Since this 
term is peaked at y = 0, the Gaussian can be extracted as exp (— £?x?/4) and the 
remaining integral can then be evaluated. The resulting expression for бу(Е, T) is 


x 2 
GE, T) = cT exp| - cA Q-113) 
D 


Equation (2-113) shows that at high temperature the resonance exhibits a 
Gaussian dependence on the energy of the incident neutron. Furthermore, the 
width of the resonance is only a function of Гр which, in view of Eq. (2-109), does 
not depend upon any of the nuclear properties of the resonance such as Г, Гу, etc. 
In this case, the resonance is said to exhibit a pure Doppler shape. 

The above extremes are not usually met in practice, and the actual shape of an 
absorption resonance must be computed from Eq. (2-110) and the tables. Reso- 
nances are then always found to be broader than their natural width and they are 
said to be temperature broadened or Doppler broadened. This is illustrated in 
Fig. 2-32, where the first resonance in 0238 is shown for three different tempera- 
tures. The curve for T = 0°K, of course, is just the ordinary Breit-Wigner formula. 

It is easy to show (cf. Prob. 2-31) that although the shape of a resonance 15 
changed by the Doppler effect, the total area under the resonance is a constant, 
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Fig. 2-32. Doppler broadening of the capture cross section of U?38 at the 6.67 eV 
resonance. 


independent of temperature. It might appear, therefore, that Doppler broadening 
would have no effect on the absorption of neutrons in a reactor. This is not the 
case, however, for as will be shown in Chapter 7, the number of neutrons in the 
vicinity of a resonance increases with temperature. Neutron capture in the reso- 
nance therefore tends to increase with temperature, an effect which has an impor- 
tant bearing on reactor control. This is discussed further in Chapter 13. 

At low energy, i.e., where E << E, the function ¥({, x) approaches a constant 
value. From Eq. (2-110), 2;(Е, T) then varies as 1/v, as does the ordinary Breit- 
Wigner formula at these energies. This result is more general than indicated by the 
form of Eq. (2-110). Thus if e4(E;) = constant/v, is inserted into Eq. (2-103), 
the v,’s cancel giving 


(E, T) = — J МУ.) dV. (2-114) 


The remaining integral is just the atom density, N, so that 


constant 


ФЕТ) = 5 


(2-115) 
This result does not depend on the form assumed for the function N(V;) and 
obviously holds for any 1/v cross section, i.e., all absorption reactions, not just 
radiative capture. Equation (2-115) shows that when a monoenergetic beam of 
neutrons strikes a target consisting of 1/v absorbers, the observed cross section is 
also 1/v, regardless of the velocity distribution of the nuclei in the target. 
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In the case of scattering, the Doppler effect can usually be ignored for the 
scattering resonances found at high energies in light and intermediate nuclei, since 
the natural widths of these resonances are so large compared to the Doppler width. 
It must be included, however, in calculations of the scattering cross section at the 
narrow resonances in heavier nuclei. The average scattering cross section &,(£, T) 
can be found by introducing с,(Е,) from Eq. (2-69) into Eq. (2-103) and proceed- 
ing as in the derivation of &4(E, T).* The result is 


GE, T) = DI yr, x) + BE А, х) + 40, 0-6) 
where X(¢, х) is the function 
хб) = d | rapita — 21 д, Gan 
т —00 


A short table of x(t, x) is also given in Table 2-1. More comprehensive tabulations 
are noted in the references. 


2-15 On Cross-Section Compilations 


It should be reiterated that compilations of cross sections such as BNL-325 
present experimental data which are not corrected for either Doppler broadening or 
the resolution of the instruments used in the measurements. For this reason the 
cross sections, particularly in the resonance regions of intermediate and heavy 
nuclei, appear considerably different from values computed with the formulas 
discussed in this chapter. For example, as noted in the introduction to BNL-325, 
the maximum value of the total cross section at the 6.67-eV resonance in U??8, as 
shown in the tables and in Fig. 2-12, is about 7000 b. With perfect resolution, 
however, the maximum cross section would be measured as 8000 b at room tem- 
perature. Correcting for Doppler broadening gives a true peak cross section of 
20,000 b, which is the value obtained from the Breit-Wigner formula. 
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Problems 


[Nore: Helpful data will be found in Appendix I.] 


2-1. A beam of 0.025 eV neutrons which has a cross-sectional area of 0.01 cm? strikes a 
thin Li? target, inducing the exothermic reaction Li9(n,o)H?. The beam intensity is 
5 X 101? neutrons/cm?-sec. The target has an area of 0.5 cm? and it is 0.005 cm in 
thickness. The cross section for this reaction at 0.025 eV is 945 barns. (a) What is the 
density of neutrons in the beam? (b) What is the atom density of the target? (c) What 
is the rate of production of tritium in the target? (d) What is the maximum tritium activity 
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in curies which can be induced in the target by this beam? [Note: The density of Li® 
is 0.5 gm/cm? and the half-life of НЗ is approximately 12 yr.] The atomic weight of 
Li? is 6.01513. 

2-2. A monoenergetic beam of neutrons of intensity 1019 neutrons/cm?-sec is incident 
upon a thin sheet of material. Confining attention to a particular atom, how long must 
one wait, on the average, before a neutron interacts with it, if the total cross section is 
10 barns? 

2-3. Compute the minimum intensity of a beam of 0.025 eV neutrons required to pro- 
duce 10 ucuries of А128 (Туг = 2.3 min) in an aluminum target (100% А127) having 
an area of 1 cm? and a thickness of 0.1 cm. 

2-4. Stainless steel No. 347 (density 7.86 gm/cm?) has been used in the fuel elements of 
many reactors. (a) Using the information given in the table below, compute the macro- 
scopic absorption cross section of SS-347 at 0.025 eV. (b) If a fuel element consists of 
a homogeneous mixture of SS-347 and U?35 with atom ratio N(Fe)/N(U?35) — 150, 
compute the macroscopic absorption cross section of the fuel element at 0.025 eV. 


Composition, weight % 


Si P S i Fe 


0.08 1.00 0.04 0.05 18.00 2.00 10.00 remainder 


2-5. What is the probability that a neutron can move 2 mean free paths without inter- 
acting in a medium? What is this probability for 1/2 mean free path? 

2-6. Using the data in BNL-325, compute the mean free paths of neutrons with the 
following energies in the specified media. 


Energy Medium 
(a) 14 MeV air 
(b) 2 MeV air 
(c) 0.025eV air 
(d) 14 MeV water 
(e) 2 MeV water 
(f) 0.025 eV water 
(g 14MeV uranium 
(h) 0.025 eV - uranium 


2-7. Derive a formula for the relative probability that a neutron will undergo radioactive 
decay before being absorbed in an infinite medium. What is this probability for a 0.025 eV 
neutron if the medium 5 D20? 

2-8. Using Eqs. (2-25), (2-26), and (2-27) show that the total kinetic energy of two 
particles in the center-of-mass system is given by 


2 
E. = фи, 


where д is the reduced mass of the particles and v, is their relative speed. 

2-9. Show that when a neutron is scattered from hydrogen, the angle between the lab- 
oratory velocities of the scattered neutron and the recoiling proton is always 90°. 
2-10. It was shown in Section 1—9 that in the laboratory system the difference between 
the kinetic energies of the final and initial particles in a nuclear reaction is equal to the 
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Q-value. In the center-of-mass system, what is the difference between the initial and 
final kinetic energies of the particles equal to? Explain. 

2-11. (a) Show that the angles in the laboratory and center-of-mass systems at which the 
particle с emerges from the reaction a(b, c)d are related by 


sin 0 
tan? Y + cos 6 
where 
М УМ, с E 


~ 
= 


М.М: Es + QU + Mo/Ma) 


and Ma, Ma, etc. are the masses of the particles, E, is the laboratory energy of particle b, 
and Q is the Q-value of the reaction. (b) Show that the kinetic energy of the particle c 
in the laboratory is given by 
ММ, ?Е, 
Е, чи 
(ди 7 (м, + мг 


where 
S = cos + Y-1cos (0 — 9). 


2-12. A 1-MeV neutron is elastically scattered from Be?. (a) Find the energy of the inci- 
dent neutron in the center-of-mass system. (b) Find the maximum energy loss of the 
neutron after scattering. (c) If the angle of scattering of the neutron in the center-of-mass 
system is 90°, find the recoil energy of the target nucleus in the laboratory. 

2-13. One-MeV deuterons bombard a stationary target containing tritium and produce 
neutrons by the H3(d, п)Не“ reaction. Find the maximum and the minimum energy of 
the emergent neutrons in the laboratory system. 


2-14. Show that the laboratory and center-of-mass angles are related by the formula 
sin (@ — 9) = Ysin#, 


where 7 is given by Eq. (2-52) (see also Problem 2-11). This formula is more convenient 
than Eq. (2-51) for transformations from laboratory to center-of-mass coordinates. 


2-15. Resonances are observed in the neutron total cross section of B!? at the following 
(laboratory) energies: 0.530 MeV, 1.90 MeV, 2.80 MeV, 3.40 MeV, 4.20 MeV, etc. If 
the Q-value of the reaction B!9(d, p)B!! is 9.217 MeV, at what energies, measured from 
the ground state, are the excited states which give rise to the above resonances? 


2-16. The first resonance in the total cross section of 116 occurs at a laboratory energy 
of 0.255 MeV. (a) Using the fact that the threshold for the Li" (n, 2n) reaction is 8.442 
MeV, find the binding energy of the last neutron in Li’. (b) At what energy above the 
ground state of Li? does the energy level occur that gives rise to the first resonance in 
c, for Li9? 

2-17. It so happens that the square of the atomic fine structure constant (Ac/e? = 137) 
is about 10 times the ratio of the mass of the neutron to the mass of the electron 
(М,/тв = 1835). Using this fact, show that the quantity kR in Section 2-7 is given 


approximately by 
kR ~ AV E/O, 
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where А is the mass number of the target nucleus and Е is the neutron energy in MeV. 
(This is a handy formula for determining the number of partial waves involved in a 
neutron interaction.) 
2-18. A small detector with an aperture of 0. 4cm? is placed in a beam of 14 MeV neutrons 
and registers 1000 counts/sec. (a) If a graphite target 0.2 cm thick is placed in the beam 
1 m from the detector, what is the new count rate? (b) If the detector is placed 20? from 
the direction of incidence what is the new count rate? [Hint: Use Fig. 2-20.] 
2-19. Using the cross-section data in BNL-325, estimate the nuclear radii of the following 
nuclei. 

(a) C12 (b) Ва135 (с) Ві209 (9) {7238 


Compare these values with radii computed from Eq. (1-3). 

2-20. A hydrogen target 0.1 cm in area contains 6.6 X 1022 hydrogen atoms/cm. 

A 100% efficient neutron detector having an aperture of 1 cm? is placed 100 cm from the 

target and at 45° to the direction of incidence. If the target is bombarded by a beam of 

1 MeV neutrons having an intensity of 108 neutrons/cm?-sec, what is the counting rate 

in the detector? ; 

2-21. (a) Using the data in BNL-400, determine the differential elastic cross section of 

Be? in the laboratory system for 7.0 MeV neutrons. (b) Compute the transport cross 

section of Be? at 7.0 MeV. 

2-22. The differential elastic cross section of He? in the center-of-mass system at a 

certain energy is given by 
| тад) = 1: (1 + cos). 


(a) Find the elastic cross section at this energy. (b) What fraction of the elastic neutrons 
appears at angles greater than 90° in the center-of-mass system? (c) Plot the differential 
cross section in the center-of-mass and laboratory systems. (d) Compute the transport 
cross section at this energy. 

2-23. The energies of the excited states of two hypothetical nuclei of mass numbers 10 
and 11 are given in the table below. All energies are in MeV and measured from the 
ground state. The binding energy of the last neutron in these nuclei is 6.10 MeV and 
4.80 MeV, respectively, and the absorption cross section is negligible. 


А = 10 А = 11 
1.60 2.00 
3.00 4.50 
4.00 4.60 
4.25 5.20 
4.60 5.70 
5.10 6.00 
6.15 6.35 
6.20 6.70 
6.25 7.20 
6.95 8.00 
7.80 etc. 


etc. 
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Make a rough plot of the total and inelastic cross sections of nuclide A = 10 asa function 
of the laboratory energy of incident neutrons. Show clearly at what energies resonances 
may be expected to occur, and indicate the inelastic threshold. 

2-24. Plot the total, elastic, and inelastic cross sections of bismuth from 0.1 MeV to 
14 MeV. 

2-25. (a) When 10-MeV neutrons strike Th?32, what is the temperature of the compound 
nucleus that is formed? (b) What is the most probable energy of the inelastic neutrons? 
(c) What is the average energy of the inelastic neutrons 7 

2-26. The first excited state of the nucleus Z4 is at the energy є1. (a) Show that the angles 
of emission of the inelastic neutron in the laboratory and in the center-of-mass system 
are related by 


where 
EN NE NEN 
© ANAE — (A + 1)е 


and E is the laboratory energy of the incident neutron. (b) Show that the angular distribu- 
tion of the inelastic neutrons becomes increasingly forward peaked with decreasing 
energy of the incident neutron. Explain this result on physical grounds. 

2-21. The total and nonelastic cross sections of a certain heavy, nonmagic, and non- 
fissionable nucleus at 7 MeV are 3 barns and 1.5 barns, respectively. Give reasonable 
values of the following cross sections at this energy. 


(a) с, (b) о; (c) су (d) са 


2-28. Determine in the most appropriate manner c. for the following nuclei (or mol- 
ecules) at the specified energies. 


Nucleus Energy Nucleus Energy 
(a) Н! 0.025 eV (f) Sm 0.1 eV 
фу H! 1.0 eV (g) Cd!!? 1.0 eV 
(c) H20 1.0 eV (h) 0236 1.0 eV 
(d C? 10 eV (i) 10238 1.0eV 
(e) N14 0.025 eV G) 1023505 10 keV 


2-29. Using atomic mass tables, compute the threshold energies for the following 
reactions. 


(а) O16(n, pN!9 (d) C!?(n, n’)3a 
(b) H?(n, 2H! (e) H2(d, n)He? 
(c) Be?(n, 2n)2a (f) H2(7, DH! 


2-30. The partial widths of the first resonance in 0236 at 5.49eV аге Г, = 29 mV 
and I, = 1.8mV. Plot the Doppler-broadened capture cross section at the following 


temperatures. 
(a) 0°К (b) 200°C (c) 1000°C 


2-31. Show that the total area under a Doppler-broadened resonance is essentially 
independent of temperature. 
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2-32. Plot the maximum value of the capture cross section at the first resonance іп (238 
at 6.67 eV as a function of temperature from T = 0°K to 1000°C. [Note: Г; = 26 mV 
апа Г, = 1.52 mV.] 


2-33. Show that at low temperature the Doppler-broadened capture cross section 
reduces to the ordinary Breit-Wigner formula. 


2-34. The first resonance in In!!5 is at 1.457 eV and has the following parameters: 
Г, = 72mV, Г, = 3.03 mV, and g = 11/20. Plot c, for this resonance at 0°K and 
20°C and compare with the data in BNL-325. 


2-35. Show that at high temperature the Doppler-broadened capture cross section is 
given by Eq. (2-113). 
2-36. Derive the following properties of the function (С, x). 


а) б, х) = atx" of "Wh, х) ах = т 
2-37. Derive the following properties of the function Х({, х). 
(a) Х(=©,х) = 2ха + x?) ! (b) || ” x(t, x)dx = 0 


(c) x(5,0) = 0 
2-38. Show that the functions Х({, x) and y(t, x) are related by the following: 
4 ФИС, x) | 


XE, x) = О + 5 dx 


Neutrons 


2-39. A thin disc of radius R, rotating at an angular 
speed of w rad/sec is exposed near its outer edge to a 
monoenergetic neutron beam of area a as shown in ` 
Fig. 2-33. (a) If the disc is maintained at a temperature 
of T = 0°K, compute the interaction rate in the target 
as a function of w and the laboratory energy of the 
incident neutrons. (b) Discuss the effect which chang- 
ing w has on the interaction rate in the case of 1/v 
absorption and at an absorption resonance. Figure 2-33 


.T=0°K 


3 


Nuclear Fission 


Nuclear fission is the process in which a heavy nucleus splits into two fragments, 
with the release of considerable energy and the emission of neutrons and ‘Y-rays. 
In the present chapter, those aspects of the fission process that are of the greatest 
practical importance in reactor theory will be discussed. 


3-1 The Mechanics of Fission 


It will be recalled from Chapter 1 that the binding energy per nucleon decreases 
with increasing mass number for A greater than about 50. A more stable con- 
figuration is obtained, therefore, when a heavy nucleus splits into two lighter 
nuclei, and this is the origin of the fission process. On this basis, however, it might 
be expected that all heavy nuclei would spontaneously undergo fission, and, indeed, 
heavy nuclei should not exist at all. While such spontaneous fission is possible, in 
fact, for all nuclei with A greater than about 50, it happens only rarely. For 
fissions to take place with a reasonable probability, energy must be supplied to the 
nucleus in one way or another. This is because of the manner in which the fission 
process occurs. 

For simplicity, the initial state of a fissioning nucleus Z^ can be assumed to be a 
sphere of radius R as shown in Fig. 3-1(a). At the end of the process, two nuclei 
21: and 222 are formed having radii А; and К», respectively, as shown in Fig. 
3–1 (с). The details of how the nucleus is transformed from the initial state (a) to 
the final state (c) are not completely understood, but it is reasonable to assume that 
this involves a sequence of dumbbell-shaped intermediate states of the type shown 
in Fig. 3-1(b). 

It is interesting to consider the potential energy of the fissioning nucleus as a 
function of the distance r between the two separating lobes. This is equal to the 


2, А 


21, А, 25, Аг 


(а) (b) (c) 


Fig. 3-1. Stages in fission. 
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total energy of the system at any point minus the kinetic energy. When r = 0, the 
total energy is Мас“, where М; is the mass of the initial nucleus, and the kinetic 
energy is zero. In order to deform the nucleus into a dumbbell configuration, 
energy must be added to the system. This is due to the fact that since nucleons 
attract one another, energy is required to increase the average distance between 
them. The nucleus in an intermediate state thus has a larger potential energy than 
it had originally. The potential energy continues to increase in this way with 
increasing r as shown in Fig. 3-2 until a point is reached where the two lobes of the 
dumbbell begin to separate. From this point on, the nuclear energy of the two 
fragments remains constant while the potential energy decreases, owing to the 
decreasing Coulomb repulsive energy of the two fragments. 


Fig. 3-2. Potential energy of fissioning nucleus as a function of the distance between the 
separating lobes. 


The energy which must be supplied to a nucleus in order for it to undergo fission 
immediately is known as the critical energy or threshold energy, Еу, and can be 
estimated with the help of Fig. 3-2. First it will be remembered that the difference 
between the initial and final energies of the system is just the Q-value of the fission _ 
reaction. Then, as indicated in the figure, ЕЁ is simply equal to the Coulomb 
energy E, computed at the point where the fragments separate, minus the Q-value 
of the reaction ; that is, 

Ec = E, =Q. (3-1) 


As will be discussed in Section 3-4, all fissioning nuclei do not split in the same 
way. Thus, although the mass of the initial nucleus is well defined, the masses of 
the fission fragments are not. The Q-value for fission leading to one set of fission 
fragments is therefore somewhat different from the Q-value for fission leading to 
another, and for this reason there is no single Q-value for fission. What is ordinarily 
teferred to as the fission Q-value is actually an average of the Q-values over all 
modes of fission. This fission Q-value is determined experimentally by measuring 
the total energy released from a mass of nuclei undergoing fission. 
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A rough estimate of the Coulomb energy can be made by assuming that each 
fragment is a uniform sphere unaffected by the presence of the other. In this case, 
E, is given by . 

ZZ? 


= Ri + Re F Rs • (3-2) 


E, 
Recalling from Chapter 1 (cf. Section 1-3) that nuclear radii are given approxi- 
mately by the formula 
R = 15 A"? 
2 > 


where re = e?/m,c? is the classical radius of the electron, Eq. (3-2) becomes 


_ __ Zi __ 
4 (re/2 AY? + 43°) 
= 2122 2 
УНЕ + Als 2mec 
Since 2т„с? == 1 MeV, E, is 
E, = —2142___ Mev (3-3) 
9 


1 1 ђ 
AUS a Ale. 


If, for simplicity, it is also assumed that fission leads to fragments of equal mass 
and equal charge, i.e., 4; = А; = 4/2апі 2. = Z = Z/2, Eq. (3-3) reduces to 


E, = 0.167?/А!!%. (3-4) 


For uranium, E, is approximately 218 MeV, the average Q-value is 212 MeV, 
and the critical energy is therefore about 6 MeV. For nuclei lighter than uranium 
the critical energies are considerably higher; for example, Eerit > 20 MeV for 
Pb?98, Jt is for this reason that fission is of practical importance only for the 
heaviest nuclei. Critical energies of several heavy nuclei are given in Table 3-1; 
it should be noted that in the table it is the indicated nucleus which fissions. 

Fission can also occur without the addition of the critical energy by the quantum- 
mechanical process of “leaking through" the Coulomb barrier, much like o-par- 
ticles do in a-decay. Such spontaneous fission proceeds, however, with very small 
probability. In U??5, for example, only one spontaneous fission occurs per 
gm/100 sec, which is equivalent to a half-life of 5.5 X 1015 years. The spontaneous 
fission rates of 0233, 07235, and Pu?5? might reasonably be expected to be larger 
than that of 238 since according to Table 3-1 the critical energies of these nuclei 
are somewhat smaller. In actual fact, however, the spontaneous fission rate of 
U23? is several orders of magnitude larger than those of U?5?, U?35, and Pu??? 
This unexpected situation is not understood at the present time. Despite the slow 
rate at which spontaneous fission occurs, it is not unimportant in reactor analysis, 
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Table 3-1 


Critical Energies for Fission 


Fissioning Critical Binding energy of 
nucleus 24 energy last neutron in 24 


Th232 


Th?33 
U233 


U?34 
U235 
U236 
U238 
U239 


Pu239 
Pu?49 


* Neutron binding energies are.not relevant for these nuclei since 
they cannot be formed by the absorption of neutrons by the 
nuclei Z4^ !. | 


since it represents an uncontrolled source of extraneous neutrons in all reactors, 
particularly those containing large amounts of 02538, 

For practical purposes, however, the energy Eerit represents а real threshold for 
fission, and any method which supplies this energy is said to “induce” the fission. 
By far the most important method is neutron absorption. In this connection it will 
be recalled from Chapter 2 that when a neutron is absorbed, the compound nucleus 
is formed with an excitation energy equal to the kinetic energy of the incident 
neutron plus its binding energy to the compound system. If this binding energy is 
greater than the critical energy of the compound nucleus, fission can be induced 
with neutrons of essentially zero kinetic energy. For example, according to Table 
3-1, the binding energy of the last neutron in U??? is 6.4 MeV, while the critical 
energy is only 5.3 MeV. Thus, when a neutron with zero kinetic energy is absorbed 
by U??5, the compound nucleus U??? is produced at about 1.1 MeV above the 
critical energy, and fission may immediately occur. Nuclei such as U??? that lead 
to fission following the absorption of a zero energy neutron are called fissile. 
Note, however, that although in this example it is the 07235 which is said to be 
fissile, the nucleus that actually fissions is 0236, From Table 3-1 it will be evident 
that 0233 and Pu??? are also fissile. In addition, Pu?*! and several other nuclei 
not indicated in the table, are also fissile. 

With most heavy nuclei other than U???, U??5, Pu??9, and Pu?*!, the binding 
energy of the incident neutron is not sufficient in itself to supply the compound 
nucleus with the critical energy, and a neutron must have some kinetic energy in 
order to induce fission. In particular, this is always the case when the struck nucleus 
contains an even number of nucleons, since tlie binding energy of the incident 
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neutron to an even-A nucleus is always less than,to an odd-A nucleus. (This 
odd-even variation in binding energy is evident in Table 3-1.) For instance, the 
binding energy of the last neutron in U??? is only 4.9 MeV, and this is the excita- 
tion of the compound nucleus when a neutron of zero kinetic energy is absorbed by 
U?38, The critical energy of U???, however, is 5.5 MeV, and fission cannot occur, 
therefore, unless the incident neutron has an energy-greater than about 0.6 MeV. 
Nuclei such as U??? are said to be fissionable, provided the critical energy is not 
so high that neutron energies in excess of about 10 MeV are required to induce 
fission.* Thus although Pb?°® may fission when struck by a neutron of energy 
greater than about 20 MeV, this nucleus is not ordinarily said to be fissionable. 

Fission can also be induced by 7-тауѕ, a process that is known as photofission, 
provided the Y-rays have an energy greater than the critical energy. In most 
reactors there are comparatively few Y-rays with such high energy, and photo- 
fission can usually be ignored in the design of nuclear reactors. This process is use- 
ful, however, for determining critical energies, and many of the values of Eerit in 
Table 3-1 were obtained in this way. 


3-2 Practical Fission Fuels 


For a number of reasons, isotopes such as 1238, which only fission with energetic 
neutrons, cannot alone be used to fuel nuclear reactors. It is the fissile isotopes 
1233, 0235, and Pu??? that are the practical fuels of nuclear power. The fissile 
isotope Pu24! as discussed below is not a practical nuclear fuel in the ordinary 
sense. Of these nuclei, only 1023 5 is naturally occurring. It is present in the amount 
of 0.71 atom percent of natural uranium and can be extracted by various separation 
processes such as gaseous diffusion, ultracentrifuging, etc. Several large 799 
separation plants аге in existence, апа in the United States it is possible to obtain 
uranium with any desired enrichment, that is, any specified atom percent of U Ap 

The isotope 0233 сап be produced by the absorption of neutrons by Та? 
The reactions involved аге: 

Th?22(n, y)Th??? lam Ра233 Fo U233, 

Although, in principle, U??? can be obtained in sizable quantities by the above 
reactions, only small amounts of this isotope have been produced to date. No large- 
scale facilities specifically designed for the production of U??? exist, at least in the 
United States, апа 233 has not been used to fuel nuclear reactors up to the present 
time. However, for reasons that will be discussed in Chapter 4, U??? holds 
considerable promise for fueling certain advanced types of reactors, and this isotope 
will undoubtedly receive increasing attention in the future. It should be mentioned 


* Note that the term ^fissile" represents a special case of the more general term *'fission- 
able.” All nuclei that fission when struck by neutrons of energy <, 10 MeV are said to 
be fissionable. But while both U235 and U238 are “fissionable” only U?3? is “fissile” 
[cf. E. P. Blizard, editorial in Nucl. Sci. Eng. 9, No. 3 (1961)]. 
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that isotopes such as Th??? which are not themselves fissile (though they may be 
fissionable), but which can be used as the raw material for the production of fissile 
isotopes are called fertile. 

Pu??? is produced by the absorption of neutrons by U??? via the following 
reactions: 


U?35(n, VU??? ли Np??? E Pu239. 


Plutonium was first produced during World War II for use in weapons, and this 
production has been continued since the war on an even greater scale. It has been 
used comparatively little as a reactor fuel, however, for several reasons: (1) Pu??? 
is more expensive to produce than U??5; (2) it is less satisfactory than U?35 for 
fueling most of the reactors built since World War II (because of its high value of с; 
cf. Section 3-3); (3) the physical and chemical properties of plutonium make it a 
difficult material to work with; (4) little Pu??? has been available because of the 
competing demand of the weapons program. Nevertheless, as in the case of 233, 
Pu??? appears to be a far better fuel than 0235 for certain advanced types of 
reactors, and the future will undoubtedly see increased use of this isotope. 

A certain amount of Pu??? accumulates in any reactor containing U??$, as the 
result of neutron absorption. In a similar fashion the fissile isotope Pu?*! accu- 
mulates in reactors containing Pu??? by the absorption of two additional neutrons. 
(It may be noted at this point that the absorption of a neutron by Pu??? does not 
always lead to fission; cf. Section 3-3.) The reactions involved are: 


fission 
Pu239 + п m di 


Pu?*9(n, y)Pu?*! 
The operation of a reactor is necessarily affected by the presence of Pu?*! and 
this must be taken into account in the design of Pu??°-fueled reactors or reactors 
containing large amounts of U??3, However, Pu?*! has never been used to fuel а 
reactor directly and there are no facilities for the specific production of this isotope. 
Indeed, it appears that the cost of Pu?*! is much too high for it to be used as a 
principal reactor fuel. 

During World War II the heavy isotopes of nuclear technology were identified 
by code numbers, and this nomenclature persists to some extent today. According 
to this code each isotope is identified by a two-digit number. The first digit is the 
atomic number minus 90, and the second digit is the last digit of the mass number.* 
Thus U??5 is known simply as “25”; Pu??? is known as “49”; etc. Note that 
Pu?*! is “41” not “51.” 


* More precisely the code number is 102 (тод 10) + A(mod 10), where Z and A аге the 
atomic and mass numbers, respectively. A number x(mod 10) is the smallest positive 
number obtained by repeatedly subtracting 10 from x; e.g., 92(mod 10) = 2, 238(mod 
10) = 8, etc. 
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Fig. 3-3. The fission cross section of 0235, [From BNL-325, Second Edition (1958).] 
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3-3 Cross Sections of Fissionable Nuclei 


The probability of neutron-induced fission is described by the fission cross section, 
ту, and as is true for any other cross section, су is a function both of the target 
nucleus and the energy of the incident neutron. For the fissile nuclei, с; is quite 
large (as cross sections go) at low energy, and drops roughly as 1/v with increasing 
energy up to the electron-volt region where several resonances appear. Above 
approximately 1 keV, the resonances can no longer be resolved by present measur- 
ing techniques*, and the cross section becomes rather smooth. This type of 
behavior is illustrated in Fig. 3-3, where су is shown for U??5, 

The fission cross section is somewhat different for nuclei such as (238 that 
require an energetic neutron to induce fission. Now су is zero up to the threshold 
energy for fission, where it rises rapidly with increasing energy. This is shown in 
Fig. 3-4 for 1238 and several other even-A nuclei. Since the fission threshold 
usually occurs at energies above the region of resolvable resonances, the fission 
cross sections of these nuclei tend to be smooth everywhere. 

For reasons which will be explained in Chapter 8, it is the usual practice to 
tabulate low-energy cross sections at an energy of 0.0253 eV. This value is called 
the thermal energy since neutrons in thermal equilibrium with their surroundings 
at room temperature have approximately this energy. The corresponding cross 
sections are called thermal cross sections. These are given in the first two columns 
of Table 3-2 Гог U???, U?35, natural uranium, Pu???, and Pu?*!, Additional data 
on these and other heavy nuclei will be found in Appendix I and in the references 
at the end of the chapter. 


2.5 


2.0 


Cross section, barns 


Th232 
proceed 
0 1 2 3 4 


Neutron energy, MeV 


Fig. 3-4. The fission cross sections of Th?32, (238, Pu?4°, and Ри242, [From BNL-325, 
Second Edition (1958).] 


* The actual overlapping of the levels, that is, where the Doppler width and the level 
spacing are approximately equal, probably occurs at about 5 keV. 
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Table 3—2* 


Thermal (0.025 eV) Data for 0233, 11285, Natural Uranium, 
Pu23 9, апа Pu24! 


U235 


Natural 
uranium 

Pu 239 

Pu241 


* From BNL-325, Second ed. (1958), Supplement No. 2, Volume III, 
February, 1965. For an evaluation of the measurements of these im- 
portant parameters and their errors see R. Sher and J. Felberbaum, 
BNL-918 (March, 1965). See also Table I-3 in Appendix I for further 
data on these and other heavy nuclei. 


tq = Oy + OF. 


Aside from the fact that they undergo fission, fissionable nuclei are not essentially 
different from other heavy nuclei, and they interact with neutrons in the many ways 
discussed in the preceding chapter. In the case of fissile nuclei, however, the low- 
energy cross sections are dominated by fission and radiative capture. Elastic 
scattering cannot be measured at low energies, but с, is presumably constant. On 
the other hand, with fissionable nuclei such as 0238, the fission cross section is 
zero at low energies, and the capture cross sections tend to be small. The elastic 
cross section can be determined more easily in this case, and c, is indeed found to be 
constant. In the resonance region, the elastic cross sections of fissionable nuclei are 
roughly constant, except, of course, as discussed in the preceding chapter, in the 
immediate vicinity of resonances. At considerably higher energies, that is, above 
the resonance region, с, can be estimated as the difference between the total cross 
section and the nonelastic cross section, and in this region is smooth. 

Inelastic scattering cannot occur below the kilovolt region in any of the fission- 
able nuclei.* The inelastic thresholds for several of these nuclei are given in 
Table 3-3. The inelastic cross section can be measured up to about 2 MeV by 
time-of-flight techniques. The cross sections for the excitation of the first three 
levels іп U?? are shown in Fig. 2-23. At higher energies, с; can be inferred by 
subtracting the cross sections for other nonelastic interactions from Ope. 

The radiative capture cross sections of fissionable nuclei are not essentially 
different from those of other heavy nuclei. At low energy, су is usually 1/v (or 
nearly so). This is followed by a region of resonances, and beyond the resonance 
region су becomes smooth and decreases approximately as 1/E or faster. 


* It should be mentioned that there is a curious excited state in 0235 at only 23 eV above 
ground. However, this level apparently is not excited by s-wave neutrons. 
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Table 3-3 
Inelastic Scattering Thresholds in Heavy Nuclei 


Nucleus Threshold (keV) 


U233 
U235 
U238 


Py239 


When a fissile nucleus absorbs a neutron, the compound nucleus that is formed 
can usually decay in several ways. At low energies, however, inelastic scattering 
cannot occur, the elastic cross section is comparatively small, and fission and 
radiative capture are the principal modes of decay of the compound system. It 
has been found that the relative probability of these two processes is not a constant, 
but depends upon the energy of the incident neutron. This situation is described 
by the energy-dependent parameter o, known as the capture-to-fission ratio, which 
is defined as 


а = =. (3-5) 


In terms of а, the relative probability that the compound nucleus decays by 
fission is 1/(1 + o), and the relative probability that it decays by the emission of 
capture Y-rays is 2/(1 + o). Thus a high value of а means a low probability of 
fission following neutron absorption, and conversely, a low value of а means a high 
probability of fission. Figure 3—5 shows the behavior of а as a function of energy 
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Fig. 3-5. Variation of a with energy for 238, (235, and Pu?3?, The 0235 curve has 
been smoothed in the eV region. [From BNL-325, Second Ed. (1958 plus supplements).] 
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Table 3-4 
Thresholds (in MeV) for the (n, 2n) and (n, 3n) Reactions in Heavy Nuclei 


Nucleus 


U233 


U235 
U238 


Pu?3? 


for U233, 17235, and Pu?3?, In Chapter 4 it will be shown that the parámeter a 
plays a central role in the design of certain reactors. 

The cross sections of all charged-particle reactions with fissionable nuclei are 
essentially zero at energies of interest in reactor theory because, as explained in 
Section 2-12, an emitted charged particle has to pass through a large Coulomb 
barrier. The only other important interactions for these nuclei are the (n, 2n) and 
(n, 3n) reactions. As discussed in Section 2-13, these reactions are of the threshold 
type, and their cross sections rise sharply from the threshold energy. The (n, 2n) 
and (n, 3n) thresholds are given in Table 3-4 for a number of the more important 
heavy nuclei; the (n, 2n) and (n, 3n) cross sections of U??? are shown in Fig. 2-29. 


3-4 The Products of Fission 


When a nucleus undergoes fission, a number of products are formed. There are, 
of course, the fission fragments, but in addition, neutrons, Y-rays, 8-гауѕ, and 
neutrinos are emitted, either at the instant of the fission or sometime later as the 
fission fragments undergo radioactive decay. 


Fission fragments and asym- 
metric fission. It will be recalled 
from Chapter 1 that the binding energy 
per nucleon is a decreasing function of A, 
when A is greater than about 50. This 
means that although the total binding 
energy of nuclei increases with A, it does 
so at a decreasing rate. This situation is 
depicted in Fig. 3-6, where the total bind- 
ing energy is indicated schematically as a 
function of A, for A above 50. Suppose 
now that a heavy nucleus undergoes fis- 
sion. It is easy to see from the figure that Ay A/2 Ao 
the most stable configuration of the final Mass number 

nuclei, that is, the two fragments with the Fig, 3-6. Total nuclear binding energy 
largest total binding energy, is obtained versus A for A 2; 50. 


Total binding energy 
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Fig. 3-7. Fission product yields: (a) thermal 
fission of U?33 and Pu?3?; (b) thermal and 
14-MeV fission of 10235; (c) fission by 
prompt spectrum of Th?32 and 0238, [Re- 
printed by permission from S. Katcoff, 
*Fission-Product Yields from Neutron In- 
duced Fission,” Nucleonics 18, 11, 201 
(November 1960).] 


Fission yield, 97 
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when the parent nucleus splits exactly in half. If this were not the case, and unequal 
fragments A, and А, were produced, the final binding energy would be twice the 
distance ab shown in the figure, which is clearly less than the binding energy 2ac 
obtained in symmetric fission. 

It is rather surprising, therefore, to find that fission almost always occurs in an 
asymmetric fashion, and that symmetric fission is, in fact, a comparatively rare 
event. This is shown in Fig. 3-7 where the observed yields of fission products аге 
shown as a function of mass number. In these curves the ordinate is the probability 
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expressed in percent that a fission fragment of a given mass number is produced in 
fission. Figure 3-7(a) gives the fission yield for fission induced by slow neutrons 
(thermal neutrons) in U??? and Pu???; Fig. 3-7(b) shows the yield for fission 
induced by both slow neutrons and 14-MeV neutrons in U???; and Fig. 3-7(c) 
gives the yield for fission induced by prompt fission neutrons (cf. below) in Th??? 
and 00288, It should be noted that the ordinates in these curves are plotted оп a 
logarithmic scale; fission-product distributions are therefore much more asym- 
metric than might be thought from a casual glance at the curves. For example, 
fission fragments corresponding to symmetric fission from low energy neutrons in 
0235 (А = 236 + 2 = 118) have a yield of only 0.01 percent which means that 
symmetric fission occurs only once in 20,000 events.* As indicated in Fig. 3-7(b), 
however, fission becomes more symmetric when the energy of the incident neutron 
is increased. 


The decay of fission fragments. When the fission fragments are formed, 
they are excessively “neutron rich.” That is, they contain too many neutrons for 
stability and therefore decay with the emission of one or more negative 6-rays. 
For instance, the isotope Te!?5, which is produced directly in fission, decays by 
the following chain: 


Te!35 B= 1135 87 Xe135 BT Cs!35 8, Ba!35 (stable). 


The decay of fission products in reactors is important for a number of reasons. 
First, the energy emitted in the form of 8- and v-rays during reactor operation 
represents an important contribution to the recoverable energy of fission, since the 
bulk of this radiation cannot escape from a reactor. Also, since the decay of 
fission fragments continues after a reactor is shut down, the decay energy provides a 
continuing source of heat that in many reactors must be removed following shut- 
down. Finally, the radiation associated with fission product decay, particularly the 
Y-rays, presents an important biological hazard and usually makes many parts of 
reactors inaccessible after shutdown. | 

Several expressions have been given for the rate at which energy is released from 
decaying fission fragments. If (t) and Y(t) represent the average energy emitted per 
second in the form of 8- and Y-rays, respectively, 1 sec after one fission, these 
quantities are given approximately by: 


B(t) = 1.26171? MeV/sec, (3-6) 
y(t) = 1.40171? MeV/sec. (3-7) 


These formulas are valid in the range from about £ = 1 sec tot = 10° sec. While 
it is possible to write exact expressions for fission product decay based on detailed 
experimental data, Eqs. (3-6) and (3-7) are usually accurate enough for most 


* Note that there are rwo fragments per fission; hence the number 20,000, not 10,000. 
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purposes. It should be noted that these formulas only give the rate of energy 
release but do not specify the energy distribution. Although the 8-гауз are emitted 
in a continuous spectrum, it is usually assumed that they are monoenergetic and 
have an average energy of about 0.4 MeV. Up to about 250 sec after a fission, the 
fission product 7-гауз can be represented by the spectrum 


N(E) Ре, golden (3-8) 


where N(E) dE 15 the number of Y-rays emitted with energy between E and E + dE, 
and E is in MeV. 

In many engineering design calculations, it is necessary to know the energy 
released by fission products following the shutdown of a reactor that has been 
operating at a specified power level for a given length of time. In this case, Eqs. 
(3-6) and (3-7) can be integrated over the period of operation of the reactor and 
the following useful expression is obtained:* 


P(t, T) = 4.10 X 10! [792 — (t + T)-9?] MeV/sec (3-9) 


Here P(t, T) is the total power (MeV /ѕес) emitted in the form of 8-rays and Y-rays 
by the decaying fission products in a reactor that has been operated for T sec at a 
power of one watt, t sec after it has been shut down. The function P(t, T) is often 
called the Borst-Wheeler function. 


Prompt neutrons. One of the most important products of fission is the 
neutrons which are emitted in the process. The majority of these appear essentially 
instantaneously, that is, within about 107! sec of the fission event, and are called 
prompt neutrons. A very small number of neutrons appear long after fission occurs, 
and these are referred to as delayed neutrons. These delayed neutrons are discussed 
later in this section. 

The number of prompt neutrons emitted in fission varies from fission to fission. 
Thus in some fissions no neutrons appear at all, while occasionally as many as five 
neutrons are emitted. However, only the average number of neutrons released per 
fission is needed in reactor calculations and this quantity is given the symbol v.t 
As usually defined, v refers to both the prompt and delayed neutrons, and its value 
depends both on the fissioning isotope and on the energy of the incident neutron. 
In particular, it has been found experimentally that v increases approximately 
linearly with energy, over large ranges in energy; i.e., 


(Е) = vo + aE, (3-10) 


* Equation (3-9) is based on a recoverable energy of 200 MeV per fission (cf. Section 3-5). 
The constant in the equation is somewhat different for other recoverable energies. 

+ To indicate that у is an average quantity, it is often denoted by the symbol У. This 
somewhat more cumbersome notation will not be used in this book. 
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where vg and a are constants given in Table 3-5, and E is the incident neutron 
energy in MeV. The quantity vo for Th??? and U??? was assigned to reproduce the 
data above the fission thresholds of these nuclei; Eq. (3-10) is not applicable, of 
course, below threshold for these nuclei. It should be noted from the table that 
above 1 MeV a^! is about 6 or 7 MeV, so that one additional neutron is emitted per 
fission for every 6- or 7-MeV increase in energy of the incident neutron. 


Table 3-5 
The Constants, vo and a, for Eq. (3-10)* 


Isotope а, Ме “1 Energy range, MeV 


Th232 0.164 all E 


U233 0.075 O< E<1 
0.136 E> 1 


0235 0.065 0<Е<1 
0.150 E>1 


U238 0.160 all E 


Pu?39 0.148 0<Е<1 
0.133 Е > 1 


* From С. R. Keepin, Physics of Nuclear Kinetics, Reading, Mass.: Addison- 
Wesley, 1965. 


It was pointed out in the preceding section that the absorption of a low-energy 
neutron by a fissile nucleus does not always lead to fission. A Y-ray may be emitted 
before the nucleus fissions, and in this case the neutron is merely captured. With 
10235, for instance, radiative capture occurs in about a/(1 + а) = 15 percent of 
slow neutron absorptions. To describe this situation it is convenient to introduce a 
parameter which is equal to the average number of neutrons emitted in fission per 
neutron absorbed in the fissile isotope. This quantity, which is denoted by x, is 
equal to v times the relative probability that neutron absorption leads to fission; 
thus 


mop La = 
ђ = у 9 (3-11) 
At low energy са = oy + су, so that 
y 


where o is defined in Section 3-3. It should be noted that since v and o are functions 
of neutron energy, 7 is also energy dependent. 

The quantity 7 is also defined for a mixture of fissile and nonfissile isotopes; 
such a mixture is frequently called “fuel.” In this case, у is the average number of 
neutrons produced per neutron absorbed in the mixture. For example, if the fuel 
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A somewhat simpler expression for Х(Е), but one which less accurately repro- 
duces the data, is 
Х(Е) = 0.Т7ОЕ!!?е—0-176Ё, (3-15) 


where E is again in MeV. Equation (3-15) is also plotted in Fig. 3-8. 
The average energy of the prompt neutrons can be found in the usual way by 
integrating over the prompt-neutron spectrum, viz., 


Е = J ” EX(E) dE = 1.98 MeV. 
0 


On the other hand, the most probable neutron energy, that is, the energy corre- 
sponding to the peak of the Х(Е) curve, is only about 0.73 MeV, as shown in 
Fig. 3-8. 


Delayed neutrons. Although less than one percent of the fission neutrons 
are delayed, these neutrons, as will be shown in Chapter 12, play a central role 
in the operation of a reactor. Delayed neutrons originate in the decay by neutron 
emission of nuclei produced following the 8-decay of certain fission fragments. 
For example, the 8-decay of the fission product Br?? leads either to the ground 
state of Kr?" or to the excited states at about 5.4 MeV, as shown in Fig. 3-9. 
However, Kr?? contains 51 neutrons, just one more than the magic number of 50, 
and the binding energy of the 515 neutron is quite low, namely 5.1 MeV. The 
levels at 5.4 MeV can therefore decay by the emission of a neutron with a kinetic 
energy of about 0.3 MeV. Since the neutron is emitted in a time which is short 


Br87(54.5 sec) 


Sr87 (stable) 


Fig. 3-9. The origin of delayed neutrons from the precursor Br??. The virtual energy 
of Kr?" is indicated by У — V. There may be other energy levels at low energy in addi- 
tion to those shown. 
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Table 3-7 


Delayed Neutron Data for Thermal Fission in U?33, U235, and Pu?3?* 


U233 
Grou Half-life Decay constant | Yield (neutrons Fraction 
р (sec) №; (вес“1) per fission) Bi 
1 55.00 0.0126 0.00057 0.000224 
2 20.57 0.0337 0.00197 0.000777 
3 5.00 0.139 0.00166 0.000655 
4 2.13 0.325 0.00184 0.000723 
5 0.615 1.13 0.00034 0.000133 
6 0.277 2.50 0.00022 0.000088 
Total yield: 0.0066 
Total delayed fraction (8): 0.0026 
U235 
Group Half-life Decay constant | Yield (neutrons Fraction 
(sec) №; (secl) per fission) Bi 
1 55.72 0.0124 0.00052 0.000215 
2 22.72 0.0305 0.00346 0.001424 
3 6.22 0.111 0.00310 0.001274 
4 2.30 0.301 0.00624 0.002568 
5 0.610 1.14 0.00182 0.000748 
6 0.230 3.01 0.00066 0.000273 
Total yield: 0.0158 
Total delayed fraction (6): 0.0065 
Pu239 
Group Half-life Decay constant | Yield (neutrons Fraction 
(sec) №; (ѕес— 1) per fission) Bi 
1 54.28 0.0128 0.00021 0.000073 
2 23.04 0.0301 0.00182 0.000626 
3 5.60 0.124 0.00129 0.000443 
4 2.13 0.325 0.00199 0.000685 
5 0.618 1.12 0.00052 0.000181 
6 0.257 2.69 0.00027 0.000092 


Total yield: 0.0061 
Total delayed fraction (6): 0.0021 


* Based on G. R. Keepin, Physics of Nuclear Kinetics, Reading, Mass.: Addison-Wesley, 1965. 
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In reactor calculations it is more convenient to use the delayed-neutron fractions 
В; than the absolute yields of the delayed neutrons. The number 8; is defined as the 
fraction of the fission neutrons which appear as delayed neutrons in the ith group. 
Since у is the total number of neutrons emitted in fission, it follows that 8;у is equal 
to the absolute yield of neutrons in the ith group. The total delayed fraction is 
denoted by 8 and is simply the sum of the 8; over all groups; Gv is then the total 
yield of delayed neutrons in all groups. Values of 8; and 8 are also given in Tables 
3-7 and 3-8. 

In contrast to the prompt neutrons, which are emitted with a continuous energy 
spectrum, the neutrons in each delayed group appear with a more or less well- 


Table 3-8 
Delayed Neutron Data for Fission Induced by a Prompt-Neutron Spectrum* 


Th232 


Half-life Decay constant | Yield (neutrons Fraction 
per fission) 8; 


0.00169 0.000690 
0.00744 0.003045 
0.00769 0.003147 
0.02212 0.009054 
0.00853 0.003492 
0.00213 0.000873 


Total yield: 0.0496 
Total delayed fraction (8): 0.0203 


U?33 


Half-life Decay constant | Yield (neutrons Fraction 
№; (sec!) per fission) Bi 


0.00060 0.000224 
0.00192 0.000712 
0.00159 0.000590 
0.00222 0.000824 
0.00051 0.000190 
0.00016 0.000060 


Total yield: 0.0070 
Total delayed fraction (8): 0.0026 


(Continued) 
* Based on G. R. Keepin, Physics of Nuclear Kinetics, Reading, Mass.: Addison-Wesley, 1965. 
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Table 3-8 (Continued) 


U235 


Decay constant | Yield (neutrons Fraction 
per fission) Bi 


0.000243 

0.001363 

: 0.001203 
0.00672 0.002605 
0.00211 0.000819 
0.00043 0.000166 


Total yield: 0.0165 
Total delayed fraction (8): 0.0064 


U?38 


Decay constant | Yield (neutrons Fraction 
№; (sec!) per fission) Bi 


0.00054 0.000192 
0.00564 0.002028 
0.00667 0.002398 
0.01599 0.005742 
0.00927 0.003330 
0.00309 0.001110 


Total yield: 0.0412 
Total delayed fraction (8): 0.0148 


Pu?39 


Decay constant | Yield (neutrons Fraction 
№; (вес“ 1) per fission) @; 


0.000076 

: 0.000560 
0.00136 0.000432 
0.00207 0.000656 
0.00065 0.000206 
0.00022 0.000070 


Total yield: 0.0063 
Total delayed fraction (8): 0.0020 
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so that comparatively little Y-radiation can escape. The neutrinos, by contrast, 
pass through even the largest reactor without interacting, and their energy is 
irrevocably lost. About 6% of the fission energy of all reactors is lost in this way. 

The total energy of the prompt Y-rays is about 7 MeV. This energy is recoverable, 
since again comparatively little Y-radiation ever leaves a reactor. 


Table 3-10 


Emitted and Recoverable Energies for Fission of 0235 


Emitted energy, Recoverable energy, 
MeV MeV 


Fission fragments 168 168 


Fission product decay 
В-тауѕ 
Y-rays 
neutrinos 


Prompt Y-rays 


Fission neutrons 
(kinetic energy) 


Capture Y-rays 3-12 
Total . 198-207 


The total kinetic energy of the prompt fission neutrons is about 5 MeV, and this 
is recoverable since few neutrons escape from most reactors. Because these 
neutrons remain within the reactor, they eventually are captured by the nuclei in 
the system. It will be shown in the next chapter, however, that one of the v-neutrons 
emitted per fission must be absorbed by a fissionable nucleus and produce another 
fission in order for a reactor to remain in operation. It follows, therefore, that the 
remaining (v — 1)neutrons perfission must be absorbed parasitically in the reactor, 
that is, absorbed in a nonfission reaction. Each absorption usually leads to the 
production of one or more capture Y-rays, whose energy depends on the binding 
energy of the neutron to the compound nucleus. Since v is approximately 2.44 
for U?35 (its precise value depends on the energy of the neutrons causing the 
fission), this means that from about 3 to 12 MeV of capture Y-radiation is produced 
per fission, depending upon the material in the reactor. All this y-ray energy is, 
of course, recoverable. 

Total and recoverable energies are summarized in Table 3-10 for fission in 11235, 
It will be observed that the energy of the capture Y-rays compensates to some 
extent for the energy lost by neutrino emission. The recoverable energy per fission 
is approximately 2% smaller for U??? and 4% larger Гог Pu???. 
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3-6 Reactor Power, Fuel Burnup, and Fuel Consumption 


Consider a reactor which is operating at a power of P megawatts (MW). If the 
recoverable energy per fission is Ек MeV, the total number of fissions occurring 
per second in the entire reactor is 


Е 108 joules ,, fission 
Fission rate = P MW X MW-sec x En MeV 
x MeV 
1.60 X 10—13 joule 
x 50109 sec 
ay 
= 540 x 1078 Ба fissions/day. (3-16) 


If the atomic weight (~ mass number) of the fissile nucleus is A, this requires the 
fissioning or burnup, as it is usually called, of 


_ 23 Р гас 
Burnup rate = 5.40 X 107 y- X 0607 x 108 
PA 


0.895 En gm/day. (3-17) 


|| 


With 0235 fuel and a recoverable energy of 200 MeV, Eq. (3-17) gives а burnup 
rate of 1.05P gm/day. Thus if the reactor is operating at a power of 1 MW, the 
U?35 undergoes fission at the rate of approximately 1 gm/day. To put this another 
way, the release of 1 megawatt-day of energy requires the fission of 1 gram of 0299, 

It must be remembered, however, that fissile nuclei are consumed both in fission 
and in radiative capture. Since the total absorption rate іѕс,/оу = (1 + o) times 
the fission rate, it follows from Eq. (3-17) that fissile material is consumed at the 
rate of 


Consumption rate = 0.895 (1 + а) 57 gm/day. (3-18) 


For U??5, the thermal value of а is 0.175 and Eq. (3-18) shows that this isotope is 
consumed at the rate of about 1.24 gm/day per megawatt of power if the fissions are 
induced primarily by thermal] neutrons. 

It is desirable to have a special unit to describe the energy release from nuclear 
fuels. Unfortunately, there is no universally accepted unit of this kind.* Fre- 
quently the unit megawatt-days per metric ton of fuel, abbreviated MWD/T, is 
used where a metric ton (written tonne) is 1000 kgm = 10? gm. As an example of 


* The High Temperature Fuels Committee of the U.S. Atomic Energy Commission has 
recommended the adoption of the unit *fissions/cm?", but this unit is not widely used. 
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the use of this unit, suppose that the fuel consists of pure U??5, If it were possible 
to fission all of the U?35 nuclei, the total energy release would be 1 MWD/gm, 
which is equivalent to 10°.MWD/T. Because of parasitic absorption, however, the 
maximum energy release from U??? is actually about 800,000 MWD/T. 

In most reactors the fissile atoms are contained in solid fuel elements, the bulk 
of whose atoms are not fissile. For example, rods of natural uranium are used as 
fuel in some reactors, and in this case only 0.72 % of the atoms are fissile. In other 
reactors the fuel elements are mixtures or alloys of uranium, enriched in U??5, and 
various structural materials, such as aluminum, stainless steel, or zirconium, 
having low neutron absorption cross sections. The ratio of fissile atoms to non- 
fissile atoms is again usually of the order of 1/100. 

When a fission occurs in a solid fuel element the microscopic structure of the 
material is disrupted in the vicinity of the fission site, an effect which is called 
radiation damage. 'The cumulative effect of many fissions eventually leads to a loss 
of structural integrity of the element. As a general rule, such materials failure is 
found to occur when more than about 1 % of the atoms have undergone fission. 
This condition is referred to as one percent burnup,* and corresponds to an energy 
release of somewhere in the neighborhood of 10,000 to 20,000 MWD/T, depending 
on the fuel element. While this appears to represent a very small utilization of the 
fuel, this is not the case in view of the small concentration of fissile isotopes in most 
fuel elements. Thus one percent burnup in a fuel element containing the order of 
one atom percent of fissile material is actually equivalent to 100 percent burnup 
of the fissile isotope. 


References 


General 


BURCHAM, W. E., Nuclear Physics. New York: McGraw-Hill, 1963, Appendix 6. 

Емрт, P. M., and P. B. SMITH, Editors, Nuclear Reactions, Vol. П. Amsterdam: North 
Holland, 1962, Chapter 2. 

Evans, R. D., The Atomic Nucleus. New York: McGraw-Hill, 1955, Chapter 14. 

GREEN, A. E. S., Nuclear Physics. New York: McGraw-Hill, 1955, Chapter 9. 

HALPERN, I., “Nuclear Fission,” Ann. Rev. Nucl. Sci., 9, 245 (1959). 

KAPLAN, I., Nuclear Physics, 2nd ed. Reading, Mass.: Addison-Wesley, 1963, Chapter 
19. 

Keepin, G. R., Physics of Nuclear Kinetics. Reading, Mass.: Addison-Wesley, 1965. 

LirrLER, D. J., and J. F. RAFFLE, An Introduction to Reactor Physics, 2nd ed. New York: 
McGraw-Hill, 1957, Chapter 4. 

WEINBERG, A. M., and E. P. WIGNER, The Physical Theory of Neutron Chain Reactors. 
Chicago: University of Chicago Press, 1958, Chapter 5. 

WHEELER, J. A., “Fission,” Handbook of Physics, Part 9, E. U. CONDON and Н. OpIsHAW 
(Editors). New York: McGraw-Hill, 1958, Chapter 11. 


* It must be emphasized that the term “burnup” refers to atoms fissioned, not atoms 
consumed. 


PROBLEMS 107 


Data 


Cross sections may be found in the tables of data noted in the references to Chapter 2. 
See also: 

ETHERINGTON, H., Editor, Nuclear Engineering Handbook. New York: McGraw-Hill, 
1958, Section 2. 

SooDAK, H., Editor, Reactor Handbook, 2nd ed., Vol. Ш, Part A. New York: Wiley, 
1962, Chapter 1. 

TEMPLIN, L. J., Editor, “Reactor Physics Constants,” ANL-5800, 2nd ed. (1963), 
Sections 1 and 2. 


Problems 


[Note: Where necessary in the following problems, evaluate cross sections at 0.025 eV 
and take the recoverable energy of fission to be 200 MeV.] 

3-1. How does the Coulomb energy between fission fragments depend upon the degree 
of asymmetry of the fission? In particular, does E, increase or decrease with increasingly 
asymmetric fission ? 

3-2. If the Q-value for fission of Ві299 is approximately 160 MeV, estimate the critical 
energy for fission of this nucleus. 

3-3. Derive the Borst-Wheeler function (Eq. 3-9). 

3-4. In a bad accident all the fission products are released from a reactor which had 
been operating at a power of 100 megawatts for one year. Rescue crews reaching the 
area one day after the accident find a fission product activity equivalent to the explosion 
of roughly how large a nuclear warhead? Which activity would die off more rapidly; 
that of the reactor or the bomb? (Notre: The yield of a nuclear weapon is measured in 
kilotons, where 1 kiloton = 2.6 X 1025 MeV.] 

3-5. A small training reactor is operated an average of two hours every day for two 
years at a power of 1000 watts and is then shut down. If the average energies of the fission 
product В-гауѕ and ‘Y-rays are taken to be 0.4 MeV and 0.7 MeV, respectively, what is 
the total activity of the fuel one year after shutdown? 

3-6. Radioactive fallout (mainly dust particles and water droplets to which fission prod- 
ucts have adhered) settles in an area at the time fo after the detonation of a nuclear war- 
head. The initial radiation dose rate (which is proportional to the fission product activity) 
is Ro. Show that the total dose which will be received in the area is equal to StoRo. 
3-7. Using Eq. (3-8) find the average energy of a fission product 7-гау. 

3-8. The prompt fission neutron spectrum is often represented by the function 


X(E) = Ce 7? sinh УЂЕ, 


where С, а, and b are constants. (a) If the function X(Z) is normalized to one neutron, 
that is, if 


ха zd 


show that the constant C is given by 
С = 2маз/тб exp (—b/4a). 
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(b) Find a (transcendental) expression for the most probable energy. (c) Show that the 
average energy E is given by 

= 3 b 

E = oat agi 
3-9. Compute and plot the parameter т for uranium enriched іп 0235, as a function of 
its enrichment (atom percent of U??) at an energy of 0.025 eV. 
3-10. Although fission is observed with neutrons of much lower energy, the threshold 
for fission of 0238 is often taken to be 1.4 MeV, since the fission cross section is small 
below this energy. Using this threshold, what fraction of the prompt fission neutrons are 
capable of inducing fission in U?38? 
3-11. The propulsion plant of a nuclear submarine delivers 25,000 shaft horsepower at 
a cruising speed of 20 knots (1 knot = 1.15 statute miles/h). Assuming an overall plant 
efficiency of about 25%, how much fuel (0235) is consumed on a 40,000-mile cruise 
around the world at this speed? 
3-12. Show that for fuel elements of natural or slightly enriched uranium the total energy 
release W is given approximately by 


W = 7.9 x 1058 MWD/T, 


where 8 is the fraction of the atoms consumed. 


4 


Neutron Chain-Reacting Systems 


It was pointed out in the preceding chapter that more than one neutron is emitted, 
on the average, when a nucleus fissions. In the proper environment of fissionable 
material, these fission neutrons are capable of inducing further fissions with the 
release of more neutrons, and so on. This sequence of events is known as a chain 
reaction, and is the process by which nuclear energy is utilized in practical appli- 
cations. A nuclear reactor is a device in which things are so arranged that a self- 
‘sustained fission chain reaction can occur in a controlled manner. In this chapter 
the essential features of the fission chain reaction will be considered along with 
the types of reactors that have been developed to utilize this process. 


4-1 Multiplication Factor 


The required condition for a stable, self-sustained chain reaction in a nuclear 
reactor is that exactly one neutron must be produced per fission which eventually 
succeeds in inducing another fission. In other words, one fission must lead to an- - 
other, and if this is the case, the number of fissions occurring per unit time within 

the system will be constant. If, on the other hand, each fission eventually leads to 
more than one fission, the fission rate will increase in time, and conversely, it will 
decrease with time if less than one additional fission occurs per fission. 

· These ideas can be expressed conveniently in terms of the multiplication factor. 
This is defined as the ratio of the number of fissions in any one generation to the num- 
ber of fissions in the immediately preceding generation. When this factor is exactly 
equal to unity the number of fissions in each succeeding generation is a constant, 
and a chain reaction initiated in the system will continue at a constant rate. Such 
a system is said to be critical. If the multiplication factor is greater than unity, 
the number of fissions increases with each succeeding generation. In this case, the 
chain reaction diverges and the reactor is said to be supercritical. Finally, if the 
multiplication factor is less than unity, the chain reaction eventually dies out, and _ 
the system is called subcritical. | 


4-2 Neutron Balance and Conditions for Criticality 


In order to maintain a self-sustained chain reaction in a reactor, a careful balance 
must be established between the rate at which neutrons are produced in the system 
and the rate at which they disappear. Neutrons disappear in two ways; they either 
leak from the surface of the reactor or are absorbed within its interior. 

| 109 
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The rates at which neutron leakage and absorption occur are governed by the 
size and composition of the system. Consider, for example, a reactor consisting 
of a bare sphere of pure Џ 235, This type of reactor is known (for obvious reasons) 
as a Godiva reactor. If the sphere is very small, most of the fission neutrons im- 
mediately escape from the system, and too few fissions are produced to sustain the 
chain reaction. The fraction of neutrons which leak from the system can be 
reduced, however, by simply increasing the radius of the sphere. As the radius 
becomes large compared to the neutron mean free path, the leakage of neutrons 
occurs from regions near the surface of the sphere, whereas the fission-producing 
reactions occur throughout the interior. Thus as the radius is increased the leakage 
increases as r? while the total fission rate increases as r?. The ratio of neutron 
leakage to neutron production therefore goes down as 1/r, and at a particular 
radius r., the number of neutrons which are produced in the reactor is just suffi- 
cient to compensate for losses owing to leakage and absorption. If a chain reaction 
is initiated in a sphere of this size, it will continue at a constant rate; in other 
words, the system is critical. The radius r, is known as the critical radius, and the 
required amount of fuel is called the critical mass. For рше U??5, г, is about 8.7 
cm and the critical mass is 52 kg. 

In the preceding example, a critical system was obtained by adjusting the size 
of a system of given composition, in this case, the mass of fissionable material. 
Criticality can also be attained in a system of specified size and shape by adjusting 
its composition. Consider, for instance, a large tank of water of fixed dimensions. 
If initially there is no fissionable material in the tank, there clearly can be no chain 
reaction. When fuel is added, say in the form of a soluble U??? salt, fissions will 
begin to occur. In this system the fast fission neutrons are produced in an environ- 
ment of essentially pure water and they rapidly slow down to thermal energies in 
collisions with the water. These thermalized neutrons remain in the system until 
they are either absorbed by the fuel or by the water; comparatively few neutrons 
leak from the tank since it has been assumed to be large. If only a small amount 
of fuel is present in the tank, most of the neutrons are absorbed by the water and 
relatively few by the fuel. The necessary neutron balance for a self-sustained chain 
reaction is not obtained and the system remains subcritical. However, as more 
fuel is added, the fraction of neutrons absorbed by the fuel increases, and even- 
tually, at some particular fuel concentration, the system will become critical. 


4-8 Conversion and Breeding 


In view of the inevitable losses of neutrons by leakage and absorption, it is clear 
that 7, the number of neutrons emitted per neutron absorbed by a fissile or fission- 
able nucleus, must be greater than unity in order to achieve criticality. In actual 
fact, » is considerably larger than unity for U???, U??5, and Pu???, and also for 
natural uranium. The question immediately arises as to whether the neutrons in 
excess of the number required to maintain a chain reaction can be utilized to 
advantage. 
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Aside from such uses as the production of radioactive isotopes or for research, 
the excess neutrons can also be used to produce fissile isotopes from fertile material, 
a process known as conversion. For instance, as discussed in Section 3-2, the fissile 
isotope Pu???, which does not occur naturally, can be made in a reactor by the 
absorption of some of the excess fission neutrons by U??8, In this way the U?38, 
which only fissions at high energies and hence is of comparatively little value in 
most reactors, is converted to the important fissile isotope Ри239. Reactors which 
are built specifically for converting fertile materials are called converters. The 
large natural uranium-graphite reactors, for example, that were constructed at 
Hanford, Washington, during and since World War II, operate as converters for 
the production of Pu???. 

The conversion process is described quantitatively by the conversion ratio or 
sometimes, loosely, the breeding ratio. This quantity, which is denoted by C, is 
defined as the average number of fissile atoms produced in a reactor per fuel atom 
consumed either by fission or absorption. If the newly-produced isotope is not 
the same as the one that fuels the reactor, the consumption of N atoms of primary 
fuel leads to the conversion of NC atoms of the fertile isotope. On the other hand, 
if the new isotope is the same one that fuels the reactor, the situation is somewhat 
more complicated since it is not possible to distinguish between the new and the 
old fuel. In this case, it can be shown (cf. Prob. 4-4) that when N atoms of 
primary fuel are consumed, a total of NC/(1 — C) atoms of fertile material are 
converted, provided C is less than unity. When C is unity, one new fissile atom is 
produced for every atom of fuel consumed, and in this situation, fertile material 
can be converted in the reactor indefinitely without adding new fuel to the 
system. 

The most important case, however, occurs when C is greater than unity. Now, 
more fuel is produced than is consumed in the system and the reactor is said to 
breed.* The extent to which breeding occurs in a reactor is measured by the breed- 
ing gain G. This is equal to the number of fissile nuclei gained in the system per 
fuel atom consumed. Since C is the total number of fissile atoms produced 
per fuel atom consumed, the increase in the number of fuel atoms, that is, G, is simply 
C — 1. 

Since it is only necessary that т be greater than unity in order for conversion to 
occur, it is a fairly simple matter to build reactors which operate, at least to some 
extent, as converters. Unfortunately, it is much more difficult to build reactors 
that breed, since now 7 must be somewhat greater than 2. This is due to the fact 


* It should be noted that in recent usage the term "breeding" is used simply to describe 
the situation in which more fuel is produced than consumed, whether or not the new fuel 
is the same isotope as the old. Thus a U235-fueled reactor which converts U?38 to pu 239 
is said to “breed,” provided more Pu?3? is produced than U??5 consumed. However, 
breeding is relatively unimportant for nuclei such as U??? which cannot be produced 
from fertile material, since the 0235 can only be used once. The pressing question, 
therefore, is always whether the breedable isotopes such as Џ 233 and Pu??? can themselves 
be used to fuel reactors that breed. 
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that one neutron on the average must be absorbed in fuel and produce another 
fission in order to sustain the chain reaction, and at the same time more than one 
neutron must be absorbed by fertile material if a reactor is to breed. 

Table 3-2 gives the thermal values of т, that is, at a neutron energy of 0.025 eV. 
Reactors in which most of the fissions are induced by neutrons of about this 
energy, from approximately 0.01 eV to 0.3 eV, are known as thermal reactors. 

Breeding is probably not feasible in a thermal reactor using 0235 or Pu??? as 
fuel, for although т of both these isotopes is somewhat greater than 2, neither 
is evidently large enough to compensate for the leakage and parasitic capture of 
neutrons that inevitably occur to some extent in every reactor. 

The situation with regard to U??? is considerably better, however, since у of 
this isotope is almost 2.3. Although no reactor fueled with U??? has as yet been 
built, it is generally believed that a thermal reactor of this type could successfully 
be made to breed. 

While thermal reactors fueled with 17235 or Pu??? probably cannot breed, it is 
possible to breed, at least with Pu??9, provided the energy of the neutrons which in- 
duce the fissions is raised sufficiently. It will be recalled from Chapter 3 that al- 
though у, the average number of neutrons emitted in fission, changes very slowly 
with the energy of the incident neutron, the capture-to-fission ratio, o, is a sensi- 
tive function of energy. As a consequence, 7 is also strongly energy dependent as 
shown in Fig. 4-1. It will be noted that at low energies n is approximately constant 
for U?3? and 0235 but decreases with increasing energy for Pu ???. In the res- 
onance region, from about 1 eV to 1 keV, 7 is much smaller, on the average, than 
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Fig. 4-1. Variation of ņ with energy for 0233, U?35, and Pu?39, The 285 curve has been 
smoothed in the eV region. [From BNL-325, Second Edition (1958 plus supplements).] 
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at low energies. (This is true also for Pu???, although there is too little data to draw 
a curve for this nucleus in this region.) Because of experimental difficulties there is 
almost no data on у between about 1 keV and 10 keV. However, beyond 10 keV 
it will be observed that increases and, particularly in the case of Pu???, rises to 
comparatively large values. It follows from Fig. 4-1 that a reactor fueled with 
Pu??? will breed provided the fissions in the reactor are induced by neutrons with 
an energy in the vicinity of 100 keV or larger. This conclusion also holds for U???; 
for U?35 to breed the energy of the neutrons must be substantially higher. Reactors 
in which the chain reaction is sustained by such fast neutrons are called fast reactors. 
These reactors are discussed more fully in thé next section. 


4-4 Types of Nuclear Reactors 


For classification purposes nuclear reactors are divided into three types depending 
upon the average energy of the neutrons which cause the bulk of the fissions in the 
system. These are, respectively, thermal reactors, in which most fissions are in- 
duced by neutrons that are more or less in thermal equilibrium with the atoms in 
the system and have an energy below approximately 0.3 eV; intermediate reactors,* 
in which neutrons having an energy from somewhat above thermal to approxi- 
mately 10 keV are largely responsible for producing fissions; and fast reactors, in 
which fissions are induced primarily by neutrons with an energy of the order of 
100 keV and above. 


Thermal reactors. Almost all of the reactors which have been built to date 
are of the thermal type. The principal reason for the popularity of this kind of 
reactor is that it is the easiest to make critical, that is, the amount of fissionable 
material required is much smaller than for a comparable intermediate or fast 
reactor. This, in turn, is due to the fact that the fission cross sections of the fissile 
nuclei (i.e., 0233, 11235, and Pu???) increase with decreasing neutron energy. At 
2 MeV, for instance, o; of 0235 is only 1.3 barns, whereas it is 577 barns at 
0.025 eV. In a system of given composition, the probability per unit path that a 
neutron will induce fission is therefore much larger for a slow neutron than for a 
fast neutron, and as a result considerably less fuel is needed for a thermal reactor 
than for, say, a comparable fast reactor. 

In a thermal reactor the fission neutrons are slowed down by the use of a 
moderator. This is a mass of lightweight material, such as carbon, beryllium, or 
water, which is distributed throughout the fueled region or core of the reactor. 
Light material is used because, as will be explained in Chapter 6, neutrons slow 
down in a light material in a much shorter distance than in a heavy material. This 
tends to reduce the leakage of neutrons from the reactor and thereby reduces the 
reactor size. In order to reduce the leakage of neutrons still further, it is usual to 
surround the core of a thermal reactor with an additional region of moderating 


* Intermediate reactors are sometimes also called resonance reactors because most of the 
neutrons responsible for fission lie in the resonance region of the heavy elements. 
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material called the reflector. In this way, many neutrons that would ordinarily 
leak from a bare system have collisions in the reflector and are returned to the core. 
In liquid-moderated reactors, the moderator frequently serves also as the coolant. 
With water-moderated reactors, for example, the water is continually circulated 
through and around the core and acts simultaneously as coolant, moderator, 
and reflector. 

Hundreds of thermal reactors have been built in recent years for a variety of 
purposes: for power, research, isotope production, and so on. These reactors are 
safe, reliable, and probably about as well understood as ordinary gasoline engines. 


Intermediate reactors. At one time when there were little data on fission 
and radiative capture sections, it was thought that a, the capture-to-fission ratio, 
would ordinarily be much less than unity since fission was believed to be a far 
more rapid process than capture. Although it was known that the values of a 
for 0235 and Pu??? were high at thermal energies, this fact was interpreted as 
resulting from an unusual property of the 0.3-eV resonance which is common to 
both nuclei. It was felt, therefore, that a reactor in which the neutron spectrum 
was sufficiently elevated to avoid the 0.3-eV resonance would have a low effective 
value of a. Had this been the case, it would have been possible to build a reactor 
capable of breeding, with a critical mass considerably smaller than that required 
for a fast reactor. At the same time, there was some hope that higher power 
densities and longer fuel lifetimes would be possible compared to those attainable 
in a fast reactor. 

It is a relatively simple matter to build a reactor having the desired neutron 
spectrum. This is done by using a somewhat smaller quantity of moderator than 
in a thermal reactor and at the same time increasing the concentration of the fuel. 
The fission neutrons are then absorbed by the fuel before they have an opportunity 
to slow down to thermal energies. However, an intermediate breeder reactor was 
never actually constructed. Preliminary experiments showed that a high value of 
a was the rule rather than the exception at low energies, and that it is necessary, 
in fact, to go to energies of the order of 100 keV before a becomes small enough 
to permit breeding. 

Nevertheless, it was also pointed out that in several ways an intermediate re- 
actor might be more attractive for propulsion purposes than a comparable thermal 
reactor. The most important of these is the possibility of using liquid metal 
coolants, such as sodium, which have excellent heat transfer properties, without 
having to increase the core volume as is the case when these coolants are used in a 
thermal reactor. Thus as will be shown in Chapter 6, materials such as sodium 
are not very effective in slowing down neutrons at energies below several keV, 
and when these are used as coolants in a thermal reactor it is necessary to enlarge 
the core with compensating moderator to ensure that the reactor will indeed be 
thermal. With the intermediate system, however, the inclusion of liquid metals 
does not materially disturb the spectrum, and so the core of an intermediate re- 
actor and therefore the reactor itself, can be considerably smaller than an equivalent 
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thermal reactor. This is a most important consideration in a mobile installation 
such as a submarine. 

In addition to its small size, an intermediate reactor has the additional advantage 
over a thermal system in that it is immune from effects of certain fission products 
which have very large thermal cross sections. Thus, as discussed in Chapter 13, 
under certain circumstances these fission-product poisons, as they are called, can 
seriously impede the operation of a thermal reactor and interfere with the mobility 
of the installation. Since there are few thermal neutrons in an intermediate reactor, 
these poisons have little or no effect on the operation of the system. 

With these advantages in mind, the Submarine Intermediate Reactor (SIR) was 
constructed at West Milton, New York, and a similar reactor was installed on the 
second American nuclear submarine Sea Wolf. The performance of the reactor 
reportedly exceeded expectations, but it was later replaced by a pressurized water 
reactor when the Navy adopted this system as its fleet standard. 

It is now generally felt that the additional complications inherent in an inter- 
mediate reactor, in particular, the presence of large quantities of hot, radioactive 
coolant, militate against the use of these reactors for mobile installations. For 
stationary power plants, on the other hand, where size is less important, it is 
considered more reasonable to build thermal reactors when breeding is not an 
important consideration, or fast reactors when it is. Intermediate reactors, there- 
fore, are not being developed at the present time. Nevertheless, it should be 
recognized that compact thermal reactors have a substantial fraction of fissions 
produced by neutrons in the intermediate energy region, i.e., from a few eV to 
approximately 10 keV. Fast reactors also have a large fraction of fissions occurring 
in the intermediate region because of inelastic scattering of fast neutrons and 
some elastic moderation by the coolant. For these reasons, the study of the effects 
of intermediate energy neutrons continues to be an important part of reactor 
theory. 


Fast reactors. One of the most promising types of reactors is the fast reactor. 
This system contains no moderator whatever and is simply an assembly of fission- 
able material and coolant. The coolant, of course, must not be a lightweight ma- 
terial such as H2O ог 0, since these materials would tend to moderate the 
neutrons. The fast fission neutrons thus slow down much less than they do in other 
reactors, and the bulk of fissions occurs at energies of the order of 100 keV. Fig- 
ure 4—1 shows that it is in this energy region that 7 becomes large, and as mentioned 
earlier, these reactors are therefore capable of breeding. 

The first large-scale reactor of this type built in the United States was the Fermi 
Reactor. The core of this reactor consists of assemblies of uranium enriched to 
25.6% 0235, Surrounding the core is the principal breeding region or blanket 
consisting of assemblies of uranium depleted in U??? to 0.35%. This depleted 
uranium is the residue or “tailings” from the gaseous diffusion plants at Oak Ridge. 
The core and blanket are both immersed in the liquid-sodium coolant which is 
continually circulated through the system. 
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Since the fission cross section is so small at the operating neutron energies of 
fast reactors, these reactors require a large mass of fuel to become critical. The 
critical mass of the Fermi Reactor, for example, is 444 kg of U??5, By contrast, 
a thermal water reactor of the same size would have a critical mass of only about 
20 kg. Because they require such large critical masses, and for a number of other 
reasons, the construction of large fast reactors has only been attempted in recent 
years. 


4-5 General Considerations of Reactor Design 


Nuclear reactors are potentially dangerous devices, and for this reason they must 
be designed with care. The accidental release of the accumulated fission products 
from even a small power reactor can lead to a disaster of major proportions. Even 
if the fission products are prevented from escaping to the surrounding community 
by a suitable containment vessel, repairs to the reactor can be a lengthy and ex- 
pensive undertaking. 

The fundamental process which underlies the operation of a reactor is, of course, 
the fission chain reaction, and the central problem of the reactor designer is to 
provide a system in which a self-sustained chain reaction can occur with complete 
safety. At the same time, the reactor must be capable of fulfilling the function for 
which it is designed, i.e., the production of power, isotopes, etc. To design such a 
system the reactor engineer must be able to calculate every aspect of the chain 
reaction in some detail. In the following chapters it will be shown how many of 
the necessary calculations can be made. 
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Problems 


4-1. Ina certain thermal reactor fueled with 0235, it is observed that 25% of the neutrons 
emitted in fission escape from the system while 30% are captured in the moderator, 
structure, and other nonfissile materials. Was the reactor critical at the time these 
observations were made? Explain. 
4-2. Given any conceivable assembly of fissile material, what is the maximum value of 
the multiplication factor? 
4-3. Consider a bare lump of fissile material. Let P be the average probability that a 
fission neutron born anywhere within the lump will have a collision in the lump. (a) If 
с, = 0, show that the condition for the lump to be critical is nP = 1, where у is the 
average number of neutrons emitted per neutron absorbed. (b) If о, is not zero, but it 
is assumed that the fission neutrons do not lose energy in scattering collisions, show that 
the condition for criticality becomes 
"Pos —— 1 
с; = Ро, ^ 


(c) Using 1 MeV cross sections, estimate P for a bare sphere of 17285, [Hint: In part (b), 
note that at each collision ca/s; neutrons are absorbed, on the average, and о, /с; are 
scattered. Then compute the total number of fission neutrons produced per initial fission 
neutron.] 
4-4. If the primary and newly-produced fuel in a converter reactor are the same, show 
that a total of NC/(1 — C) atoms of fertile material are converted when N atoms of fuel 
are consumed, provided the conversion ratio, C, is less than unity. 
4-5. The rate at which breeding occurs in a reactor is occasionally measured in terms of 
the doubling time, tp. This is defined as the time required for the amount of fissile material 
in a reactor to double. Show that 
_ MER | 
ID = 0.895 (1 + a)PAG 


where M is the original fuel inventory of the reactor in grams, Eg is the recoverable 
energy in MeV, P is the operating power in MW, А is the atomic weight of the fuel, and 
G is the breeding gain. 
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The Diffusion of Neutrons 


Neutrons move about in a reactor in complicated, zigzag paths due to repeated 
collisions with nuclei. As a consequence of this motion, neutrons that were 
originally in one part of a reactor and moving in a particular direction with a 
particular energy appear at a later time in another part of the system, moving in 
another direction with some other energy. The neutrons in this case are said to 
have been transported from the first region and energy to the second, and the study 
` of this phenomenon is known as transport theory. О 

Transport theory is relatively simple in principle, and an exact equation govern- 
ing transport phenomena can easily be derived. This is called the Boltzmann equa- 
tion, or the transport equation, and the study of transport theory is essentially the 
study of this equation. Unfortunately, it is much easier to derive the Boltzmann 
equation than it is to solve it. Under certain conditions, however, the equation 
simplifies considerably and can be treated in a rather straightforward way. This 
simplified version of transport theory is called diffusion theory and is the subject 
of the present chapter. While the requirements for the validity of diffusion theory 
are seldom fully realized in practical reactor problems, the use of this method 
usually provides a good approximation to the exact transport solution, and, due 
to its simplicity, it is commonly used in many reactor design problems. 

For the most part it will be assumed in this chapter that all neutrons have the 
same energy, and the theory to be developed is called one-velocity diffusion 
theory.* The diffusion of polyenergetic neutrons is discussed in Chapter 6 and 
later chapters. Preliminary to considering neutron diffusion, however, it is neces- 
sary to set up a framework for describing the rate at which neutrons interact at 
any point in a reactor. 


5-1 Interaction Rates and Neutron Flux 


It will be recalled from Chapter 2 that the rate at which interactions occur within 
a thin target, placed in a beam of monoenergetic neutrons of intensity J, is equal 
to JZ, interactions per cm/sec, where 2, is the macroscopic total cross section. 
Consider now the situation shown in Fig. 5-1, in which a small target 15 exposed 
simultaneously to several beams of intensities 74, Гв, Ic, etc., all neutrons having 


* More precisely, one-velocity diffusion theory should be called one-speed, or mono- 
energetic, diffusion theory. Clearly, neutrons with a single velocity cannot diffuse, since 
velocity is a vector quantity. 
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the same energy. In view of the fact that the interaction of neutrons is independent 
of the angle at which they strike the target, the total interaction rate is evidently 
just (la + Is + Ic + ++ )Z, interactions рег cm?/sec. 

The situation at any point in a nuclear reactor is similar to the experiment shown 
in Fig. 5-1, except that the neutrons move in all directions. The interaction rate 
(or collision density, as the interaction rate is often called in reactor calculations) 
can therefore be found by a straightforward generalization of the above results. 
For this purpose it is convenient to introduce the function n(r, w) which is known 
as the neutron density distribution function. This function is defined so that 
n(r, w) dQ is the number of neutrons per cm? at the point r whose velocity vectors 
lie within the differential solid angle dQ about the direction w, as indicated in 
Fig. 5-2. In terms of this function, the total number of neutrons per cm? at r, 
denoted by n(r), is given by 

п(г) = | n(r, w) dQ, (5-1) 


where the 47 on the integral means that the integration is to be carried out over all 
solid angle, that is, over all possible directions of motion of the neutrons. 


| 


Fig. 5-1. А small target exposed 


EN to several neutron beams. 


As discussed in Chapter 2, the intensity of a beam of monoenergetic neutrons 
is equal to the density of neutrons in the beam multiplied by their speed. It is 
possible, therefore, to think of the neutrons which are moving into the solid angle 
dQ about w as comprising a differential beam of intensity d/(r, w) which is given by 


аҚ, w) = пт, w)v dQ, (5-2) 


where v is the speed of the neutrons. The interaction rate dF(r, w)* due to this 


beam is evidently 
dF(r, w) = Z,dl(r, o), (5-3) 


and the total interaction rate at r is 


Ет) = [ dF(r,w) = х, Í. _n(r, о) da. (5-4) 


* In this chapter and in the remainder of this book, interaction rates will be denoted by 
the symbol F. 
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Fig. 5-2. Neutron motions near the point r. 


Since v has been assumed to be constant, it can be extracted from the integral in 
Eq. (5—4). Then in view of Eq. (5-1), F(r) can also be written as 


F(t) = Хор. (5-5) 


The quantity n(r)v appearing in Eq. (5-5) occurs very frequently in nuclear en- 
gineering. It is called the one-velocity neutron flux and is denoted by ¢(r), that is, 


g(r) = п(г)р. (5-6) 
From Eq. (5—5) the interaction rate is then 
F(r) = Х,ф(г). (5-7) 


Although the present chapter is limited to monoenergetic neutrons, it is con- 
venient for future reference to generalize the above results at this point to include 
situations where the neutrons are not monoenergetic. This can easily be done by 
incorporating the energy distribution of the neutrons in the neutron density 
distribution function. Thus the new function n(r, Е, о) is defined so that 
n(r, E, w) dE dQ is equal to the number of neutrons per cm? having an energy 
between E and E + dE and which are moving into a solid angle dQ about the 
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direction с. The total number of neutrons per cm? with energies between E and 
E + dE is then 


n(r, E) dE — || пт, E, w) dQ dE, (5-8) 
ár 
and the total neutron density is 


щт) = || “ /, _n(e, E, o) da dE. (5-9) 


The limits on the first integral are 0 and oo to indicate that the integration is to be 
carried out over all neutron energies. 

Let F(r, E) dE be the number of interactions occurring per cm?/sec at r in the 
energy interval dE. The function F(r, E) is clearly the interaction rate per unit 
energy. From Eq. (5-5), 


F(r, E)dE = Z,(E)n(r, Ev(E) dE, (5-10) 


where the energy dependence has been written explicitly in every term. The 
quantity n(r, Е)о(Е) in Eq. (5-10) is called the energy-dependent flux or the flux per 
unit energy and is denoted by ф(г, E), that is, 


olr, E) = n(r, Е)о(Р). (5-11) 
The interaction rate per unit energy at r can then be written as 
F(r, E) = 2 (Е)ф(т, E), (5-12) 
and the total interaction rate at r is 
Ет) = f "= (E)o(r, E) dE. (5-13) 


When ф(г, E) is known throughout a reactor (and much of the remainder of this 
book will be devoted to finding this function) then the total interaction rate at 
any point can be computed from Eq. (5-13). The rates of any particular nuclear 
interaction can also be computed in a rather obvious way. Thus the scattering 
interaction rate at the point r is 


Ет) = f " 5,(Е)ё(г, E) dE; (5-14) 
the absorption rate is З 
F,(r) = J Z,(E)é(r, E) dE; (5-15) 


and so on. 

There is frequently confusion regarding the concept of neutron flux, due in 
part to the unfortunate use of the term “flux” in nuclear engineering. In view of 
the foregoing discussion, it should be noted that the neutron flux is a measure of 
the combined effect of the motions of neutrons, as evidenced by the interaction 
rate to which they give rise, but it has nothing whatsoever (at least not directly) 
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to do with the flow of neutrons. Thus neutron flux is a scalar, not a vector; and 
it is not analogous to such things as heat flux, light flux, or magnetic flux that are 
encountered in other branches of engineering and physics. Indeed, since neutron 
flux is proportional to the density of neutrons at a point, it is therefore a concept 
more akin to chemical concentration or atom density (or temperature). 

It may also be noted that the units of neutron flux are the same as the units of 
beam intensity, namely, neutrons per cm?/sec. This is to be expected, of course, 
since the flux is merely the sum of the intensities of an infinite number of differential 
neutron beams. 


5-2 Neutron Current Density 


The net flow of neutrons (from here on assumed to be monoenergetic) in a reactor 
is described by the vector J, which is called the neutron current density vector. This 
vector is defined in the following way. It was shown in the preceding section that 
neutron motions at any point in a reactor involve the superposition of an infinite 
number of differential neutron beams, each having an intensity d/(r, w), given by 
Eq. (5-2). The neutron current density vector is obtained by first constructing a 
vector whose magnitude is equal to d/(r, w) and which points in the direction of 
w, that is, in the direction of motion of the neutrons in this differential beam. This 
can be done simply by replacing the speed v in the Eq. (5-2) by the velocity v, that is, 


dl(r, о) = n(r, w)v dQ. (5-16) 
The vector J is then defined as the integral of dI(r, w) over all solid angles: 
J= J n(r, соју dQ. (5-17) 
4т 


The physical significance of J may be 
understood most readily by evaluating 
one of its components. Consider, for 
instance, the x-component of J, that is, 
J,. From Eq. (5-17) this is 


„= J n(r, wv cos д, dQ, (5-18) 


where 9, is the angle between v and the 
x-axis. The quantity v cos 9, is equal 
to the volume of a slant cylinder of 
length v with ends of unit area lying in 
the yz-plane, as indicated in Fig. 5-3. 
Clearly, all the neutrons in this volume 
having velocities within the solid angle 


dQ of v, namely n(r, wv cos д, dQ, will Fig. 5-3. The flow of neutrons through 
pass through the end of the cylinder in a surface. 
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one second. It follows therefore that the integration in Eq. (5-18) gives the net 
number of neutrons which cross the unit area per second perpendicular to the 
x-axis. 

It should be noted that J, measures the net rate of flow in the positive x-direction. 
The integration in Eq. (5-18) automatically subtracts the number of neutrons 
which pass from right to left through the area in Fig. 5-3 from those which pass 
from left to right, the cos 3, being negative in the first instance and positive in the 
second. Thus if J, is positive, there is a net flow of neutrons from left to right; 
whereas if J, is negative, there is a net flow in the opposite direction. 

In this discussion, the direction of the x-axis has not been specified, and the 
interpretation of J, is therefore equally valid for any component of J. Hence, the 
component of J in the direction of the unit vector n, which is given by 


J, = Јел, 


is equal to the net rate at which neutrons pass through a unit area normal to п. 


5-3 The Equation of Continuity 


Consider an arbitrary volume V of material containing monoenergetic neutrons. As 
time goes on, some of these neutrons will interact with nuclei and be scattered or 
absorbed; some may leave the volume and others may enter. Also, if neutron 
sources are present within the volume, additional neutrons may appear as they 
are emitted from the sources. In any event, the neutrons within this volume 
satisfy the condition of continuity, namely, the time rate of change of the total 
number of neutrons in V must be equal to the rate at which neutrons are produced 
within V minus the rate at which they are absorbed or escape from V. If n(r, t) is 
the neutron density at the point r and at the time t, the total number of neutrons in 
V is simply is n(r, ї) dV. The condition of continuity can then be written as 


E || n(r, t) dV = production rate — absorption rate — leakage гаје. (5-19) 
y 


The production of neutrons can be represented by a source distribution function 
s(r, 2), which is equal to the number of neutrons emitted per cm? /sec by sources 
at the point r and at time ¢. The total rate of production of neutrons in V is 
therefore 

production rate — Í, s(r, t) dV. (5-20) 


As discussed in Section 5-1, the rate of absorption of neutrons in V can be 
written in terms of the neutron flux, i.e., 
absorption rate — Í, Z4(r)o(r, t) dV, (5-21) 


where, for generality, spatial variation of the absorption cross section has been 
included. 
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The leakage of neutrons from V can be expressed in terms of the neutron current 
density vector which was defined in the preceding section. Thus it will be recalled 
that J(r, 7) -n is equal to the net rate of flow of neutrons through a unit area 
normal to n at r. If, therefore, n is taken to be a unit normal pointing outward from 
the surface A bounding V, then J(r, 7) · п dA is the net rate of flow of neutrons 
outward through dA. The total rate at which neutrons leak from the entire surface 
is then 

leakage rate — /, J(r, t)-n dA. (5-22) 


Inserting the last three equations into Eq. (5-19), there follows: 


£ n(r, t) dV = || s(r, t) dV — | Zalr)p(r, 1) dV 
tiv y V 


divergence theorem 


— | J(r, т). n dA. (5-23) 


Equation (5-23) can be put in a more convenient form by using the divergence 
theorem to transform the last term from a surface integral to a volume integral. 
Thus 


f J(r, t) -n dA = f div J(r, t) dV, 
A У 
and Eq. (5-23) becomes 


4 n(r, t) dV = f sr, t) dV — | Za(r)o(r, t) dV 
y У у. 


— | div J(r, t) dV. (5-24) 


Since all integrals now involve the same volume of integration, the integrands on 
both sides of Eq. (5-24) must necessarily be equal; that is 


ent D = s(r, 1) — (тут, ) — div Xr, 0). (5-25) 


Equation (5-25) is called the equation of continuity and is of central importance in 
reactor theory. 

When the flux, current, and sources are all independent of time, a system is said 
to be in a steady state. In this case, Eq. (5-25) reduces to 


div J(r) + Z,(r)e(r) — s(r) = 0, (5-26) 


which is known as the steady-state equation of continuity. On the other hand, if 
the neutron density and flux are independent of position, div J = 0 and Eq. (5-25) 
becomes 


#10) = s(t) — 40). (5-27) 
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For future reference, it may be noted that the quantity div J(r), which appears 
repeatedly in the equations of reactor theory, is equal to the net rate of neutron 
leakage per unit volume at the point r. Thus the net rate at which neutrons leak 
from the volume dV at r is div J(r) dV. This result follows directly from either 
Eq. (5-25) or (5-26), or may be seen by applying the divergence theorem to the 
integral of J over the surface dA surrounding dV. 


D-4 Fick’s Law 


As pointed out in the introduction to this chapter, the general problem of neutron 
transport is a very complicated one. However, it will now be shown that the neu- 
tron flux and current are related in a simple way if certain conditions are met. 
When this is the case it is possible to obtain elementary solutions to transport 
problems. This relationship between ¢ and J is identical in form with Fick’s law, 
which has been used for many years to describe diffusion phenomena in liquids 
and gases. For this reason, the use of Fick's law in reactor theory leads to what 
is known as the diffusion approximation. 

Fick's law can be derived by calculating, under a number of simplifying as- 
sumptions, the neutron current density at any point in a medium containing 
neutrons. For the moment, at least, the following assumptions will be made: 


(a) the medium is infinite; 

(b) the medium is uniform, so that all cross sections are constants, independent 
of position; 

(c) there are no neutron sources in the medium; 

(d) scattering is isotropic in the /aboratory coordinate system; 

(e) the neutron flux is a slowly varying function of position; 

(f) the neutron flux is not a function of time. 


It will be possible to relax certain of these restrictions later in the discussion. 

The point at which the current density is computed will be taken to be the center 
of a coordinate system, as shown in Fig. 5-4. To specify the current density vector 
J, its three components Jz, J,, and J, must be evaluated. Beginning with Jz, 
consider the rate at which neutrons flow through the area dA, lying in the xy-plane 
at the origin. It is an obvious but important fact that since there are no neutron 
sources present in the medium, every neutron which passes through dA, has just 
arrived from a scattering collision. Neutrons therefore flow downward through 
dA, as the result of collisions above the xy-plane, and they flow upward through 
dA, from collisions below the xy-plane. 

The number of scattering collisions that occur per second in the volume element 
dV located at the point г is 2,¢(r) dV, where Z, is the macroscopic scattering cross 
section and ¢(r) is the neutron flux at r. Since scattering has been assumed to be 
isotropic in the laboratory system, the fraction of these neutrons that are scattered 
in the direction of dA, is just the fraction of the total solid angle subtended by dA, 
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Scattered 
neutrons 


Fig. 5-4. Diagram for deriving Fick’s law. 


at dV. From the definition of solid angle, this fraction is 


dA, cos à , 
4rr? 


so that the number of neutrons scattered per second in dV which head toward 
dA, is 
У „ф(г) cos 9 dA, dV. 


4rr? 


All of these neutrons do not, however, succeed in reaching dA,; some are scat- 
tered or absorbed enroute. In view of the discussion in Section 2-2, the number 
which does reach d4, per second is 


e Рту фу) cos 9 dA, dV | 
Gar? 


where 2, is the macroscopic total cross section of the medium. 

It is convenient to consider separately the contributions to J; of neutrons which 
pass downward through dA, and those which pass upward. With dV written in 
spherical coordinates, that is, dV = r? sin 9 dr ад do, the total number of neutrons 
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which flow downward through dA, per second is 


7/2 
2. 24, zda, (7 S J. e Уфу cos 9 sin 9 dr 29 ар. 
ф= т=0 


Now if J; denotes the number of neutrons passing per second in the negative 
z-direction through a unit area, this is just the above number divided by dA,, 
namely, 


J; = Mt i Ea e g(r) cos д sin 9 dr dd др. (5—28) 
g=0 „ 2-0 =0 


The integral in Eq. (5-28) cannot be evaluated as it stands, since the flux ф(г) 
is an unknown function. If as assumed, however, ¢(r) varies slowly with position, 
it can be expanded in the Taylor’s series: 


= дф дф дф NV _ 
COO (3), TY (#), mue (&). = у (rm 


where the subscripts indicate that $ and its derivatives are to be evaluated at the 
origin. Writing x, y, and z in spherical coordinates: 


x = rsin 9 cos 0, у = rsin sin y, 2 = rcosd, 


and inserting Eq. (5-29) into Eq. (5-28), it is found that the terms containing 
cos e and sin o immediately integrate to zero. Thus J; reduces to 


1/2 
Л a Eu e |^ + E: e) r cos a] cos 9 sin 9 dr 29 dy, 
Ф==0 ==0 


which, when evaluated, gives 


- _ Zo | >> (20). Е 
Lu 4Z, + 622 ($), (9590) 


The calculation of J}, the number of neutrons moving per second in the positive 
z-direction through a unit area in the xy-plane, is essentially the same as the 
preceding calculation of J; ; it is necessary only to rewrite the limits of integration 
on 9. The resulting expression for Ј, is easily found to be 


J} = Zo _ Zs (2), , (5-31) 


The z-component of current density, as explained in Section 5-2, refers to the net 
flow of neutrons per unit area so that 


J.= J} -J7 = E (=) (5-32) 
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In this computation, attention was centered on the z-component of J. There is, 
however, nothing special about this component, since the orientation of the co- 
ordinate system is purely arbitrary. Thus the other components of J at the origin 
must also be given by expressions of the same form as Eq. (5-32), but with z every- 
where replaced by x or y; that is, 


5); 26) 
d =a —_ 3 5—33 
322 (s o oy) 
and 
>: 26) 
Jy = – em js 5-34 
The vector J is now 
ded p e E grad ¢. (5-35) 
t 


The subscript denoting evaluation at the origin has been dropped in Eq. (5-35), 
since the location of the origin of coordinates in this derivation is also arbitrary. 
This equation is therefore valid at any point in the medium where the initial 
assumptions are satisfied. 

Equation (5-35) is called Fick's law, which states that the current density vector 
is proportional to the negative gradient of the flux. 'The proportionality constant is 
called the diffusion coefficient and is denoted by the symbol D. With this notation, 
Fick's law becomes 

J = —D grad 9, (5-36) 


where, according to the preceding derivation, 


Ducks (5-37) 


322 


5-5 Physical Interpretation of Fick’s Law 


Before Fick’s law is applied to specific problems, it is important to understand on 
physical grounds why such a relationship between flux and current would be ex- 
pected to occur. This can be seen from the simple example shown in Fig. 5—5, 
in which the flux is a function of only one spatial 
variable. Thus consider the flow of neutrons 
through the plane at x = 0. It will be evident 
that neutrons pass through this plane from left 
to right as the result of collisions to the left of the 
plane; and, conversely, they flow from right to 


Direction of 
neutron current 
————- 


Fig. 5-5. Neutron current from nonuniform flux. 
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left as the result of collisions to the right of the plane. Since the flux is larger for 
negative values of x, the number of collisions per cm?/sec, that is, the collision 
density, is greater on the left than it is on the right. As a consequence, more 
neutrons are scattered from left to right through the plane than from right to left, 
with the result that a net positive flow of neutrons occurs through the plane. This, 
of course, is just what Fick’s law predicts; the gradient of the flux is negative, and 
from Eq. (5-36), the current is positive. 


5-6 Validity of Fick’s Law 


In the light of the derivation of Fick’s law given in Section 5—4, it is possible to 
reexamine the assumptions that were made in that derivation to determine under 
what conditions this law can be expected to hold. Each of these assumptions will 
now be considered in turn. 


(a) Infinite versus finite media. It was necessary in Section 5—4 to assume that 
the diffusing medium was infinite in order to be able to integrate over all space. 
However, because the exponential function which appears in the integrand of 
Eq. (5-28) dies off rapidly with distance, neutrons coming from distances of more 
than a few mean free paths from the point where J is computed make very little 
contribution to the integral. It follows, therefore, that Fick's law is valid in finite 
media at points which are more than a few mean free paths from the edges of the 
medium. Thus Fick's law may be expected to be valid in the interior of a reactor, 
but not near its outer surface. Methods for treating regions near the surface of a . 
diffusing medium are discussed in Section 5-8. 

(b) Uniform versus nonuniform media. If the medium is nonuniform, it might 
reasonably be expected that Fick's law would have to be modified. In particular, 
according to the discussion in Section 5-5, a neutron current is simply the result 
of a larger collision density at one point than at another. Therefore, since the 
collision density is given by the product Х,ф, it is logical to expect that spatial vari- 
ations in Z, as well as in @ would give rise to a neutron current. 

To illustrate this point consider the situation 
shown in Fig. 5-6, where ¢ is a constant but 2, 
is a function of position. In this case, as in Fig. Zi(x) 

5-5, the collision rate is greater to the left of the 
x = 0 plane than to the right, and a positive $(x) 
neutron current might well be anticipated, in 
contradiction to Fick's law, which gives J — 
— р(4ф/ах) = 0. Such a current does not occur, 
however, for the following reason. While it is 
perfectly true that the collision rate is larger on 
the left, the attenuation of the neutrons in this 
region is also larger, due to the larger value Fig. 5-6. Hypothetical nonuni- 
of Z,. The probability that a neutron that is form medium with a uniform flux. 
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scattered on the left actually reaches the x = 0 plane is therefore smaller than 
for a comparable neutron scattered at the same distance to the right of the 
plane. It can be shown that the effects of increased collision density and in- 
creased attenuation exactly cancel, so that there is no net current. 

The assumption of a uniform medium which was used in the derivation of 
Fick’s law in Section 5—4 is therefore not a strict requirement for its validity.* 
Thus even at the boundary between two media of entirely different scattering 
properties, Fick’s law will still be valid provided none of the other assumptions in 
Section 5—4 are violated. In this connection it should be noted that sharp changes 
in the properties of a medium often lead to a rapidly varying flux distribution which 
may violate assumption (e). 

(с) Sources. In the computation of J in Section 5—4, it was assumed that all 
neutrons contributing to J originated in scattering collisions in the medium. This 
is not necessarily the case, of course, if sources are present in the system. How- 
ever, in view of the exponential attentuation factor in the integral for J, very few 
of the source neutrons will survive as such to contribute to the value of J if the 
sources are located more than a few mean free paths from the point where J is 
evaluated. It follows that Fick’s law is valid in media containing sources but at 
distances from the sources that are larger than a few mean free paths. 

(d) Anistropic laboratory scattering—transport corrections. In deriving Fick’s 
law, it was also necessary to assume that the neutrons were scattered isotropically 
in the /aboratory system. This is true only at low energies, and even then not for 
the very light nuclei (cf. Section 2-8); it is certainly not true in general. Neverthe- 
less, it is possible to show by the methods of transport theory that Fick’s law is 
still approximately valid even with moderately anisotropic laboratory scattering, 
provided that the diffusion coefficient is taken to be of a more complicated form 
than that given in Eq. (5-37). This expression for D cannot be written in closed 
form and must be determined by solving the following transcendental equation: 


(5-38) 


Here 2,, X, and Z, are the macroscopic total, scattering, and absorption cross 
sections, respectively, and д is the average value of the cosine of the scattering 
angle in the laboratory coordinate system. In the important case of isotropic 
scattering in the center-of-mass system, it will be recalled from Section 2-9 that д 
is given by 


Ё = = · (5-39) 
* It should be mentioned that this conclusion is valid only when there is negligible absorp- 


tion in the medium, or when the scattering and absorption cross sections vary with 
position in the same way, so that the ratio 2,/2, is a constant. 
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When Eq. (5-38) is expanded in a series of powers of 54/2, and solved for D, the 
following expression is obtained: 


1 
D = = — md — 45/55, +) e) 


If Z,/Z, « 1, Eq. (5-40) reduces to 
1 
P = 320 — д 
which can also be written as 
р = Ак, (5-41) 
3 
where Му is the transport mean free path discussed in Section 2-9. 

(e) Slowly-varying flux. In the derivation of Fick's law, the flux was expanded 
in a Taylor series only to first-order terms. It is easily shown, however, that even if 
the second-order terms are retained, they give no contribution to J,. They either 
integrate to zero directly or make identical contributions to both J and J7, which 
cancel when 

JI, = Jf – ЈГ 
is computed. 

In order for Fick’s law to be valid, it is therefore necessary only that the terms 
in the Taylor series containing third derivatives of the flux make a small contribu- 
tion to the integral for J. This, in turn, will be the case provided that the second 
derivative of the flux does not change significantly over a few mean free paths, 
since the bulk of the integral is accumulated over this distance. 

In this connection, it should be mentioned that in practice the flux tends to vary 
rapidly with position in strongly absorbing media. It is necessary, therefore, to 
restrict Fick’s law to systems in which Z, « Z.. Incidentally, when absorption is 
present, D should always be computed from Eq. (5-38) rather than Eqs. (5-37) 
or (5-41). 

(f) Time-dependent flux. It was assumed in Section 5—4 that the flux is inde- 
pendent of time. If this is not the case, the flux which enters the integral in 
Eq. (5-28) must be evaluated at an earlier time, due to the finite time required for 
a neutron to travel from the collision site to the point where the current density 
is evaluated. As already noted, however, regions beyond a few scattering mean 
free paths do not contribute significantly to J. Thus it is possible to relax the re- 
quirement of a time-independent flux, provided the fractional change in ¢ is 
small during a time required for a neutron to travel about three mean free paths. 
Since the slowest neutrons in any reactor have a speed of about 1000 m/sec, 
Fick’s law will therefore be valid if the inequality 


5 
i 2% « a sec | (5-42) 


is satisfied, where the scattering mean free path А, is in centimeters. 
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5-7 The Diffusion Equation 


Fick's law provides a relationship between the flux and current. Using the equa- 
tion of continuity it is now possible to derive an equation involving the neutron 
flux alone. Thus, substitution of Eq. (5-36) into Eq. (5-25) yields the following 
equation: 


div D grad ф — Хоф + 5 = = ° (5-43) 


where for simplicity all of the independent variables have been omitted. 
Throughout most of this book, only systems consisting of uniform materials 
will be considered. In this case, D is a constant, and the first term іп Eq. (5-43) . 
can be written as 
D div grad 9 = D V4, 


where V? is the Laplacian operator. Also, since all neutrons have been assumed 
to have the same energy, the flux is given by ф = nv (cf. Eq. 5-6), and Eq. (5-43) 
becomes 


руф — Leb + s = 26. (5-44) 


© |= 


This equation is known as the neutron diffusion equation and it is of great importance 
in nuclear reactor theory. | 
The form of the Laplacian to be used in Eq. (5-44) depends upon the coordinate 
system appropriate to a given problem. In reactor calculations, it is usually 
necessary to consider only three coordinate systems: namely, rectangular, cylindri- 
cal, and spherical coordinates. In these coordinate systems, V? is given by 
22 a? БЫ 


rectangular: у? = э 1 3y? ds (5-45) 


Wade yal Aud os ee -4 
cylindrical: Velia: 598 | 925 (5—46) 
a EN E 
spherical: У“ = Bolas + sind 28 sin 9 38 
] ә? 
45 (5-47) 


r? sin? 9 dy? 


If the flux is not a function of time, the right-hand side of Eq. (5-44) vanishes, 
and the equation reduces to 


DV7¢ — Хоф + s = 0. (5-48) 


This equation is known as the steady-state diffusion equation. Mathematicians 
also refer to Eq. (5-48) as the scalar Helmholtz equation. 
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value of d is then chosen so that the solution to the diffusion equation satisfying 
Eq. (5~49) matches as nearly as possible the rigorous solution given by transport 
theory in the interior of the medium. It should be noted that when Eq. (5—49) 
is written as 

d$ , 6 

aed e 0, (5-50) 
this boundary condition is of the form required by the above theorem. 

In considering an appropriate value of d to use in condition (1), it is necessary to 
distinguish between two types of surface. These are known, respectively, as re- 
entrant and nonreentrant surfaces, and are defined in the following way. A surface 
is called reentrant if it is possible to draw, through any point on the surface, one 
straight line outward which eventually reenters the medium. On the other hand, 
if no straight line that reenters the medium can be drawn through the surface, the 
surface is said to be nonreentrant. Examples of these surfaces are shown in 
Fig. 5-7. The essential difference between these two surfaces is that a neutron 
leaving a reentrant surface may reappear elsewhere in the system, whereas a 
neutron that passes through a nonreentrant surface is permanently lost from 
the system. 


Diffusing medium Vacuum 


Diffusing 


Yj) 


Nonreentrant 
surface surface 


Fig. 5-7. Simple reentrant and nonreentrant surfaces. 


The value of d at a reentrant surface depends in a complicated way upon the 
size and shape of the void space adjacent to the surface. The situation is con- 
siderably simpler at a nonreentrant surface, which, incidentally, is also called a 
free surface in reactor theory. In particular, for a planar free surface it can be 
shown by transport theory that if d is taken to have the value 


d = 0.71] tr, (5-51) 


where Ау is the transport mean free path of the medium, the flux obtained by 
solving the diffusion equation, subject to boundary condition (i), provides a good 
approximation to the actual flux everywhere within the medium except near the 
surface. This situation is illustrated in Fig. 5—8, where the flux is shown near a 
free surface as calculated by exact transport theory and by diffusion theory using 
the above boundary condition. It will be observed that while the two solutions are 
very nearly the same in the interior of the medium, they differ substantially in the 
immediate vicinity of the surface. 


5—8] BOUNDARY CONDITIONS FOR THE DIFFUSION EQUATION 135 


Diffusion theory Free surface 


Vacuum 


bow pop flux 
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~ 


Fig. 5-8. Neutron flux as a function of position near a free surface according to diffusion 
theory and transport theory. 


With curved free surfaces (for example, the outer edge of a cylindrical or spheri- 
cal reactor) the extrapolation distance is given by a somewhat more complicated 
formula than Eq. (5-51) and depends upon the radius of curvature R of the 
surface. However, d approaches the planar value in the limit of large radius of 
curvature, i.e., as d/R — 0. It is possible therefore to use Eq. (5-51) at the surfaces 
of cylindrical and spherical reactors provided (as is usually the case) that d < R. 

In view of Eq. (5-49), the solution to the diffusion equation vanishes at the 
distance d from the surface if the solution is extended /inearly beyond the surface 
(cf. Fig. 5-8). Such an extrapolation of the flux introduces negligible error into 
solutions of the diffusion equation, since, as shown below, d is ordinarily very 
small compared with the dimensions of practical systems. It is possible therefore 
to replace boundary condition (i) by the simpler condition: 


(1) The solution to the diffusion equation vanishes at the extrapolation distance 
beyond the edge of a free surface. 


It should be emphasized that this boundary condition is only a mathematical 
device for simplifying the problem of obtaining solutions to the diffusion equation. 
The neutron flux does not, in fact, vanish at the extrapolation distance, and solu- 
tions obtained by this device do not give the correct flux near the boundary. 

It will be recalled from Eq. (5-41) that the diffusion coefficient is given ap- 
proximately by D = 4/3, so that from Eq. (5-51) the extrapolation distance is 
about equal to 2D. For most diffusing media, D is of the order of 1 cm or less, 
and, as a consequence, d is never more than 2 cm, and it is frequently much less. 
Most reactors, on the other hand, are of the order of meters in size, so that in 
many calculations the extrapolation distance can be neglected altogether. In 
such cases, the flux is assumed to vanish at the actual surface of the reactor. 


Boundary conditions at an interface. In problems involving the 
diffusion of neutrons in systems containing several different materials, it is neces- 
sary to know how the neutron currents and fluxes are related across the interfaces 
between the different media. This leads to what are known as the interface boundary 
conditions. To derive these relations, consider the flow of neutrons across the inter- 
face between two regions 4 and B. The normal component of the current density 
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computed in region A at the interface is equal to the net number of neutrons (which 
may be either positive or negative) leaving A per second per unit area. Since there 
can be no accumulation of neutrons at the interface, this is equal to the number of 
neutrons that enter B per second per unit area, which, in turn, is equal to the normal 
component of the current density computed in B. In symbols this boundary con- 
dition is 


(ii) (4). = (Јв)ь, 


where the subscript n refers to the component of J normal to the surface. It may 
be noted that boundary condition (ii) is exact, and is not based on diffusion theory. 

Since neutrons cross an interface between two media without hindrance, the 
neutron density distribution function must be continuous across the boundary. 
As a consequence, the flux, which is simply an integral of this function over solid 
angle (cf. Section 5-1), must also be continuous: 


(iii) The flux is continuous across the boundary between two different media. 


In many reactors, rather thin sheets of structural material are often used to 
separate different portions of the system. For example, the reactor core is often 
separated from the reflector or blanket by a comparatively thin-walled container. 
With such systems, it is sometimes possible to expedite the solution of diffusion 
problems by replacing the structural region by a suitable boundary condition. 
This can be done provided that the mean free path of neutrons in the structure is 
much greater than the structure thickness. In this case it is easy to show that the 
flux across the region is approximately constant, but that the current density is 
decreased by an amount equal to the number of neutrons absorbed in the material. 
The thin-interface boundary conditions are therefore 


(iv) фа = фв, 
(iv) Q4) = (Js). + Xapi, 


where =, is the macroscopic absorption cross section of the structure and x is its 
thickness. It should be noted in using this boundary condition that the normal 
components are taken to be positive when pointing from region A to region B. 
If the normal components are assumed to point in the opposite direction, the sign 
in the second equation is negative. 


Other conditions. The above boundary conditions together with the diffu- 
sion equation provide a unique solution to every physical diffusion problem in- 
volving one or more diffusing media and/or free surfaces. While no additional 
conditions are required to obtain the correct solution (within the limitations of 
diffusion theory) it is often expedient to utilize certain other rather obvious physical 
requirements on the solution. 
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For example, a negative or imaginary flux has no meaning, and the proper 
solution of the diffusion equation must therefore be real and nonnegative. This 
condition applies, of course, only in those regions where the diffusion equation 
is valid. Thus in finding the flux in a block of moderator surrounded by a vacuum, 
for instance, the fact that a solution is negative in the vacuum is of no significance, 
since the diffusion equation is not valid there. In summary: 


(v) The solution to the diffusion equation must be real, nonnegative, and single- 
valued in those regions where the equation applies. 


The neutron flux also can never be infinite. Although this statement is tech- 
nically correct, it will be seen in this chapter that solutions to certain artificial 
diffusion problems occasionally include points at which the flux is infinite. This 
occurs in problems where the neutron source distribution is represented by a 
function that is itself infinite at certain points. This procedure, however, is just 
another mathematical device, since no real source density is ever infinite, and the 
singularities that such functions introduce into the flux have no physical signifi- 
cance. Thus, although the actual neutron flux must always be finite, there is the 
slightly less restrictive condition on the solutions to the diffusion equation: 


(vi) The solution to the diffusion equation must be finite in those regions where 
the equation is valid except (but not necessarily) at singular points of the source 
distribution. 


It must be emphasized that conditions (v) and (vi) are automatically satisfied by 
the function (there is only one) which satisfies the diffusion equation and the 
previous boundary conditions. Conditions (v) and (vi) add nothing new to the 
solution. Nevertheless, as will be seen repeatedly in this chapter, these new condi- 
tions often provide a means for quickly eliminating extraneous functions from 
the solution. 


5-9 Elementary Solutions of the Steady-State Diffusion 
Equation 


It is not always a simple matter to find solutions of Eq. (5-48) that satisfy the 
boundary conditions discussed in the preceding section. In certain cases, however, 
the mathematics is quite straightforward, and a few problems of this type are 
considered in the present section for illustrative purposes. It must be realized that 
these problems are necessarily rather artificial, since among other things it is 
assumed that all neutrons are emitted and diffuse at one energy. More realistic 
problems will be treated in later chapters. 
Before proceeding, it is convenient to rewrite Eq. (5-48) in the form 


V6 — ne --$ (5-52) 
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where the constant L? is defined as 


12 = (5-53) 


Uo 


The quantity L appears very frequently in the equations of reactor theory and is 
known as the diffusion length. Since D and Z, have dimensions of cm and ст“ :, 
respectively, it is easy to see from Eq. (5-53) that L has dimensions of cm. The 
physical significance of the diffusion length will be discussed in Section 5-11; for 
the present, L should be viewed simply as a parameter appearing in the diffusion 
equation. 


Infinite planar source. As a first example, consider an infinite planar 
source which emits (at a constant rate) S neutrons per second per unit area into an 
infinite homogeneous medium. Since the source plane and the medium are both 
infinite, the flux at any point in the medium can be a function only of the distance 
from the plane. Calling this distance x, Eq. (5-52) becomes 

2 

The source density function s(x) in Eq. (5-54) is an unusual function of x. Since 
there are no sources present in the medium itself, s(x) is zero everywhere in the 
medium. At x = 0, however, s(x) is infinite. This is because the source density 
function was defined in Section 5-3 to be the number of neutrons emitted per 
second per unit volume. When the neutrons are emitted from an infinitely thin 
plane, the source density is necessarily infinite at the plane, since a finite number 
of neutrons are produced in zero volume. 

Functions such as s(x), which are zero everywhere except at x = 0, can be 
represented in terms of the Dirac delta function (х), which is defined by the 
equations 

é(x) = 0, x zé 0, 


b 
ier: | a « 0 « b, 


0, otherwise. 


(5-55) 


This somewhat pathological function is described in more detail in Appendix II. 
In any case, s(x) can be written as 


s(x) = S (х). (5-56) 


In view of Eq. (5-55), the total number of neutrons emitted per second per unit 
area of the source plane is just 


fi s(x) dx = sp é(x) dx = S, 


as required, where e has any value. 
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Inserting Eq. (5-56) into Eq. (5-54), the diffusion equation is now 


de 1 S 6(x) 
фа n*^-p- Gg 
This is an ordinary, inhomogeneous, linear differential equation and it can be 
solved by methods that are normally employed with inhomogeneous equations. 
(Some of these methods are discussed in Section 5-10.) The unusual nature of the 
function appearing in the inhomogeneous term in no way complicates the solution. 
There is, however, a more physical approach to problems of this type. First, it 
will be noted that except at x = 0, Eq. (5-57) is the simple homogeneous equation 


de 


1 


The source at x = 0 сап now be taken into account by means of a source condition, 
rather than by using the source density function directly. 

To derive the source condition, a small “pillbox” of unit surface area and thick- 
ness 2x is constructed at the source plane, as shown in Fig. 5—9. In view of the 
symmetry of the problem, the net flow of neutrons through both ends of the pill- 
box is equal to 2J(x), where J(x) is the magnitude of the neutron current density 
at either end. There is no net flow of neutrons through the sides of the pillbox 
since the source plane is infinite. In the limit as 
x approaches zero the net flow of neutrons out of 
the pillbox must be equal to S, and it follows that 


lim J(x) = 2 . (5-59) 
х—>0 


This result is the required source condition.* 
Equation (5—58) has the following general 


solution: 
Source 


ф = Ает! + Cert, ~— plane 


where A and С are constants to be determined. 
Considering for the moment only positive values 
of x, it is evident that C must be taken equal to 
zero; otherwise the flux would become infinite Fig, 5-9. Construction to derive 
with increasing x. The constant 4 can be found the planar source condition. 


* It may be noted that this source condition is also valid if the sources are emitted non- 
uniformly from the plane, or if the plane is finite rather than infinite. In these situations 
there is a net flow of neutrons through the sides of the pillbox. This vanishes, however, 
in the limit as the size of the pillbox goes to zero and Eq. (5-59) is again obtained. 

t The constant B has a special meaning in reactor theory, and it is usually reserved for 
that purpose. 
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from the source condition. From Fick’s law, 


SL 
sdb 
and therefore 
ЗЕР SL —2/L 
Ф= 55° 


This result is valid only for positive values of x. However, because of the sym- 
metry of the problem, a solution valid for all x can be obtained by merely re- 
placing x by its absolute value |x|; hence 


_ SL cist » 
ф = ape : (5-60) 


It will be observed from Eq. (5-60) that the flux is everywhere proportional to 
the source strength S. This is a consequence of the fact that the diffusion equation 
is linear. Thus, if the intensity of the source is doubled, for example, the flux is 
also doubled, and so on. Furthermore, it may be noted that the diffusion length 
appears as a relaxation length for the flux. That is, the flux decreases by the factor 
e every L cm from the source plane. It must be remembered, however, that Fick's 
law does not apply within a few mean free paths of neutron sources. Equation 
(5-60) is not valid, therefore, near x = 0. 


Point source in an infinite medium. Consider next a point source 
emitting S neutrons per second isotropically in an infinite medium. If the source 
. point is taken to be at the center of a spherical coordinate system, the flux obviously 
depends only on r. When the form of the Laplacian given in Eq. (5-47) is used, 
only the first term remains, and the diffusion equation is 


—-——L!' — –— = >Ф = 0), (5-61) 


except at the origin, that is, 7 = 0. The appropriate source condition for this 
problem is obtained by drawing a small sphere around the source and computing 
the net number of neutrons that pass through its surface per second. If the sphere 
has the radius г, this number is just Ату Ј(г), so that in the limit, as r goes to zero, 
the following condition is obtained: 


muc 5 
lim 20) = 7- (5-62) 
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In order to solve Eq. (5-61), it is convenient to introduce a new variable w, 
defined by 
у = ro. (5-63) 


When Eq. (5-63) is substituted into Eq. (5-61), the following equation is 
found for w: 


The general solution to this equation is 


—r/L 
w = Ает" + Ce, 


and ф is therefore 
—r/L РА 


е +С 


$ = A 


, 


r 


where A and C are unknown constants. Again, as in the preceding example, ф must 
remain finite as r becomes infinite, and C must be zero. The constant A is found 
from the source condition, Eq. (5-62); thus 


= р 1 1) он 
ә D$ = pA (X је 
and 

S 

A= RD 

Finally, the flux is given by 

Seat 

= рғ (rem) 


It will be noted that in this example, $ is again proportional to the source 
strength S. However, unlike the preceding problem of the planar source, ¢ is 
infinite at the source. As pointed out in Section 5-8, this is unimportant, since, on 
the one hand, point sources do not actually exist, and, on the other, the solution 
given in Eq. (5-64) is not valid near the source. 


Systems with a free surface. Imagine an infinite slab of thickness a 
(including the extrapolation distance), which has an infinite planar source at its 
center emitting S neutrons per second per unit area. Since the dimension a includes 
the extrapolation distance, the physical thickness of the slab is a — 2d, where 
а = 071. Taking the zero of the coordinate system at the center of the slab, 
the diffusion equation is again Eq. (5-58), the source condition is given by 
Eq. (5-59), and the boundary conditions are 


((+ў- 
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For positive values of x, the general solution is 
ф = Ae™™ E + Ce*lL, (5-65) 


and in view of the boundary condition at a/2, 


• (2) T Ae? 2L ER Ce?! ?L = 0, 


so that 
С = – Ает, 


Substituting this result into Eq. (5-65) gives 
ф = Ale?! _ "о! 


The constant А is found from the source condition (Eq. 5-59) in the usual way, 
and is 


_ SL па ел 
A= 5950 te ) ж 


For positive x, therefore, ф is given by 
SL е1 — eal 
= 2D | + e-a/L | 


In view of the symmetry of the problem, a solution valid for all x is obtained by 
substituting |x| for x; thus 
SL g "b m e 9L 


Ф=5р i-ea — (5-60) 


If the numerator and denominator of Eq. (5-66) are multiplied by e*/?L, the 
solution can be written in the more convenient form: 
— SL sinh[(a — 2|xD/2L], 


^ 2D cosh(a/2L) 0:90 


where the hyperbolic functions are defined as 


sinh x = — лш cosh x — 


е? = e e + e" | 
2 
These functions could have been used from the beginning of this problem, since 
the general solution of Eq. (5-58) can also be written as 
x 


x А 
ф = А cosh у + C sinh 7 


Both methods, of course, lead to the same final answer, and the choice of pro- 
cedure is a matter of taste. As a general rule, however, it is better to use the hyper- 
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bolic functions in problems involving finite media, such as the present problem, 
and exponential functions for infinite media. This is because sinh x has a zero, 
which is a useful property when dealing with finite media, whereas the exponentials 
do not. Similarly, one of the exponential solutions goes to zero at infinity, a useful 
property for problems involving infinite media, while both hyperbolic functions 
are singular at infinity. Furthermore, cosh x is an even function, and can be used 
quite naturally in problems where it is clear that the flux is an even function. 


Multiregion problems. With problems involving two or more different 
media, the interface boundary conditions must be satisfied at each interface 
separating regions. Consider, for instance, an infinite slab of thickness a, con- 
taining at its center a planar source emitting S neutrons per second per unit area 
as in the preceding problem, but which is now surrounded by an infinitely thick 
medium. 

With the subscripts ; and з denoting the inner and outer regions, respectively, 
the flux is determined by the following diffusion equations: 


ao, 1 | 

— cv op = 0, 5-68 

dx? E i ( ) 
for |x| < a/2 and x = 0, and 


2 
ш (5-69) 


for |x| > a/2. The following boundary conditions must be satisfied: 
(1) $2 must remain finite as |x| —>со, 


(i) lim J(x) = 5 (the source condition), 
х—0 


(iii) Ф (= з) oer (+ 2), 


у рй dés 
(iv) Di dx жд] x 2 dx 


@ж=-Ь@[2 


The appropriate general solutions to Eqs. (5-68) and (5—69) are 
фу = А, cosh 2 + C, sinh Ž (5-70) 
Li Li 
and 
фә = Age "I^ + Cuello, (5-71) 


where the four constants Ај, Ao, Cı, and С, must be determined. With 
attention for the moment centered on positive values of x, it is easy to see from 
condition (i) that С» = 0. Next, using condition (ii) in the usual way yields 
Cı = —SL,/2D, Thus, only Ај and А» remain to be determined. These can 
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~—Region 2 i Region 2— 

Fig. 5-10. Neutron flux in a simple two-region diffusion problem. 
be found using conditions (iii) and (iv). From condition (iii) and Eqs. (5-70) 
and (5-71), 


a 51 a _ į —ај21; T 
A1 cosh 57- L^ 2D, sinh ла = Ае ; (5—72) 


and similarly from condition (iv), 


__ БА, „, а ,5 _а _ D24? 291212 
Т. sinh 2L + 5 cosh 


x. ZL 
When these equations are solved for A; and 42, the following results are obtained: 


PR SL, DiLscosh (a/2Li) + Doli sinh (a/2L,) (5-74) 
1 = 2D, Роб, cosh (a/2L1) + Р.І» sinh (a/2L;) 


(5-73) 


and 
SLiL gena 
— 2  Del,cosh (a/2L1) + DiLs sinh (a/2L, ) 


With all the constants determined, the solution is complete. Again, it should 
be noted from the expressions for 41, Аг, and С), that despite the more compli- 
cated nature of this problem, ¢ is still everywhere proportional to the source 
strength S. The resulting flux is indicated in Fig. 5-10. It is evident from the figure 
that while ¢ is continuous at x = 4/2, its derivative 2ф/4х is discontinuous. 
This is due to the fact that it is D(d$/dx) which is continuous, and not d¢/dx, and 
the diffusion coefficients D, and D; are, in general, different. 


А» = (5-75) 


5-10 General Diffusion Problems 


The problems discussed in the preceding section were comparatively simple due 
to the special types of source distributions that were assumed, namely, planar 
sources, point sources, etc. It is frequently necessary, however, to consider more 
complicated problems involving arbitrary source distributions. The mathematical 
methods which are useful in such problems depend on whether the diffusing 
medium is finite or infinite. 
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Fig. 5-11. Geometry for computing the 
flux from distributed sources in an in- 
finite medium. ү ау, 


Distributed sources in an infinite medium. Consider an infinite 
medium containing an arbitrary distribution of isotropic neutron sources. If the 
source distribution is described by the function s(r’), then by definition s(r’) dV’ 
neutrons are emitted per second from the volume element dV’ located at r’ (cf. 
Fig. 5-11). Since dV’ is small, these neutrons are emitted as from a point source, 
and in view of Eq. (5-64), they contribute to the flux at r the amount 


_ s(r)dV'e UE 
de(r) = 4zD|r — r'| (5-76) 


Here, |r — r'| is the distance between the points located by the vectors r and r’. 
Equation (5-76) is a mere general form of Eq. (5-64), which was derived for a 
point source located at the origin, i.e., for г = 0. The total flux at r is simply 
the sum of the contributions d$ arising from all sources throughout space. It 
follows that 


—Ir—r'|/L 
zan ON ыс EEEE, (А = 
g(t) = | ч рест" (5-77) 


расе 


In view of this result, the problem of finding the flux at any point in an infinite 
medium due to an arbitrary source distribution reduces to the evaluation of the 
above integral. 


The quantity defined by 
—|r—r'i!/L 
e 


Gyr, г) = даб — r|’ (5-78) 


which appears in the integral of Eq. (5-77), is known as the point diffusion kernel 
for an infinite medium.* It will be noted that G,,(r, r^) is equal to the flux at the point 
r arising from a unit point source of neutrons placed at г’. In terms of the diffusion 
kernel, Eq. (5-77) can be written as 


g(r) = | NEQU r) 47" (5-79) 


pace 


* Diffusion kernels are examples of a large class of functions called Green’s functions by 
mathematicians and physicists. 


146 THE DIFFUSION OF NEUTRONS [СНАР. 5 


The point diffusion kernel given in Eq. (5-78) is appropriate for problems in- 
volving arbitrary sources spread throughout space. When the sources are dis- 
tributed in some symmetric fashion, however, other forms of diffusion kernel may 
be more convenient. If, for instance, the source distribution is only a function of 
one rectangular variable, say x, then both the sources and the resulting flux have 
planar symmetry; and the planar kernel in an infinite medium Съ(х, x’) is the 
one appropriate for the problem. 

To find G,\(x, x’), it will be recalled from the preceding section that the flux 
from a planar source at x = 0 is given by Eq. (5-60): 


_ SL zL 
ф = 5р , 


where S is the source strength. Had the source plane been located at x', ф would 
obviously be ; 


_ SL іа 5 
$ = оре | (5-80) 


If the actual source distribution s(x’) is now divided into thin slabs of thickness 
dx’, each slab is equivalent to a planar source of strength s(x’) dx’. By an argument 
similar to the one given above, it follows that the flux at any point is 


oo 


00) = 3p | sere aw (5-81) 


Thus if G,i(x, x^) is defined as 
бы X) = эре", (5-82) 


then the flux can be written in the form 


Фед = [^ sens. х) а. (5-83) 


Several other diffusion kernels are discussed in the problems at the end of the 
chapter. 

If the source distribution is a function of only one spatial variable, it is some- 
times easier to find the flux by solving the diffusion equation directly, since it 
reduces to an ordinary differential equation in this case. For sources of planar 
symmetry, this is 


290) _ 2, eee E (5-84) 


with spherically symmetric sources it is 


ld od 1 
д" p – ређе – пр d 
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and so on. In general, the diffusion equation is of the form 


Мф(х) = f(x), (5-86) 


where M is a linear, second-order differential operator. 
The complete solution to an inhomogeneous equation of this type 15 the sum of _ 
the two independent solutions to the homogeneous equation 


Мф(х) = 0, _ (5-87) 


plus a particular solution. With the solutions to Eq. (5-87) denoted by ¢n1(x) and 
$n »(x) and the particular solution by ¢,(x), the flux can then be written as 


ф(х) = Adni(x) + Cono(x) + $p(x), (5-88) 


where A and C are constants. 

In many problems, the function ¢,(x) can be found by inspection or by guessing 
the solution (the method of undetermined coefficients). If these attempts prove 
unsuccessful, ф(х) сап be calculated in terms of the functions фь1(х) and ¢no(x) 
using the formula* 


| _ _Јодфихђ ах" Ээ __ ЛП оф (х)4ах | 
6 = t|. ete to $109), Wisi), тор 0 


In this expression, W[én 1(x'), bno(X’)] is the Wronskian е the functions and 15 
defined as | 
Фь1(х) фьә(х) . (5-90) 


W[én1(x), Ф2(Х)] = óhi(x) h(x) 


The limits a and 5 on the integrals in Eq. (5-89) and the constants А and C in 
Eq. (5-88) must be chosen in such a manner that the boundary conditions for 
the problem are satisfied. t | 
As an example of this procedure, consider the solution of the diffusion equation 
for an infinite planar source in an infinite medium (cf. Eq. 5-57) which was handled 
earlier using a source condition. The к solutions to the homogeneous 
equation are 
Ev = gb (5-91) 
and 


ОС (5-92) 


* See, for instance, Advanced Calculus for Engineers by Hildebrand, F. B., Englewood 
Cliffs, New Jersey: Prentice Hall, 1949, p. 29. 

+ Although there appear to be four unknown constants, there are only two; a and b cannot 
be chosen independently of A4 and C, and vice versa. 
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The Wronskian of these functions is easily seen to be 


ИФ), dna) = F (5-93) 


The inhomogeneous function is f(x) = —S 6(x)/D; so Eqs. (5-88) and (5-89) 
give 


ф(х) = Ae"! ^ p Се! + SE e!" | a(x eE dx! 
2D x 


zx 
(Seu aset ae. (5-94) 
2D zu 

The limits on the integrals in this expression have been chosen so that neither the 
third nor fourth term is infinite at + оо. (Note that the limits have been exchanged 
on the first integral; hence the positive sign before that term.) The first term in 
Eq. (5-94) is infinite at x = — oo, and the second is infinite at x = +œ. Both 
A and C therefore must be taken to be zero. Finally, in view of the definition of 
the delta function, the first integral is zero when x > 0, while the second is zero 
when x « 0. It follows that Eq. (5-94) reduces to 


SL iz 
(x) = 2n e | UL 


which was obtained earlier (cf. Eq. 5-60). 


Distributed sources in a finite medium. When sources are dis- 
tributed within a finite medium in such a manner that the diffusion equation re- 
duces to an ordinary differential equation, the flux can be found either by inspec- 
tion or by using Eqs. (5-88) and (5-89). The flux can also be determined by an- 
other technique known as the method of eigenfunctions. As an illustration of this 
method, consider an infinite slab of extrapolated thickness a containing the source 
distribution s(x). To simplify the discussion, it will be assumed that these sources 
are distributed symmetrically about the midplane of the slab. In other words, the 
function s(x) is an even function of x, that is, s(—x) = s(x), where x is measured 
from the center of the slab. The flux in the slab must necessarily be an even func- 
tion also, because a symmetric source distribution cannot possibly give rise to an 
asymmetric flux. Since the flux is a function only of x, the diffusion equation is 


, (5-95) 


and the boundary conditions are 


Ф(а/2) = ф(—а/2) = 0. 


The central idea of the eigenfunction method is that it is possible to obtain a 
solution to the diffusion equation in terms of solutions to another differential 
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equation. Thus consider the equation 


d'e 


ia + Be-0 (5-96) 


where B is a constant and the function ¢ is required to satisfy the same boundary 
conditions as the flux. Because ф has been assumed to be an even function, it will 
be necessary to consider only the even solutions of Eq. (5-96). Thus, although 
the general solution to Eq. (5-96) is 


e = Acos Bx + Csin Bx, (5-97) 
the constant C may be taken to be zero, since sin Bx is an odd function. 
The boundary condition at x = a/2 (or at x = —a/2; it makes no difference 
which is used, since the cosine is an even function) gives 
a Ba 
(8) = A соѕ 5- = 0. (5-98) 


This equation can be satisfied either by taking А = 0, which leads to the trivial 
solution e = 0, or by requiring that cos (Ba/2) = 0. This, in turn, will be satisfied 
provided B takes on certain values, B,, namely, 


Ву = =, (5-99) 


where n is an odd integer. 
The numbers B, are known as eigenvalues, and the solutions to Eq. (5-96) 
corresponding to these eigenvalues are called eigenfunctions. Thus the solution 


en(x) = cos "27 (5-100) 


is the nth eigenfunction corresponding to the nth eigenvalue B,. It will be noted 
that ¢, satisfies both the differential equation (Eq. 5-96) and the boundary condi- 
tions. By analogy to problems in acoustics, the eigenfunction corresponding to 
the lowest value of n, that is, n = 1, is called the fundamental eigenfunction or first 
harmonic. All other eigenfunctions are referred to as higher harmonics. 

One of the most important properties of eigenfunctions is the fact that the 
integral of the product of any two different eigenfunctions over a region specified 
by the boundary conditions is zero.* Thus by direct integration it is easy to show 
that 

ттх _ птх 


a/2 а[2 
|| Фт(Х)Фл(х) dx = || cos —— cos —— dx 
/2 2 а а 


—a —a/ 

* In general, for the integral to vanish, it is also necessary to multiply the two eigen- 
functions by another function called the weighting function. See, for example, Appendix П 
for a discussion of the integration of Bessel functions. 
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vanishes when т is not equal to п. When т = n, the integral is no longer zero, 
and has the value a/2. This property of eigenfunctions is known as orthogonality, 
and functions of this type are said to be orthogonal to one another. 

Because of the orthogonality property of eigenfunctions, it is possible to expand 
any function that is reasonably well behaved (and many that are not) in a series of 
eigenfunctions. However, since the functions Фа discussed above are even, they 
can be used to expand only even functions (cf. Prob. 5-35 for the more general 
case) To be specific, consider the even, but otherwise arbitrary, function f(x). 
The expansion in eigenfunctions can be carried out by writing 


f(x) = >) ees). (5-101) 


n odd 


The constants c, can be determined by multiplying both sides of this equation by 


¢m(x) and integrating from x = —a/2 to a/2; that is, 
a/2 a/2 
| S(x)em(x) ах = p» Cn [ Фһ(х)ет(х) dx. 
—2 n odd —a/2 


The integral on the right-hand side of this equation vanishes unless m = n, and 
as a result, the entire sum reduces to only one term, namely, the mth term. Thus 


2 a/2 
Cm = = | ЈОдет(х) ах. (5-102) 
а J ајә 


With this formula all of the constants in Eq. (5-101) can be computed. This 
procedure of expanding an arbitrary function in terms of eigenfunctions is widely 
used in reactor theory and will be employed throughout this book. 

Returning now to the original problem of solving the diffusion equation 
(Eq. 5-95), this can be accomplished by first expanding both ф(х) and s(x) in 
series of eigenfunctions, namely, 


$(x) = 2) Anen(x), (5-103) 
n odd 
and 
s(x) = У) Snen(x). (5-104) 
n odd 


Since the source distribution s(x) is known, the constants S, can be computed 
using Eq. (5-102), and the problem reduces to the finding of the constants Ap. 
Inserting Eqs. (5-103) and (5-104) into Eq. (5-95) yields 


d'en 1 | 1 
An ES — у; Фп| = — Sues. (5-105) 
2 dx? L? 1 D х 
Since e, satisfies the equation 
don 
dx? 


+ Bron = 0, 
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where B, is defined by Eq. (5-99), Eq. (5-105) can also be written as 


> An c + 5) Qn = 1 > $һёл. (5-106) 


n odd n odd 


Now, in view of the orthogonality of the ¢, functions, the nth terms on each side of 
Eq. (5-106) must be equal* so that 


20 S/D 2 S/A | 


= = (5-107 
В? + 1/12 1+ BL? ) 


n 


where use has been made of the definition of L? (cf. Eq. 5-53). With this result 
inserted into Eq. (5-103), the flux is 


_. 1 $л‹ф(Х) 
o(x) = = 2 gape (5-108) 


Equation (5-108) is the complete solution to the problem; ф(х) satisfies both the 
diffusion equation and the boundary conditions. 

It is interesting to carry the solution one step further. In view of Eq. (5-102), 
the constants S, are given by the integral 


a/2 
Sues | sede (5-109) 
а J аә 


Inserting this expression into Eq. (5-108) and writing x’ instead of x in the inte- 
grand to avoid confusion, the result is 
а/2 


2 UU Lum. "yo. Gi E 
$(x) = Fy 2 OP) as S(x Jpn (x) dx’. (5-110) 


With a little rearrangement this equation can also be written as 


a/2 
2 „|2. exCQes , У 
ф(х) = a E sens, 2 * T a ах. (5-111) 


The expression in the brackets can be identified at once as the diffusion kernel 
for the problem. Thus with 


у 25 гбде(х), £ 
G(x, x’) = ix. Рај ЖЕҢЕТ (5-112) 


* To see this in detail, multiply both sides of Eq. (5-106) by Ym and integrate from —a/2 
to +a/2. Only the mth terms on each side of the equation will remain, and Eq. (5-107) 
follows. 
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the flux b à 
а Фо) = [7 s(x, x dx. (5-113) 
—а12 


This result is simply a generalization of Eq. (5-83) to a finite system. 

One of the great advantages of the eigenfunction method is that it can be ex- 
tended without difficulty to problems involving more than one dimension. Thus 
it is easy to show that the kernel for any finite region enclosed by a free surface is 
always of the form 


/ 
G(r, r') = constant X у, m , (5-114) 


where the functions о, (г) satisfy the equation 
V?^o,(r) + Brent) = 0, (5-115) 


and vanish at the extrapolated surface of the medium. The flux arising from the 
general source distribution s(r) is then 


Фа) = f s(r)G(r, r^) dV’, (5-116) 
y 
where V is the volume of the region. 


Numerical methods. Many of the diffusion problems met in practice cannot 
be solved by the analytical techniques discussed above. These problems must be 
handled by numerical methods. Numerical computation is also frequently used 
even where an analytical solution is known, simply because it may be less time 
consuming to solve the diffusion equation directly by numerical methods than 
to evaluate a complicated, albeit elegant, analytical expression. This is particularly 
true when the calculations must be repeated many times in connection with 
parametric studies of reactors. 

With the advent of modern high-speed computing machinery, it has become 
possible to make computations using the transport equation as well as the diffusion 
equation, and a large number of programs, or “codes” as they are usually called, 
have been developed to handle a variety of problems with these equations. Since 
the transport equation is more complicated than the diffusion equation, computa- 
tions using transport codes generally take longer to perform on a computer and 
therefore tend to be more expensive to use than comparable diffusion codes. 
Nevertheless, because transport calculations give more nearly exact results than 
calculations based on diffusion theory and in view of the increased capabilities of 
modern computing equipment, transport codes are rapidly replacing diffusion 
codes in the design of nuclear reactors. 

While a discussion of numerical methods lies outside the scope of this book, it 
may be mentioned that these methods generally fall into two broad categories, 
namely, numerical integration and Monte Carlo.* The first category consists 


* *Monte Carlo" was the code name given to this method at the Los Alamos Laboratory 
during World War II. 
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essentially of a large number of techniques for numerically integrating a differential 
or integral equation. These methods are similar in principle to Simpson’s rule for 
evaluating integrals, familiar from elementary calculus. Monte Carlo represents 
a considerably different approach to numerical computation. In this method, the 
life histories of individual neutrons are duplicated in detail on a computer. It may 
be recalled that at each stage in the life of a neutron, its future behavior is de- 
termined by various probability distribution functions. For instance, the location 
of an interaction is determined by the function p(x) = Z; exp (—Z.x) (cf. Eq. 2- 
12); the type of interaction which it undergoes is determined by ratios of cross 
sections (for example, с,/с, is the probability that an interaction is elastic scatter- 
ing); the angle of scattering of the neutron (if it is scattered) is determined by the 
differential cross section c,(2); and so on. In a Monte Carlo calculation, these 
various probability distributions are sampled by the computer in such a way that 
the computed histories of the neutrons are reproduced exactly as they would 
occur in the actual physical problem. With this method it is possible, therefore, to 
obtain the exact neutron distribution for all problems involving neutron transport. 
Unfortunately, this method also has a number of serious drawbacks (in particular, 
computation times often are very long), and it is not as widely used in reactor 
computations as the numerical techniques mentioned above. (A simple problem 
illustrating the Monte Carlo technique is given in Prob. 5-40.) 

For a complete discussion of numerical methods, including Monte Carlo, the 
reader should consult the references at the end of the chapter. Information on 
computer codes is also noted in the references. 


5-11 "The Diffusion Length 


In Section 5-9, it was shown that L is the relaxation length for the flux produced 
by a planar source in an infinite medium. In other words, the flux from this source 
falls off by a factor of e in the distance L. This is a rather special situation, how- 
ever, and it is desirable to have a more general interpretation of the diffusion length. 

For this purpose, consider a point source emitting S neutrons per second in an 
infinite medium. These neutrons diffuse about in the medium, moving in compli- 
cated paths like the one shown in Fig. 5-12, until they are eventually absorbed; 
none can escape since the medium is infinite. According to Eq. (5-64), the flux 


Neutron 
absorbed here 


Actual path 
of neutron 


Fig. 5-12. Trajectory of a diffusing neutron from emission to absorption. 
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at the distance r from this source is given by 


S —riL 
Oe тр | 


The number of neutrons, dN, which are absorbed per second in a spherical shell 
of volume dV = 4тг? dr located between r and r + dr is therefore 


dN = 2,¢(r) dV = 32 те“ ТЕ dr. 


Since by definition L? = D/Zq, this can also be written as 


dN = s re"? dr. 


If a total of S neutrons are emitted per second by the source, and dN neutrons 
are absorbed per second between r and r + dr, the probability p(r)dr that a 
neutron emitted by the source is absorbed in dr is clearly just dN/S, that is, 

r 


p(r) dr = x = D е"! dr, 


and the probability distribution function p(r) is 


po) = qe. (5-117) 
In view of the formula x 
! 
i x'e dx = m , (5-118) 


in which п is an integer, it is easy to see that 
со 
|| p(r) dr = 1. 
0 


Thus the probability that a source neutron is eventually absorbed somewhere in 
the infinite medium is unity, as it must be. 

The nth moment of a probability distribution such as p(r) is defined as the average 
value of r” over the distribution. Denoting this quantity by r^, it follows that 


"= | “(гу dr. (5-119) 
0 


Using Eqs. (5-117) and (5-118), the moments of p(r) can easily be obtained. 
For reasons that will be discussed in Chapter 9, it is the second moment of p(r) 
that is of the greatest importance in reactor theory. This is 


oo 


=> 1 3 — 11 2 
poe. БАИ dr = 61“. 
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Thus the following result is obtained: 
І? = +. (5-120) 


In other words, the square of the diffusion length is equal to one-sixth the average 
of the square of the crow-flight distance* that a neutron travels from the point 
where it is emitted to the point where it is absorbed. Incidentally, the parameter 
І?, for obvious reasons, is called the diffusion area. 

This discussion of diffusion length has been based entirely upon diffusion theory. 
There are, however, many situations in which diffusion theory is not valid because 
of anisotropic scattering in the laboratory system, a rapidly varying flux, or for 
some other reason. Nevertheless, it is still convenient to define a diffusion length, 
and in these cases Eq. (5-120) is taken to be the definition of L?. Thus whether 
diffusion theory is valid or not, L? is defined to be 72/6. Only if diffusion theory is 
valid is L? also given by the formula L? = D/Zq. Methods for measuring L in 
the important case of thermal neutrons will be discussed in Chapter 8. 


5-12 "The Reciprocity Theorem 


At this point it is convenient to derive an important theorem regarding neutron 
diffusion. This theorem, which is known as the reciprocity theorem, will be used 
in a number of practical problems later in this book, particularly in connection 
with calculations of heterogeneous reactors in Chapter 11. 

Let G(r, r^) be the steady-state, one-velocity flux at r due to a unit source at r' 
in any uniform or nonuniform, finite or infinite medium in which Fick's law is 
valid. The function G(r,r’) is the one-velocity point diffusion kernel for the 
medium in question. For the special case of a uniform, infinite medium, G(r, r^) 
is the function Gpt(r, r’) which was derived in Section 5-10. If the medium 15 
finite, G(r, r^) vanishes at the extrapolated surface; if the medium is infinite, 
G(r, r^) vanishes at infinity. 


According to Eq. (5-43), G(r, r’) is determined by the equation 
div D grad G(r, r’) — z,G(r, г) = —é(r — г), (5-121) 


where D and Z, may be functions of r, and div and grad operate on the variable r, 
since г' is merely the source point. With a source located at the point г”, the 
diffusion equation becomes 


div D grad G(r, r”) — Z,G(r, г) = —é(r — тг”). (5-122) 
If Eq. (5-121) is now multiplied by G(r, r”) and Eq. (5-122) is multiplied by 


G(r, r^), and the resulting equations are then subtracted and integrated over the 


* Crows, it seems, travel in straight lines before they alight. The “‘crow-flight distance" 15 
thus the shortest distance from the point where the neutron is emitted to where it is ulti- 
mately absorbed (cf. Fig. 5-12). 
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volume of the medium, it is found that 
f. [G(r, r”) div D grad G(r, r’) — G(r, г) div D grad G(r, r)] dV 
— |А G(r, r”) ô — г) dV + Í, G(r, r’) à(r — r”) aV 
— G(r', r^) + G(r”, г). (5-123) 


The left-hand side of this equation can be transformed by use of the identity 
f div D grad g = div (fD grad g) — D grad f · grad g. (5-124) 
Thus 
/, [G(r, r^") div D grad G(r, r’) — G(r, r^) div D grad G(r, r")] aV 
= Í, div D[G(r, г”) grad G(r, r’) — G(r, r’) grad G(r, г”)] dV 


= |, D[G(r, r”) grad G(r, r') — G(r, r^) grad G(r, r’’)]-n dA, 
(5-125) 


where use has been made of the divergence theorem.* However, since both 
G(r, r^) and G(r, r”) vanish on the surface, this integral is zero and it follows from 
Eq. (5-123) that 

G(r’, r”) = G(r’, г). (5-126) 


By definition, the first variable in the G function is the point where the flux is 
observed; the second variable is the location of the source. Equation (5-126) 
shows, therefore, that the source and observation points can be exchanged. That 
is, the one-velocity flux at т’ due to a unit source at x" is the same as the one-velocity 
flux observed at r” when the source is moved tor’. This is the reciprocity theorem. 

This result is more general than it might appear from the above derivation which 
is based on diffusion theory. Thus it can be shown that Eq. (5-126) holds rigorously 
whether diffusion theory is valid or not. It must be emphasized, however, that 
the reciprocity theorem only applies in the one-velocity case. (The precise re- 
quirement for the validity of the reciprocity theorem is that the integrodifferential 
operator determining the flux must be self-adjoint. This condition is satisfied in 
all one-velocity problems. Self-adjoint operators will be discussed in Chapter 15.) 
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Reactor codes 


Reactor Physics Constants, USAEC Report ANL-5800, 2nd ед., 1963. Section 10 of this 
report contains information on a large number of reactor codes. 

Abstracts of reactor codes are issued from time to time by the Argonne Code Center at 
the Argonne National Laboratory and distributed by the American Nuclear Society. 


Problems 


[Note: Except where otherwise specified, the neutrons are to be treated as monoenergetic. 
Cross sections where needed should be computed at 0.025 eV.] 


5-1. At one point in a block of graphite the remarkable situation is found that the 
neutrons are traveling in only. the positive and negative x-directions (see Fig. 5-13), and 
all have the energy 0.025 eV. There are 1019 neutrons/sec crossing unit area normal to 
the x-axis in the positive direction and 0.5 X 1019 neutrons/sec crossing unit area in 
the negative direction. (a) Compute the neutron flux and current at this point. (b) Com- 
pute the collision density. 


x-axis 
— Bs = 
1010 0.5 1010 
Figure 5-13 


5-2. Two monoenergetic neutron beams, each of intensity 5 X 109 neutrons/cm?-sec, 
cross at an angle of 45°. Compute the neutron flux and current in the region where the 
beams intersect. 


5-3. The neutron density distribution function at the point r is 
n(r, w) = ne-*^(1 + cos 9), 


where л and \ are constants, and à is the angle between w and the z-axis. Compute at г: 
(8) the neutron density, (b) the flux, (c) the current. 


5-4. At a certain point in a reactor, the neutron density distribution function is given by 
1/2 —E _ 9 
n(r, E,w) = nE "e cos 5 , 


where n and a are constants, and ó is the angle between w and the z-axis. Determine 
(a) the total neutron density, (b) the energy-dependent flux, (c) the neutron current. 


5-5. Show that the neutron density distribution function at any point in a monodirectional 
beam of monoenergetic neutrons moving along the x-axis is given by 


пса) = — би — 1), 


where л is the neutron density, ó(u — 1) is the Dirac delta function, and и is the cosine 
of the angle between w and the x-axis. 
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5-6. Consider a point where the flux is isotropic, that is, where there are equal numbers 
of neutrons moving into solid angles dQ about every direction w. (a) Show that the 
neutron density distribution function is given by 


по) = i. , 


where ф is the flux. (b) Show that the magnitude of the current density of neutrons moving 
into any direction is given by 


_ ®. 
= 


(с) What is the total current at this point? 
5—7. Consider a unit area on the surface of a semi-infinite medium, i.e., the region defined 
by 0 X x < o. (a) If the flux is a constant in the medium and zero outside, and the 
scattering is isotropic in the laboratory system, show that the number of neutrons passing 
through this area into a solid angle dQ about w is proportional to the cosine of the angle 
between w and the normal to the surface. This result is called Lambert’s cosine law. 
(b) If the flux, in fact, increases with distance into the medium from a value of near zero 
. at the surface, as it does in most practical problems, discuss qualitatively how this affects 
the angular distribution of the neutrons emitted through unit area of the surface. 
5-8. Neutrons are produced uniformly and isotropically throughout a spherical chamber 
containing a mixture of НЗ and Н? gases at high temperature (~10°°K) and low density. 
(The neutrons originate in the H?(d, n)He* and на, n)He? fusion reactions.) Show 
that the neutron flux and current at any point on the surface of the chamber are given by 
ф = 58/2 and J = SRa,/3, respectively, where S is the source density (neutrons/cm?- 
sec), R is the radius of the chamber, and a, is a unit radial vector. The neutron mean free 
path in the medium is essentially infinite. [Nore: It considerably simplifies the calculations 
if the origin of coordinates is chosen to be on the surface of the chamber.] 
5-9. Isotropic neutron sources are uniformly distributed over the planar surface of a 
semi-infinite diffusing medium. If S neutrons are emitted per cm?/sec of the surface, 
show that the flux of uncollided neutrons in the medium is given by 


5 
фи(х) == 2 E,(2;x), 
where (cf. Appendix П) 


E,(z) = | — а. 


5-10. A spherical target is placed in a monodirectional beam of neutrons of intensity Z. 
The area of the beam is larger than the cross sectional area of the sphere. Show that the 
total reaction rate within the sphere in such a beam is equal to the reaction rate when the 
sphere is completely immersed in an isotropic flux of magnitude equal 10 7. 

5-11. Show by direct calculation that the second-order terms in the derivation of Fick's 
law vanish identically. 

5-12. Using Eq. (5-38), compute the diffusion coefficients of the following materials 
at 0.025 eV: (a) iron, (b) natural uranium, (c) uranium enriched to 2.5% 0235, 

5-13. Show that Eq. (5-38) reduces to Eq. (5-37) when Æ = 0 and Z,/2,« 1. 
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5-14. Two isotropic point sources each emitting pe ee 
S neutrons/sec are placed in an infinite diffusing me- $ реше T3777 © 
dium as shown in Fig. 5-14. (a) Find the flux at the 

point P. (b) Find the current at the point P. | 

5-15. Three isotropic point sources each emitting 
S neutrons/sec are placed in an infinite moderator at 
the vertices of an equilateral triangle of side a. Find 
the flux and current at the midpoint of any side of the 
triangle. 

5-16. A bare sphere of moderator of radius a contains Figure 5-14 
uniformly distributed sources of neutrons emitting 

S neutrons/cm?-sec. (a) Find the flux and current within the sphere. (b) What is the 
neutron current exterior to the sphere? (c) What is the probability that a source neutron 
does not leak from the sphere? | 

5-17. Neutron sources are distributed over the plane at x = 0 according to the function 
S(y, z). Show that the source condition is 


ye 


lim J;(x, y, z) = 50, 2) х 
2-0 2 


5-18. А 0.025-eV neutron is incident normally on a slab of graphite 100 ст thick. (a) 
What is the probability that the neutron passes through the slab without a collision? 
(b) What is the probability that it ultimately passes through the slab? (c) What is the 
probability that it is reflected from the slab? 

5-19. An infinite line source emits S neutrons/sec per unit length of the source into an 
infinite homogeneous medium. Show that the appropriate source condition is 


; 5 

lim rJ(r) = =>» 

т—0 i () 2r 
and that the flux is given by 

S 
Ф = 425 Кос), 
where Ко is the modified Bessel function of the second kind (cf. Appendix II). 
5-20. Along the axis of an infinitely long bare cylinder of radius a there is a line source 
of neutrons emitting S neutrons/sec per unit length of the source. (a) Find the flux and 
current within the cylinder. (b) What is the neutron current exterior to the cylinder? 
(c) What is the probability that a neutron from the source does not escape from the 
cylinder ? 
5-21. Monoenergetic sources of neutrons emitting S neutrons/cm?-sec are distributed 
uniformly throughout an infinite moderator. (a) Show that the flux is given by 
S 
фо = x: 


a 


(b) If an infinite sheet of thin absorber is inserted in the medium at x = 0, show that the 
flux becomes 


ye te 
«9 = oot =- ETD) 
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in which Y = 227, where $; and ¢ are respectively the absorption cross section and thick- 
ness of the sheet ; the other parameters refer to the moderator. Hint: Treat the absorbing 
sheet by a “source” condition 


m Јо) = —Zato(0)/2. 


5-22. А monodirectional beam of neutrons of intensity 7 impinges on a semi-infinite 
diffusing medium. The flux in the medium can be found in two ways: (1) by solving the 
diffusion equation subject to the boundary condition J*(0) = I, ог (2) by treating the 
first collision density as a distributed source within 
the medium. Compute and sketch the flux using 
these two methods and discuss the validity of each 
solution. 


5-23. The neutron flux at the surface of a submerged 
nuclear submarine is found to be given by the ex- 


pression 
ф = а + Бсоѕ9, 


where a and b are constants and 9 is the cylindrical 
angle measured from the vertical (cf. Fig. 5-15). 
Find the flux in the surrounding sea water. [Hint: 
Solve the diffusion equation in cylindrical coordi- : 
nates using the method of separation of variables. Figure 5-15 

(See any book on advanced calculus or see 

Section 9-3.)] 

5-24. Consider two adjacent diffusing regions A and B. A contains neutron sources; 
B does not. The albedo or reflection coefficient 3 of region B with respect to А is defined 
. as the ratio 


Jout 
, 


pow 
in 
where Jin and Jost are, respectively, the neutron currents entering and emerging from B; 
both are computed at the interface between the two media. (a) If region B is an infinite 
slab of thickness a, show that its albedo is given by 


_ 1 — (20/1) coth (a/L) 
В = 1X QD/D coth (a/D) ' 
where all parameters refer to region B. (b) Plot 8 as a function of a if region B is H20. 
(c) Compute 8 when region B is infinitely thick for the four common moderators Н20, 
020, Be, C. 
5-25. A sphere of moderator А of radius a is immersed in an infinite region of moderator 
B. An isotropic source emitting 5 neutrons/sec is located at the center of moderator А. 
Find the flux throughout the system. 
5-26. Consider an infinite, uniform, source-free medium containing neutrons. (a) If the 
scattering is isotropic in the laboratory system show that the flux satisfies the integral 
equation: 
EP у жылыны! 2 
фи) = 2, | o ш 


r’|2 
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where the integral is carried out over all space. This equation is the integral form of the 
transport equation. (b) Taking r = 0, for simplicity, expand ¢(r’) in the Taylor series: 


b(t’) = ф(0) + хф„(0) + »ó,(0) + 2,0) + 4х2, (0) + 3xyés0) +, 


where differentiation is indicated by subscripts. By direct substitution into the integral 
equation show that if the series is truncated after second-order terms, the flux satisfies 
the diffusion equation and D is given by Eq. (5-37). [This result can be generalized as 
follows. When the complete series is inserted into the integral equation it is found that 
only terms in У2ф, Уф, . .. , У2"ф remain after the integration is performed. The flux 
will then satisfy the diffusion equation only if D is computed from the equation 


2s Din Zit У 22] Р | _ 
2 NZa |у,— VZD 
This is one derivation of Eq. (5-38), in the case of isotropic scattering (и = 0).] 


5-27. (a) By solving the diffusion equation for a planar source located at x’, show that 
the diffusion kernel for an infinite slab of thickness а is given by 


1. 


. . Ifa ..lía 

d be L sinh} (5 - )зив1(4 + >), х > х’, 
(X) = D sinh (ал) i» is 

. lfa . „1 ја _ | ; 

sinh (5 + x) sin (5 У) x«x. 


(b) Using this kernel calculate the flux in a slab containing uniformly distributed sources 
emitting S neutrons/cm?-sec. 

5-28. (a) By computing the flux due to a thin spherical shell of neutron sources of radius 
r', show that the diffusion kernel for a spherically symmetric source distribution in an 
infinite medium is given by 


у ЧА 
G(r,r) = 


Sarr’ D —(— (м 
fer Ц к<. 


[ Hint: Use the source condition 4x(r’)? lim, „о W-@’ + 9 — 4,6 — 91 = 1.] (b) Using 
this kernel compute the flux at any point in an infinite medium containing uniformly 
distributed sources emitting S neutrons/cm?-sec. 

5-29. Using the diffusion kernel derived in Problem 5-28 calculate the flux throughout 
a sphere of radius R containing uniformly distributed sources emitting S neutrons/cm?- 
sec. 

5-30. The diffusion kernel, G(x, х”), for a semi-infinite medium, ie. the region 
0 < x < c, can be calculated by supposing that for every planar source at x’ there is a 
negative planar source at — x' (cf. Fig. 5-16), and that for the purposes of the calulation, 
the medium is extended to — со. The flux due to the two planar sources then satisfies the 
diffusion equation and vanishes at the surface of the medium. This technique is known 
as the method of images. (a) In this way, show that the diffusion kernel for a semi-infinite 


PROBLEMS 163 


medium is Vacuum к Medium 


Em. vases. dud 

GG, x) = pg nM S uteri 

(x, x’) 2 pi ] 

(b) Using this kernel, compute the flux in a Negative 

semi-infinite medium containing uniformly usd 
distributed neutron sources. " 


m d 


Figure 5-16 

—х^ х=0 

5-31. Neutron sources are distributed in a bare infinite slab of extrapolated thickness a 
according to the relation 


s(x) = S(x + a/2), 


where S is a constant and x is measured from the center of the slab. Show that the flux 
within the slab is given by 
В S| 1  sinh[(x + sm. 
Zala 2 sinh (a/L) 
5-32. Verify that 


a/2 
ттх птх 
| COS —— cos — dx 


vanishes unless m = n. 
5-33. Expand the function 


Дх) = Аа? — 4x), — 


in a series of slab eigenfunctions. 

5-34. A bare slab of moderator of extrapolated thickness a contains a uniformly distrib- 
uted source of thermal neutrons emitting S neutrons/cm?-sec. Find the thermal neutron 
flux and current in the slab (a) by directly solving the diffusion equation and (b) by using 
the eigenfunction method. Show that the two solutions are equivalent. 

5-35. The eigenfunctions derived in Section 5-10 are even functions of x and hence are 
appropriate for problems involving source distributions which are also even in x. (a) 
Show that the eigenfunctions appropriate for arbitrary source distributions in a slab are 


odd, 


mx 
COS —? n 
Qn = a 


. Hx 
Ssin——-* n 
a 


even. 


(b) Show that these functions form an orthogonal set. 

5-36. A planar source emitting S neutrons/cm?-sec is placed in the center of an infinite 
bare slab of moderator or extrapolated thickness a. (a) Find the rate at which neutrons 
are absorbed in the slab. (b) Find the rate at which neutrons leak from the slab. (c) What 
is the probability that a neutron emitted by the source will not escape from the slab? 
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5-37. Consider the infinite slab containing an arbitrary distribution of neutron sources 
which was discussed in Section 5-10 by the eigenfunction method. In the steady state 
the total number of neutrons emitted by the sources within the slab must be equal to the 
number absorbed in the slab plus the number escaping from the surface. Verify this 
condition using the expression for ф(х) given in Eq. (5-110). 

5-38. A bare cube of moderator of side a contains at its center an isotropic point source 
emitting S neutrons/sec. (a) Show that the flux is given by 


8S 1 Ix тту пт2 
——————~ cos — cos ——= cos — › 


3 2 2 
а 2, l,m,n 1 + BimnL 8 а а 
оаа 


ф = 


where 
2 
Benn = (2 + т? + a(z) . 


(b) Derive an expression for the probability that a source neutron will escape from the 
cube. [Hint: In part (a) expand ф in the triple eigenfunction series 
mmy | пт? 


Ітх 
ф = у Aimn COS — COS —— COS 
a a a 


, 


and find Aimn by substituting this series into the diffusion equation.] 


5-39. An isotropic point source emitting S neutrons/sec is placed at the center of a right 
circular cylinder of moderator of radius R and height H. (a) With the origin of cylindrical 
coordinates at the center of the cylinder, show that the source function is given by 


E Só(r)ó(z) | 
тр 


s(r, 2) 
(b) Show that the flux is given by 


2S Y cos (тт2/ H)Jo(xsr/ К) А 
ХИ Сы а + Brn ЛО) 


п=1,2,8,... 


фт, 2) = 


where V is the volume of the cylinder; x, is the mth zero of Јо(х), that is, Јо(Хл) = 0; and 


2 тт\? РАЧЕ 
EE (2) ii (5) | 
[Hint: In part (a) consult Appendix II. In part (b) use the orthogonality of the Bessel 


functions discussed in Appendix II, and expand both s(r, 2) and $(r, z) in a double 
eigenfunction series, viz., 


Фа, 2) = У) Amn соз 63 Jo (=) А 


Determine A,,, by substituting into the diffusion equation.] 

5-40. The underlying principle of a Monte Carlo computation may be seen from the 
following example. A college professor from upstate New York on a visit to New York 
City goes out for a random walk in midtown Manhattan (the cartesian part of town). 
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At each intersection he tosses a coin twice. If it falls heads-heads he turns north; heads- 
tails, east; tails-tails, south; and tails-heads, west. By tossing coins, duplicate this random 
walk and estimate the average distance, as the crow flies, that he has traveled from his 
room at the YMCA when he has walked a total distance of 10 blocks. Assume that the 
blocks are square. 


5-41. A point source of neutrons is located in an infinite medium which absorbs but does 
not scatter neutrons, that is, За >> Z,. (a) Find the probability distribution function 
describing the absorption of the neutrons. (b) Compute the second moment of this 
function and compare with the comparable second moment for a diffusing medium. 


5-42. A monoenergetic isotropic point:source emitting S neutrons/sec is located at the 
distance R/2 from the center of a sphere of moderator of radius R. Derive an expression 
for the flux at the center of the sphere. 


6 


Neutron Moderation Without 
Absorption 


It will be recalled from Chapter 3 that fission neutrons are fairly energetic, having 
an average energy of about 2 MeV. Before these neutrons induce additional 
fissions to sustain a chain reaction, their energy is reduced, often by several orders 
of magnitude, as the result of successive elastic and inelastic collisions with the 
nuclei in the system. In thermal reactors, for instance, almost all of the fission 
neutrons slow down to thermal energies before they induce further fissions. By 
contrast, they only slow down to the order of 100 keV or so in fast reactors before 
they interact with the fuel and produce fissions. 

In considering the slowing down of neutrons in a thermal reactor it is con- 
venient to divide the energy scale of the neutrons into two more or less distinct 
regions defined by a cutoff energy Em. The value of Em is chosen in such a way that 
for interactions at energies above E, the nuclei in the system can be assumed to 
be free, that is, unencumbered by chemical binding effects, and at rest with respect 
to an incident neutron. In this case, the laws governing the energy loss of neutrons 
in scattering collisions are comparatively simple, and it is possible to develop an 
analytical theory of neutron slowing down using elementary methods. By con- 
trast, at energies below E, the various chemical binding effects discussed in 
Section 2-8 must. be taken into account, along with the fact that due to its ther- 
mal motion the energy of a nucleus may be comparable to or even larger than 
that of an incident neutron. In practice, it is found that Em is of the order of 1 eV. 

The energy region above Em is called the moderating region, and the slowing down 
of neutrons in this region is known as moderation. Neutron moderation in the 
absence of absorption forms the subject of the present chapter; moderation with 
absorption is covered in Chapter 7. The behavior of neutrons at energies below 
Em will be considered in. Chapter 8. 

In systems composed of light nuclei the moderation of neutrons is due almost 
entirely to elastic scattering, due to the fact that the inelastic thresholds of light 
nuclei are so high. If large amounts of intermediate or heavy nuclei are present, 
however, inelastic scattering by these nuclei may make an important contribution 
to the moderation of the neutrons and must be taken into account. In the first 
sections of this chapter it is assumed that the neutrons interact only by elastic 
scattering; moderation by inelastic scattering is discussed in Section 6-15. 
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Fig. 6-1. Vector diagram for relating the center-of-mass and laboratory speeds of an 
elastically-scattered neutron. 


Direction of incidence 


6-1 Energy Loss in Elastic Collisions 


When a neutron is elastically scattered by a nucleus which is initially at rest in the 
laboratory, the nucleus recoils, since momentum must be conserved in the collision. 
As a result, the laboratory energy of the incident neutron is diminished by an 
amount equal to the energy acquired by the recoiling nucleus. When the collision 
is viewed in the center-of-mass system, as explained in Section 2—5, the energies of 
neutron and nucleus remain the same and only the direction of motion of the two 
is changed. Figure 6—1 shows the vector diagram relating the neutron velocities 
in the laboratory and center-of-mass systems for a neutron scattered through an 
angle 9 in the laboratory, which corresponds to the angle 0 in the center-of-mass 
system. In the figure, р; and v; are the neutron speeds after the collision in the 
laboratory and center-of-mass systems, respectively, and vo is the speed of the 
center of mass. If the scattering is elastic, v; = Ve, where ve is the initial speed in 
the center-of-mass system, and from the law of cosines it is evident that 


(vf)? = v2 + об + 2000, cos 6. (6—1) 


In view of Eqs. (2-29) and (2-30), v. = Аш/(А + 1) and vo = vi/(A + 1), 
where v; is the initial speed of the neutron in the laboratory. It follows that 


Avi : 01 ) 2 Av} 
Ces У + (724 Toa paa 
2, 42 
_ vi(A* + 24 соѕ 0 + 1). 
= arn ven 
The laboratory kinetic energies of the neutron before and after the collision, 
Е, and Ef, are given by E, = §mu? and Ej = 4m(vj)’, and Eq. (6-2) can be 
written as 


(vi)? 


2 
А? + 2Acos@ + Ч. (6-3) 


ЗА ds 


This equation relating Е;, Ej, and the angle 6 can be put in a more convenient form 
. upon introducing the parameter а (not to be confused with the capture-to-fission 


ratio) defined by 
A—1V 
a= (4x3) i (6-4) 
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With a little algebra Eq. (6-3) then becomes 
Ei = $E([(1 + а) + (1 — а) cos 6]. (6-5) 


From Eq. (6—5) it is easy to see that the energy of the scattered neutron is great- 
est for 6 = 0, namely, 
(E1)max = En (6-6) 


as would be expected. On the other hand, the minimum value of E; occurs when 
0 = т, that is, 
(Et)min = oF}. (6-7) 


Thus the minimum energy of a neutron after an elastic collision is determined by 
the parameter a, which, from Eq. (6—4), depends only upon the mass of the struck 
nucleus. 

Table 6-1 


Elastic Slowing-Down Parameters 


Nucleus Бог Ё 


Hydrogen 1.000 
H20 0.920 
Deuterium 0.725 
D20 0.509 
Beryllium 0.209 
Carbon 0.158 
Oxygen 0.120 
Sodium 0.0825 
Iron 0.0357 
Uranium 0.00838 


* Not defined. 


According to Eq. (6—4) « is equal to zero when A = I, i.e., for hydrogen, and 
increases to unity with increasing A (cf. Table 6-1). In view of Eq. (6-7), it is evi- 
dent that a neutron can lose all its energy in a single collision with hydrogen, while 
for collisions with all other nuclei it can lose at most only a fraction of its original 
energy. For example, о is 0.716 for carbon, so that (Ерла = 0.716Е;. Neutrons 
can lose therefore at most only 28.4% of their energy in an elastic collision with 
а carbon nucleus. On the other hand, for 0238, о is 0.983, and in this case no 
more than 1.7% of a neutron’s energy can be lost in an elastic collision. To 
summarize, the maximum fractional energy loss in a single elastic collision decreases 
with increasing mass of the struck nucleus. 

In any case, the energy of an elastically scattered neutron always lies between 
aE and E, where E is its original energy. (The subscript denoting the laboratory 
system will be dropped from here on, since only laboratory energies will be con- 
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sidered.) It is important now to consider where in the interval from o£ to E the 
energy of the scattered neutron is likely to fall. For this purpose, it is convenient 
to introduce the probability distribution function P(E — E"), which is defined so 
that P(E — E") dE' is the probability that a neutron with the laboratory energy E 
will emerge from a collision with an energy between Ё’ and E’ + dE’. 

From the above discussion it is clear that P(E — E") = O for Е < Е < a. 
Within the region «E « E' « E, P(E — E") can be determined by the following 
argument. First, it will be noted that in view of Eq. (6—5), the energy of the 
scattered neutron depends upon the angle through which the neutron is scattered. 
(Either laboratory or center-of-mass scattering angles can be used here, but it is 
more convenient to use the latter.) The neutrons which emerge with energies be- 
tween E’ and E' + dE’ are therefore the same neutrons that are scattered be- 
tween angles 6 and @ + dé. Now, as shown in Section 2-4, the probability that 
a neutron is scattered between 0 and 0 + 40 is given by c,(0)d0(0)/c,— 
2тс (6) sin 6 d/c,, where o,(6) and с, are the differential and total elastic cross 
sections, respectively. It follows that 


_ 2то,(0) sin 0 29. 


P(E — E') dE' = _ 


(6—8) 
The minus sign appears in this equation because E' decreases with increasing 6, and 
a positive value of d6 necessarily implies a negative value of dE’; with the minus 


sign included in Eq. (6-8), it is assured that P(E — E") is a positive quantity. 
Returning to Eq. (6-5) and taking differentials, the result is 


dE' = —iE(l — о) sin 6 dé. (6-9) 
Dividing Eq. (6-8) by Eq. (6-9) gives 
_ _ 4na,(8) 
P(E- E) = Ell — ay, 


for E' in the intervalaE < E’ < E. In summary, therefore, P(E — E") 15 given by 


Апа (0) А 
P(E — Е) = 4 ЕП — ago, 


0, E < Е < «Е. 


aE < Е < E, 
(6-10) 


Equation (6-10) shows that the energy distribution of elastically scattered 
neutrons is directly proportional to the differential scattering cross section. An 
important special case is that of isotropic scattering in the center-of-mass system. 
It will be recalled from Chapter 2 that this occurs when kR < 1, where k is the 
wave number of the incident neutron and R is the radius of the struck nucleus. 
In this case, o,(0) is a constant, namely, 


e,(0) = 22 (6-11) 
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and Eq. (6-10) becomes 


1 
P(E > E) = Ј ЕД — a) 


0, E< E'< aE. 


aE < Е < E, 
(6-12) 


(Hence, when the scattering is isotropic in the center-of-mass system, the energy 
distribution of the scattered neutrons is a constant, independent of E'. In other 
words, the energy of a scattered neutron will be found with equal probability 
in any interval dE’ between Ё’ = aE and E' = E. 

Incidentally, it is easy to show by direct calculation (cf. Prob. 6-2) that the 
integral of P(E — E") between aE and E is equal to unity. This is to be expected, 
since a scattered neutron necessarily must appear with an energy somewhere in this 
interval. In particular, for isotropic center-of-mass scattering, P(E — E") is given 
by Eq. (6-12) and 


E E 
1 
Р Р Fl 
| pe Ба вт Ј „4 1. 


When the scattering is not isotropic in the center-of-mass system, P(E — E") 
is not independent of E', since 6 and E' are related by Eq. (6-5) ando,(6) is no longer 
a constant. If the scattering is forward peaked, that is, neutrons are preferentially 
scattered through small angles, P(E — E") is larger near E' = E than near 
E' = aE, since neutrons lose comparatively little energy in small angle scattering. 
On the other hand, if с,(6) is peaked in the backward direction, P(E — E") is 
larger near Е’ = aE. The function P(E — E") is shown in Fig. 6-2 for these 
cases and also for isotropic scattering. The area under each of these curves is 
equal to unity. 


P(E—E/) 


Forward 
Backward scattering 
scattering 


Isotropic 
scattering 
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E’ 


aE E 


Fig. 6-2. Elastic scattering distribution functions P(E — E’) for forward scattering, 
backward scattering, and isotropic scattering, all in the center-of-mass system. 
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The average energy Е' of elastically scattered neutrons can be found by comput- 
ing the integral 


FE = / . E'P(E > Е) dE’. (6-13) 


For isotropic scattering in the center-of-mass system, P(E — E’) is given by 
Eq. (6-12), and Е is easily found to be E(1 + o)/2. The average energy of the 
scattered neutron thus lies midway between E and а. The average energy loss 
per collision is then E — ЕП + 0)/2 = ЕІ — a)/2 and depends upon the 
energy of the neutron before the collision, as one would expect. The average frac- 
tional energy loss, however, is independent of the initial energy of the neutron and 
is simply E(1 — a)/2 + E = (1 — а)/2. With hydrogen, for example, since 
a = 0, neutrons, on the average, lose half of their energy in each collision regard- 
less of their initial energy. 


6-2 Collision and Slowing-Down Densities 


The energy-dependent flux ¢(r, E), which was defined in Section 5-1, is propor- 
tional to the number of neutrons/cm? at the point r which have an energy between 
E and E + dE. The function ¢(r, E) can therefore be used to describe quanti- 
tatively the slowing down of neutrons. A knowledge of ó(r, E) at every point in a 
reactor necessarily specifies to what extent the fission neutrons have been moder- 
ated within the system. 

For calculational purposes, however, it is somewhat more convenient to describe 
the slowing down of neutrons in terms of the interaction rate or collision density 
F(r, E), which was also introduced in Section 5-1. This function, it will be recalled, 
is defined so that F(r, E) dE is equal to the number of neutron-nucleus interactions 
occurring per cm?/sec at the point r in the energy interval dE between Е and 
E + dE. In view of this definition, it should be remembered that F(r, E) is the 
number of interactions per cm?/sec per unit energy. 

Another important quantity which is also used to describe the slowing down of 
neutrons is the slowing-down density denoted by q(r, E). This is defined as the num- 
ber of neutrons/cm? at the point r whose energy falls below E per sec. Since neu- 
trons obviously lose energy only at collisions with nuclei (and not in between 
collisions), q(r, E) is equal to the total number of collisions per cm?/sec at r in which 
the energies of the colliding neutrons fall below E. If, for instance, at a certain point 
there are a total of 1019 collisions per cm?/sec at energies above 1 MeV, and the 
energies of the neutrons fall below this energy in one-half of the collisions, the 
slowing down density at 1 MeV would be 0.5 X 10!? per cm?/sec. 


6-3 Moderation of Neutrons in Hydrogen 


In developing a quantitative theory of the slowing down of neutrons, it is easiest 
to begin with hydrogen. This is because, as shown in Section 6-1, neutrons can 
lose all their energy in a single collision with hydrogen, whereas they can lose at 
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most only a fraction of their original energy in collisions with all other nuclei. 
It will soon be evident that this fact considerably simplifies the analytical problem. 

To simplify the problem further, all spatial variation in the slowing down of the 
neutrons will be ignored temporarily and only the distribution in energy of the 
neutrons will be considered. For this purpose consider an infinite, homogeneous, 
hydrogenous medium containing uniformly distributed sources emitting neutrons 
with the energy E, at the constant rate of S neutrons рег cm?/sec. Following their 
emission, these neutrons travel about through the medium, and as the result of 
elastic collisions lose energy in the manner discussed in the preceding sections. 
However, since the medium is infinite and the neutrons are emitted uniformly 
throughout, the number of neutrons in any energy interval below Eo must be 
independent of position. Consequently, the energy-dependent flux, the collision 
density, and the slowing-down density will not be functions of position, although 
they may depend upon energy. As already noted, it will also be assumed that 
the medium does not absorb neutrons. (In fact, hydrogen does not absorb neutrons 
to any appreciable extent, except at very low energy.) 

The collision density F(E)* for hydrogen can E 
be determined by considering the scattering of 8 
neutrons into and out of an energy interval dE at 
E, as indicated in Fig. 6-3. Neutrons arrive in dE dE’ Е/ 
as the result of scattering collisions that occur at ДЕ Е 
higher energies. Since a collision with hydrogen 
can drop the energy of a neutron to any lower 
value, some of the source neutrons may acquire 
an energy in dE as the result of only one collision. 
By the same token, neutrons that have had one 
or more. collisions but whose energy E' is still Fig, 6-3. Diagram for analysis 
above E may also fall into dE with their next — of slowing down in hydrogen. 
collision (cf. Fig. 6-3). 

Consider first the source neutrons. In the steady state, if S of these neutrons 
are produced per cm?/sec, exactly this number of neutrons must be scattered 
per cm?/sec at this energy. If this were not so, there would be an accumulation 
of neutrons at Eg. From Eq. (6-12), since a = 0, the probability that one of these 
neutrons will be scattered into dE is 


0 


P(E) > E)dE = аЕ/Е,. 


It follows that a total of S dE/Eg source neutrons are scattered directly into 
dE per cm?/sec. 

Turning next to the neutrons having energies between Е and Eo, there are, by 
definition, F(E") dE’ scattering collisions per cm?/sec in the energy interval dE’ 
at E'. The probability that one of these neutrons is scattered into dE is dE/E', 


* The subscript on F(E) denoting elastic scattering will be omitted in this chapter. 
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so that F(E’) dE’ dE/E’ neutrons are scattered per second from dE’ to dE. The 
number of neutrons arriving in dE from all dE’ above E is therefore 


Eo 
| F(E') dE' ДЕ | 
Е Е' 


Since in the steady state the number of neutrons scattered into dE must be equal 
to the number scattered out, it follows that 


Eg у ; 
У ишш, 
Eo E E 


After cancellation of dE from both sides, the following integral equation for F(E) 
is obtained: 


КЕ) = б + im FE) dE". (6-14) 


This equation is a special case of the transport equation which was mentioned in 
the introduction to Chapter 5. In particular, Eq. (6-14) is the space-independent 
transport equation describing the transport of neutrons in energy in an infinite 
hydrogen medium. 

Equation (6-14) can be solved by differentiating both sides of the equation 
with respect to E. This gives 


St о ~ TAS (6–15) 


where the minus sign appears because the variable Е occurs in the lower limit of 
the integral. The general solution of Eq. (6—15) is 


КЕ) = ©, (6-16) 


where C is a constant that must be determined. The value of C can be found by 
placing E = Ep in Eq. (6-14); this gives 


FE) = > 
Comparing this result with Eq. (6-16), it is evident that С = 5, so that 
КЕ) = 5. (6-17) 
E 
The energy-dependent flux Ф(Е) can now be computed using Eq. (6-17). Since 


in the present case 
F(E) = >,(Е)Ф(Е), (6-18) 
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it follows that 
5 
Ф(Е) = EXE) (6-19) 


While Eq. (6-19) is strictly correct only for an infinite hydrogen medium, it is often 
used to give rough estimates of the energy-dependent flux in finite hydrogenous 
systems such as water-moderated reactors. Incidentally, it is interesting to note 
that F(E) and Ф(Е) are independent of the energy of the source neutrons. 

The slowing-down density in hydrogen can also be found from F(E) by comput- 
ing the number of collisions which occur at energies above E, and multiplying this 
number by the relative probability that these collisions carry neutrons to energies 
below E. Consider first the source neutrons. When these are scattered, their ener- 
gies lie uniformly between zero and Ep, so that the probability that a source neutron 
is scattered to below E is just E/Eo. This can be viewed in Fig. 6-3 as the distance 
from zero to E, divided by the distance from zero to Eo. The total number of 
source neutrons slowing down below E per cm?/sec is therefore SE/E,. In the 
same manner, the number of neutrons scattered in dE’ at E' which slow down 
below E is F(E") dE’ X E/E’, and the total number of these is 


Eo 
Ё / F(E") dE’ 
Е Е' 


With these contributions, the total slowing down density at E is 


Eo 
SE | F(E") dE! 
Е) = =- + Е s: 6-20 
qE) = +Ё)„ E (6-20) 
Comparing this equation with Eq. (6-14) shows that 
q(E) = ЕК(Е), (6-21) 


and by using Eq. (6-17) it follows that 
q(E) = S. (6-22) 


This result, that the slowing-down density is constant and equal to the source 
density, is not surprising and could have been anticipated from the beginning. Thus 
if S neutrons are produced per cm?/sec throughout an infinite medium and none 
are absorbed, exactly S neutrons necessarily must be slowing down at every energy 
in a steady-state situation. If this were not the case, there would clearly be an ac- 
cumulation of neutrons somewhere between E = 0 and E = Eo. 


6-4 Lethargy апа £ 


According to Eq. (6-17), the collision density in hydrogen increases with decreasing 
energy. Thus as fast neutrons slow down in hydrogen they undergo, on the average, 
108 times as many collisions per unit energy at 1 eV, for example, as they do at 
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1 MeV. For this reason, it is desirable to write the collision density in terms of an 
independent variable other than the energy. This variable, which is denoted by 
the symbol и, is called the lethargy, and is defined as 
Eo 
и = nF’ (6-23) 

where Eo is an arbitrary energy. It is the usual practice to choose E, to be the 
energy of the most energetic neutrons in whatever system is under consideration 
so that u will always be a positive quantity. The lethargy is then zero for neutrons 
with energy E and increases with decreasing energy. In other words, as their 
energy decreases, neutrons become more lethargic; hence, the term “lethargy.” 

The collision density can be expressed in terms of lethargy by noting that the 
collisions which occur in the lethargy interval du, namely F(u) du, are the same 
collisions that occur in the energy interval dE, specifically F(Z) dE. That is* 


F(u) du = —F(E) dE, (6-24) 


where the minus sign is necessary since u increases as E decreases. From Eq. (6—23) 
however, 


ди = — =; (6-25) 
so that 
F(u) = EF(E). (6—26) 
By inserting Eq. (6—17), it follows that 
Е(и) = 5. (6–27) 


Thus the collision density per unit lethargy is a constant for hydrogen. 

With every collision the energy of a neutron decreases, and its lethargy therefore 
increases. The change in lethargy Ди as a result of a single collision is given by 
Au = In (Eo/E’) — In (Eo/E) = 1а (E/E’), where E and E’ are the energies be- 
fore and after the collision, respectively. The average increase in lethargy per 
collision is an important quantity which often appears in calculations of the slowing 
down of neutrons. This is denoted by the symbol £f and can be calculated from 
the integral 


E 
Жы J in (2) P(E > E') dE', (6-28) 

aE 
where P(E — E) is the energy distribution function of the scattered neutrons 


* See footnote on page 30 regarding this notation. 

Ї In the original literature on neutron moderation, the variable £ was used to denote the 
change in и at any collision. The average value of Ё was then denoted by £. This older 
notation has largely been discarded. 
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(cf. Section 6-1). The range of integration is over all possible final energies, i.e., 
from E’ = aE to Е = Е. 

The integral in Eq. (6-28), in general, cannot be carried out analytically. For 
isotropic scattering in the center-of-mass system, however, Eq. (6-12) can be used 
for P(E — E"), and then 

E 


1 EN we 


The integral can be evaluated by making the substitution x — E'/E; thus 


1 | аха 
1— ај, 


= f= inea. (6-29) 


l—ea 


Е 


In terms of the mass number А, this can also be written (using Eq. 6–4) 


__ 2 
TENE =) (4 = D (6-30) 


Except for small values of A, the logarithm in Eq. (6-30) can be expanded in a 
series which is closely approximated by the simple formula 


2 
Е = AYY (6-31) 


Values of £ for several nuclei are given in Table 6-1. 


6-5 Moderation of Neutrons for A» 1 


In Section 6-3 the collision density, energy-dependent flux, and slowing-down 
density were calculated for an infinite hydrogen medium containing uniformly 
distributed sources which emit monoenergetic neutrons. When a similar problem is 
considered for a medium having A greater than unity, the fact that a neutron 
cannot lose all its energy in a single encounter, leads to a number of complica- 
tions which did not appear in the earlier problem. In particular, the collision 
density F(E) cannot be written in terms of a single expression that is valid for all 
energies, as was the case for hydrogen. Several series representations of F(E) can 
be obtained, however, one of which will now be considered in detail. A second, 
and in some ways more practical, method of obtaining a series for F(E) is illustrated 
in Prob. 6-12. Throughout the following discussion it will be assumed that the 
neutrons are scattered isotropically in the center-of-mass system. 

To generate the series for F(E), neutrons in the energy interval dE at E are 
classified according to the number of times they have collided in reaching dE. АП 
these neutrons, of course, eventually have their next collision in the interval dE. 
Neutrons which reach dE as the result of one collision have their second collision 
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in dE; neutrons reaching dE following two collisions have their third collision in 
dE; etc. Now let F,(£) be the collision density at E for neutrons which have 
previously had one collision; similarly, let F;(E) be the collision density for 
neutrons which have previously had two collisions; and so on. Clearly the total 
collision density at E is given by 


КЕ) = F\(E) + F(E) + F(E) T >+. (6-32) 


The function F(£) will now be found by computing separately each of the indi- 
vidual collision densities. 


Ey Ey 
dE/'———L—cE 

| E/a 

dE =E dE’ eE 
a Eg a Eg 

dELIE 
aE, —Е, 

(а) (b) 


Fig. 6-4. Diagrams for calculating Fo(E) when (а) «Еу < E < Eo and (b) o? E; < 
E < aEo. 


Since all neutrons have their first collision as source neutrons, only these neu- 
trons must be taken into consideration in computing F1(E). From Eq. (6-12) the 
probability that a source neutron is scattered into dE is dE/(1 — o)Eo, provided 
that E is greater than аЁо, and is zero for E less than «Eg. The number of neutrons 
reaching dE as the result of only one collision is therefore S dE/(1 — a)Eo, if E 
lies in the interval «Eg < E < Ep. It follows that F,(£) is given by 


S 
ЕЕ) = 4 (1 — ајЕо 
0, E < a Eo. 


By definition, F,(E’) dE’ neutrons have their second collision in dE’, and since 
the probability that such a collision carries a neutron into dE is dE/(1 — a)E’, 
provided that aE’ < E < Е’, а total of F4(E") dE’ X аЕ/(1 — a)E’ neutrons 
arrive іп dE per second from second collisions in dE’. If E lies between «Eo and 
Eo, as shown in Fig. 6-4(a), a collision at any energy between E and Ey may 
scatter a neutron into dE. Hence F(E) is given by the integral 


a Eg < E < Eo, (6-33) 


„Ер 
E ЕЕ) dE' 7 
FE) = J а — a)E! = a)E' a Eo « E « Eo. (6 34) 
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Inserting F,(£) from Eq. (6-33) yields 


mili co uod. 
F(E) = (1 = ог Ég 46) aEo < E < Е. 


On the other hand, if E lies between a?Eo and aE , as shown in Fig. 6—4(Ы), 
neutrons can reach dE only as the result of second collisions at energies between 
Е and E/a. Then, since F4(E) is zero for E < аЕо, F(E) is given by 
Eja 
_ Е.(Е') аЕ' 
F(E) d a Ev (1 = a)E’ 
This integral has the value 


2.5 __ bhl Eh æ 
F(E) = (= SE, In (==) а Eo < Е < ako. 


Finally, if E is less than o?Eo, then F;(E) = 0, since neutrons simply cannot fall 
into this region as the result of only two collisions. In summary, 


5 » (29), об) « E < Es, 


а — око "VE 

F(E) = 5 Е à 
а = a E, In (ж) га Eo < E< a. Eo, (6-35) 
0, Е < o? Ep. 


In a similar fashion, the other terms in the series given in Eq. (6-32) for F(E) 
can easily be obtained. The functions F,(E), F;(E), and F3(£) are plotted in 
Fig. 6-5 for a unit source density of 1-MeV neutrons in a beryllium medium. It 


F,(E), ст-3. ѕес-! 


Fig. 6-5. The first, second, and third collision densities for unit source of 1-MeV 
neutrons in beryllium. 
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will be observed that F,(E) is discontinuous at both Eg (= 1 MeV) and aE». 
On the other hand, F¿(E) is continuous everywhere although its first derivative 
F;(E) is discontinuous at Eo, «Eo, and o?E,, as can readily be seen from the 
figure or from Eq. (6-35). Lastly, F3(E) is continuous everywhere; F3(E) is also 
continuous everywhere except at a? Eo, but F3 (E) is discontinuous at Eo, «Ев, 
aE», and aE . Therefore it may be concluded that, in general, the nth collision 
density F,(E) becomes an increasingly smooth function of E with increasing values 
of n. It can be shown, in fact, that in the limit of large n, F,(E) becomes Gaussian 
(cf. Section 6-8). 

The discontinuities in F, and in the derivatives of Fo, Ез, etc., lead, of course, 
to similar discontinuities in the total collision density and its derivatives. However, 
these appear only near the source energy, and as will be shown later in this section, 
they do not persist much below approximately a?Ee. At energies below a? Eo, 
F(E) becomes a smooth function of energy, due to the fact the neutrons at these 
energies have had several collisions and the functions F,(£) аге all well-behaved. 

At energies well below the source energy, i.e., E S a? E, which is also known 
as the asymptotic energy region, it is possible to obtain a simple expression for the 
collision density from the integral equation for F(E). Since source neutrons do 
not scatter directly into this energy region, it is easy to see by using Fig. 6-6 that 
F(E) is determined by the equation 

E/a 
| P^ FEN dE! 
КЕ) = = CG=or (6-36) dE =E’ 
The upper limit on this integral is E/o because 
this is the highest energy from which a neutron dE EE 
can be scattered into dE at E. 


When the function Fig. 6-6. Diagram for calculat- 


ing the collision density in the 


C asymptotic energy region. 
КЕ) = p (6-37) 


is substituted into Eq. (6-36), it is found to satisfy the equation.* The constant C 
cannot be determined from Eq. (6-36), however, since it appears in every term 
and cancels out of the equation. 

To find C it is necessary to set up an expression for the slowing-down density 
in the asymptotic region. Neutrons scattered in the interval dE’ at E’ (see Fig. 6-7) 
can appear with energies anywhere from E’ to aE’. Since the probability function 
P(E — E") is a constant for isotropic scattering in the center-of-mass system, the 
relative probability that a collision carries a neutron from E' to below E is simply 
the ratio of the size of the interval E — aE’ to the interval E’ — aE’. Thus, 
since there are F(E’) dE’ collisions per second in the interval dE', F(E') dE’ X 
(E — aE’)/(E’ — aE’) neutrons slow down past E per cm?/sec from dE'. The 


* It may be mentioned that it is not particularly easy to show that Eq. (6—37) is the only 
solution valid at asymptotic energies. 
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total number slowing down below Е, that is, the аЕ ===> E 
slowing-down density at E, is therefore 


Ela E! E 
E 1 Л — a x ; 
а = [ Е(Е') dE = О) (6-38) 
ak’ 

Substituting Eq. (6-37) for F(E) and performing 
the integration yields Fig. 6-7. Diagram for comput- 
ing the slowing-down density in 

g=C (1 + | 1п a) | the asymptotic energy region. 
The term in the parentheses is just £ (cf. Eq. 6-29); therefore 

а = СЕ. (6–39) 


In the absence of absorption, and since no neutrons leak from an infinite system, 
the slowing-down density must be equal to the source density, i.e., q = S. Thus 
the constant C is given by 


S 
C=-: 
Е 
From Ед. (6–37) the collision density is therefore 
$ 
КЕ) = тр? (6-40) 
and the energy-dependent flux is 
S 


ФЕ) = aw (6-41) 
This important result shows that in the asymptotic region, that is, E S a Eo, 
aside from a multiplicative constant, F(E) and ф(Е) are the same for moderators 
with A > 1 as for hydrogen (cf. Eqs. 6-17 and 6-19). Furthermore, as in hydrogen, 
F(E) and Ф(Е) are independent of the energy of the source neutrons. Rewriting 
F(E) in terms of the lethargy variable gives 


F(u) = (6-42) 


xig 


so that the collision density expressed in lethargy units approaches a constant 
value for large и. 

The complete collision density per unit lethargy, multiplied by a scale factor 
(1 — o), is shown in Fig. 6-8 for a number of moderators and a unit source density 
of energy Eo. [It is more convenient to plot F(u) than F(E), since F(u) approaches a 
constant with increasing u whereas F(E) varies as 1/E.] The independent variable, 
илп (1/o), on the upper scale of the abscissa is chosen so that unit distances along 
the abscissa correspond to different collision intervals as indicated on the lower 
scale. For A = 1 (hydrogen), F(u) is equal to unity for all values of и and coincides 
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(1—a) F(u) 


Ep a Ey a? Eg «ЗЕ, «%Е, a Ey 


Fig. 6-8. The collision density per unit lethargy for various moderators. (After A. M. 
Weinberg and E. P. Wigner, The Physical Theory of Neutron Chain Reactors. Chicago: 
University of Chicago Press, 1958.) 


with the abscissa as indicated in the figure. With all other moderators, it will be 
observed that F(u) is discontinuous at E = aE». This discontinuity arises as the 
result of the discontinuity іп F,(E) at this energy (cf. Fig. 6—5). Similarly, the first 
derivative of F(u) is discontinuous at E = o? E, due to the discontinuity in F(Z). 
The other discontinuities cannot be seen as easily in the figure. 

It should also be noted in Fig. 6-8 that, as mentioned previously, the transient 
region in F(u), that is, the wavelike behavior of F(u), dies out below approximately 
E = aE. Since a increases with A but is always less than unity, the size of this 
region therefore increases with decreasing 4. For example, if the source energy is 
1 MeV, the end of the transient region occurs at about 0.37 MeV for carbon, 
whereas it persists down to about 1.4 keV for deuterium. At the same time, how- 
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ever, it will be observed that the transients are much more pronounced for the 
heavier nuclei. The magnitude of the discontinuities in F and its derivatives is 
considered in the problems at the end of this chapter. 


6-6 Nonmonoenergetic Sources 


Up to this point it has been assumed that the neutron sources are monoenergetic. 
Since this situation is not usually found in practical problems, it is necessary to 
consider the flux distributions arising from sources emitting neutrons with a dis- 
tribution of energies. Imagine an infinite medium throughout which neutrons 
are emitted with the energy spectrum S(£’), that is, S(E") dE’ neutrons are emitted 
per cm?/sec having energies between E' and E’ + dE’. 

With hydrogen the problem is quite simple since, as shown in Section 6–3, the 
energy-dependent flux is independent of the energy of the source. The flux 2Ф(Е) 
from neutrons emitted between E’ and E' + dE’ is therefore 


(6-43) 
provided that E < E'. For E > E', 4ф(Е) = 0. The total flux arising from sources 
with energies above E is thus 


NC PR 
ФЕ) = Бе f S(E’) dE’. (6-44) 


The energy distributions of many sources fall effectively to zero at some lower 
energy, that is, S(E") = 0 for Е’ < Е, For example, less than 1% of all fission 
neutrons are emitted at energies below 50 keV. In this case for energies below 
E,, ФСЕ) for hydrogen is given by 


$(E) = Ew [А ‚ SCE) dE’ (6-45) 
S 
“© EXa (E) ү; 


where S is the total source density. 

For moderators other than hydrogen, the evaluation of ¢(£) is complicated by 
the fact that the flux from source neutrons of energy E’ depends upon both Е 
and E'. Thus if dọ(E, E") is the flux at E due to sources at E', ¢(£) must be found 
_ by numerically evaluating the integral: 


(Е) = |. аФ(Е, Е’). (6–47) 


However, at energies much below the low-energy cutoff of the source distribution, 
that is, E < азЕ,, the flux аф(Е, E") takes on its asymptotic value and, as with 
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hydrogen, depends on the magnitude but not the energy of the source. From 
Eq. (6-41) the flux from neutrons emitted between E' and Е’ + dE’ is then 


22008968. 77 
ФЕ) = Буку! ES Е, (6-48) 
апа ф(Е) becomes 
tf seen ae’ 
Ф(Е) = EH | | S(E) dE (6-49) 
S 
= ——m < о? = 
БЕБЕ ES “= (6-50) 


where again S is the total source density. 

Equations (6-46) and (6-50) show that at energies sufficiently below the low- 
energy cutoff of the source distribution, the flux is determined by the total number 
of source neutrons and is independent of their energy distribution. This important 
result considerably simplifies many reactor calculations, particularly in connection 
with the design of thermal reactors. For these reactors, as will be shown later in 
this book, it is frequently necessary to know $(£) only at energies below the low- 
energy end of the fission spectrum. In this case, it is possible to lump together all 
fission neutrons and assume that they are emitted with a single energy. 


6-7 Slowing Down in Mixtures of Nuclides 


It is often necessary to make computations of the slowing down of neutrons in 
systems containing a mixture of two or more nuclides, and the preceding dis- 
cussion must be generalized to cover situations of this kind. For this purpose, let 
F(E) be the collision density of neutrons elastically scattered by nuclei of the ith 
variety. Then if ZO (E) is the macroscopic scattering cross section of these nuclei, 
evidently 


FOE) = Zi (Е)Ф(Е) 
F(E), (6-51) 


where Z,(£) is the total macroscopic scattering cross section and F(E) is the total 
collision density. 

Consider now the calculation of F(E) in the asymptotic region. In the energy 
interval dE’ at E' there аге F‘(E’) dE’ collisions with nuclei of the ith type, and 
as a result, F(E’) dE’ X dE/(1 — a,)E’ neutrons are scattered into dE per 
second, where a; is the slowing-down constant of the ith nuclide. The total colli- 
sion density at E is therefore 


Elai FG p , 
FE) - У) Р, ж (6-52) 


where the summation extends over all nuclear species in the system. 
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It is easy to see by direct substitution that the functions 
(i) С; 
Е(Е) = E’ (6-53) 
where C; are constants, satisfy Eq. (6-52). To determine C; it is necessary to set 
up an expression for the slowing-down density in the asymptotic region, as was 


done in Section 6-5. If the reasoning that led to Eq. (6-36) is used, q is found to 
be given by 


= “ ЕЕ) (EE) ag (6-54) 
а = >, E ( ) E — a,;E’ t 


Next, by inserting Eq. (6-53) and noting that in the absence of absorption q must 
be equal to the source density, it is found that 


] — a; 


а= 5- у) С{(1+ = шоч). (6—55) 


The quantity in parentheses is just £; (cf. Eq. 6—29), the average lethargy change 
per collision for the ith nuclide, so that 


S => Cit. (6-56) 
From Eq. (6-53), however, С; = EF®(E), so Eq. (6-56) сап be written as 


: XO 
S = ЕУ uF'(G) = ЕКЕУ, 0. 


Finally, defining the quantity (Е) as 


HE) = Lll W^ nr x 
КЕ) = уку? £202. (6-57) 
the collision density becomes 
S 
F(E) = —— (6-58) 
МЮ = трук 
and the energy-dependent flux 15 
S 
Е) = L————- (6—59 
$0 = THESE) i 


Equations (6—58) and (6—59) are generalizations of Eqs. (6-40) апа (6—41) for 
mixtures of nuclides. 

It will be recalled that the scattering cross sections of most light nuclei are con- 
stant except at high energy. If a medium consists of light nuclei, £(E) is then also 
constant and F(E) has the familiar 1/E dependence on energy. The situation is 
more complicated when heavy nuclei are present, as they always are in reactors. 
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Their scattering cross sections are usually complex functions of energy, even at 
low energy, and £(E) may be expected to be energy dependent. As a practical 
matter, however, the values of £ for heavy nuclei are very small (cf. Table 6-1). 
Thus £(£) is not appreciably affected by the presence of these nuclei, and £(£) is 
again more or less constant except at high energies. 


6-8 Multiscattered Neutrons 


Consider a neutron slowing down in an infinite scattering medium consisting of a 
single nuclear species such as graphite. If the initial lethargy of the neutron is 
taken to be zero, its lethargy и, after п collisions will be 


Un = Y Aui, (6—60) 


i=l 


where Au; is the increase in lethargy of the neutron at its ith collision. The average 
value of и, after n collisions is therefore 


ün = 5 Aui, (6-61) 


t=1 


where Ди; is the average increase in lethargy at the ith collision. If the scattering 
is isotropic in the center-of-mass system, Au; = Е for all collisions,* and it follows 
that 

lin = ni. (6–62) 


Equation (6–62) can be used in ап obvious way to compute the number of 
collisions required to increase the average lethargy to the value @,, that is, 


n=. (6-63) 


If the initial energy of the neutron is Eo and the energy corresponding to @, is E, 
then n is given by 

ia Linc. (6-64) 

¿E E 

This formula must be interpreted with some care. Thus n is not the average number 
of collisions necessary to reduce the energy from Eo to E, nor is it the number of 
collisions necessary to reduce the average energy to E. It is the number of collisions 
required to increase the average lethargy to the value 9, whose corresponding 
energy is E. All these numbers represent somewhat different concepts and they 
are slightly different numerically. Values of n computed from Eq. (6-64) with 
Е, = 2 MeV and E = 1 eV are given in Table 6-2. 


* Or £ if the system contains a mixture of nuclides. 
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In addition to the average value of the lethargy after п collisions, it is also im- 
portant to determine the lethargy distribution. This distribution can be described 
by the function P,,(u) which is defined in such a way that P,(u) du is the probability 
that the lethargy of a neutron lies in the interval du at u after the neutron has 
undergone exactly n collisions. The function P,(u) may be recognized as the nth 
collision density F,,(u) defined in Section 6-5, per unit source neutron. However, 
whereas it was the purpose of Section 6-5 to find the total collision density F(u), 
the aim of the present section is to consider the lethargy distribution after neutrons 
have undergone several collisions. For this purpose it is more convenient to use 
the probability function Р„(и) rather than the collision density. 


Table 6-2 


Number of Collisions, п, Necessary to Increase the Average Lethargy of 2-MeV Neutrons 
to a Value whose Corresponding Energy is 1 eV, Assuming Isotropic Scattering in the 
Center-of-Mass System 


Medium 


n 14.5 | 15.8 20.0 | 28.5 


The problem of finding P,(u) for large n turns out to be a standard problem in 
statistics. It is completely analogous, for instance, to the problem of determining 
the distribution of the total distance traveled by a golf ball down a fairway after a 
given number of whacks at the ball. Accordingly, it can be shown by the central 
limit theorem* that P,(u) rapidly approaches a Gaussian function 


P,(u) = exp |- eM , (6-65) 


where 9, is given by Eq. (6-62) and с is the standard deviation. For isotropic 
scattering in the center-of-mass system, it is easy to show (cf. Prob. 6-15) that 
c? is given by the formula 


с? = JL — o. (6-66) 


where а is the collision parameter defined by Eq. (6-4). 

To see the significance of these results it should first be recalled that the standard 
deviation is a measure of the width or spread of the distribution, that is, the extent 
to which the value of u after n collisions may be expected to deviate from the value 
iy, = пЕ. In particular, there is about a 70% chance that и will lie within the range 
ng = о. The fractional deviation in the expected value of и is simply c /n£, which 


* See any book on statistics. 
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in view of Eq. (6—66) is 


fractional deviation in u = 


271/2 
а= EL = ааш 24 . (6-67) 
nė vn а 

This result shows that the fractional deviation from the mean decreases with 
increasing n as 1/\/n. Furthermore, it is easily shown that the quantity 
[1 — а — &)?/е]!'?/# in Eq. (6-67) decreases with increasing A. Thus for a 
given change in lethargy, the fractional deviation in the lethargy is smaller for 
larger values of A for two reasons. First, the number of collisions required for the 
lethargy change increases with A, and second, the aforementioned factor multi- 
plying 1/4/n in Eq. (6-67) also decreases with increasing A. 

As an application of these results consider the slowing down of a 1-MeV neutron 
in an infinite graphite moderator. In this case, Е = 0.158, а = 0.716, and 
т? = 0.00925n. After 10 collisions, Z, = 1.58 and о = 0.304. The fractional 
deviation in 5, is therefore 0.304/1.58 = 19%. In energy units, п, corresponds 
to 206 keV and the lethargy interval defined by 9, - ø is equivalent to an energy 
spread of approximately 150 keV. After 100 collisions, 9, = 15.8, which cor- 
responds to an energy of 0.14 eV, а = 0.962, and the fractional deviation in u is 
0.962/15.8 = 6.1%. However, the spread in energy corresponding to the lethargy 
interval п, + о is now only 0.31 eV. Thus it is seen that as the number of collisions 
increases, the lethargies (and energies) of the neutrons cluster closer to their average 
value. Although this conclusion is based on a moderator composed of a single 
nuclear species, it can easily be shown to be valid also for systems containing a 
mixture of nuclides. 


6-9 Space-Dependent Slowing Down-——Fermi Age Theory 


In the preceding sections the neutron sources were assumed to be uniformly distrib- 
uted throughout all space. This assumption considerably simplified the calculations 
of neutron moderation, since spatial variables were not involved. Reactors, 
however, are finite in size, and fission neutrons are rarely produced uniformly in 
them. The earlier discussion must therefore be enlarged to include spatially de- 
pendent sources and finite media, and in this case it is necessary to consider how 
the neutrons move about while they are slowing down. Unfortunately, problems 
of this more general nature cannot be handled analytically except in special cases, 
and then only by methods which are beyond the scope of this book. Frequently, 
however, satisfactory results can be obtained on the basis of the following simple 
model which is due to Fermi. In the present discussion it will be assumed for 
simplicity that the moderator consists of a single nuclide and that the scattering is 
isotropic in the center-of-mass system. In this case, £ is independent of energy. 
The results can easily be modified later to include situations in which # may be a 
function of energy. It will also be assumed for the moment that the neutron sources 
are monoenergetic. 

It was shown in the preceding section that the average lethargy of neutrons after 
n collisions is equal to n£; therefore a neutron may be said to gain & units of 
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lethargy on the average at each collision. In the Fermi model it is assumed that 
all neutrons gain exactly £ in lethargy at every collision, that is, all neutrons are 
treated, so to speak, as average neutrons. However, if the lethargy did, in fact, 
change only in units of £ the neutrons in the system would have only the lethargies 
и = 0, & 25, etc., as shown in Fig. 6-9, and the neutron flux would be defined 
only at these lethargies. Since it is desirable to deal with continuous rather than 
discrete variables, it is postulated that the lethargy is a continuous variable which 
takes on the required value né after n collisions, as indicated in Fig. 6-9. Thus the 
collision number п can also be viewed as a continuous variable, and for this reason 
the Fermi model is often referred to as the “continuous slowing down model.” 
In view of the results of the preceding section, this model may be expected to be 
most appropriate for the heavier moderators, since for a given change in lethargy, 
the fluctuations from the average behavior decrease with increasing mass number. 
In the Fermi model it is also assumed that diffusion theory is valid at all energies 
(or lethargies). There is one additional assumption in this model which will be 
mentioned below. 


| 
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Fig. 6-9. Lethargy as a continuous function of the collision density. 


Consider now the arrival and departure of neutrons with lethargies between u 
and u + du in the volume element dV at r. Neutrons in this lethargy interval 
flow into and out of dV as the result of collisions in and around dV. If J(r, и) 
is the current density per unit lethargy at r, then (cf. Section 5-3) div J(r, и) du dV 
is equal to the net rate at which neutrons in du flow out of dV. 

Neutrons are also produced in or lost from the lethargy interval du in dV as the re- 
sult of collisions in dV in which their lethargy either falls into or is knocked out of 
du. The net rate at which neutrons are lost can be found by noting that since, by 
definition, g(r, u) dV neutrons slow down per second to lethargies above u in dV and 
g(r, и + du) dV slow down per second above и + du, it follows that 


[a(r, и + du) — g(r, uy dV. = аб н) du dV 


neutrons are knocked out of (slowed down from) du in dV per second. 
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In the steady state and in the absence of sources at the lethargy u or absorption, 
the number of neutrons in du and in dV must be constant, so that from the equation 
of continuity (Eq. 5-26) 


div Jr, u) + 0080 = 0, (6-68) 


This equation is exact, but it is not very useful as it stands. To obtain a more 
useful equation, J must be expressed in terms of q. From Fick’s law, J(r, u) can 
be written as 

J(r, и) = — D(u) grad ф(т, u), (6-69) 


where ¢(r, и) is the lethargy-dependent flux, and explicit note has been taken of 
the fact that the diffusion coefficient may be a function of lethargy. 

A relationship between g and ф can be found by using the assumption that 
neutrons gain £ in lethargy at every collision. In this case, all collisions in the 
lethargy interval from u — ¿to u contribute to the slowing-down density at и, and 


g(r, и) = 7 g F(r, u’) du’. (6-70) 


Now, provided that the collision density F(r, и) is reasonably constant over a 
lethargy interval equal to £ (this question is considered in Problem 6-19), Eq. 
(6—70) gives 

q(r, u) = &F(r, u) = &Z,(u)o(r, и). (6—71) 


When Ед. (6-71) is solved for ф(т, и) and inserted into Eq. (6—69), and the 
resulting expression for J(r, u) is substituted into Eq. (6-68), the result is 


D(u) 
Е (и) 


This equation can be written in a more convenient form by introducing a new 
variable т(и) defined by the integral 


т(и) = f = ди. (6-73) 


The parameter £ is written inside the integral to call attention to the fact that if 
the moderator consists of a mixture of nuclides, £ is to be replaced by £ (cf. Section 
6-7), which may be a function of lethargy. This is the only adjustment that must 
be made in order to apply age theory to mixtures. From Eq. (6-73), 

2 dr ð Е D(u) 9 


© аи т (и) дт 


vg, u) = 060). (6-72) 


and Eq. (6-72) becomes 


уза, 7) = “ED. (6-74) 
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Equation (6-74) is known as the Fermi age equation, and the quantity т defined 
by Eq. (6—73) is called the Fermi age. 

Despite its name, it must be emphasized that age does not have units of time; as 
can readily be seen from Ед. (6-73) т actually has units of square centimeters. 
Nevertheless, 7 is a monotonically increasing function of the time during which 
a neutron has been slowing down. This can be shown by noting that when a 
neutron moves the distance dx it undergoes, on the average, 2, dx collisions and 
its lethargy increases the amount 


ди = #5, dx. (6-75) 
Substituting du into Eq. (6-73) gives 
т(и) = Í @ D(u) dx 
0 
Diu), 


where D is an average value of D between 0 and и and where J(u) = fo dx is the 
total distance a neutron moves from the time it is emitted with zero lethargy 
until it attains the lethargy и. Since / obviously increases monotonically with time, 
it follows that the age does also. 

According to the definition of 7 given by Eq. (6-73), it should be noted that 
neutron ages are additive. For instance, if 7, is the age of neutrons from u = 0 
to u = uy, and 712 is the age from u; to из, then the age from u = Otou = из 
is simply To = 71 + 712. 

The preceding derivation was carried out in terms of the lethargy variable, and т 
was therefore expressed as a function of и. It is possible, however, to write 7 as a 
function of energy by a simple change of variables. Thus the age of neutrons from 
the source energy Eo, which corresponds to zero lethargy, to the energy E, which is 


written either as T(E) or T(E — E), can be found by substituting ди = —dE/E 
from Eq. (6-25) into Eq. (6-73). The result is 
Eg 
_ КЕ D(E) ДЕ | £ 
T(E) = T(Eo > E) = к BABE (6-76) 


6-10 Boundary Conditions for the Age Equation 


The age equation is identical in form with the time-dependent diffusion equation 
with no absorption (cf. Eq. 5-44) and to the familiar time-dependent heat flow 
equation. The boundary conditions for all these equations are also essentially 
the same. 

In the derivation of the age equation, the source neutrons were assumed to be 
emitted monoenergetically at zero lethargy, that is, at 7 = 0. According to the 
continuous slowing-down model, however, the neutrons begin to slow down just 
as soon as they are emitted from the sources. Therefore, if s(r) is the source density 
at the point r, the slowing-down density at that point at zero age must be equal 
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to s(r). Thus the first boundary condition (or source condition) is obtained: 
(i) g(r, 0) = s(r). (6-77) 


This relation is analogous to an initial condition for the time-dependent diffusion 
or heat flow equations. The procedure to be followed when neutrons are emitted 
with more than one energy, as they are in fission, will be discussed later in 
this chapter. 

The boundary conditions for q(r, т) at the surfaces of media and at interfaces 
between different media can be obtained by expressing q(r, 7) in terms of the flux 
using Eq. (6-71), that is, g(r, и) = £Z«(u)é(r, и), and then noting the boundary 
conditions on Фа, и) discussed in Section 5-8. Thus, since the flux must vanish 
at the extrapolated edge of a free surface, it follows that: 


(ii) The slowing-down density is zero at the extrapolated edge of a free surface. 


It will be recalled from Chapter 5 that the extrapolated distance d is a function 
of the transport mean free path of the medium. Since, however, Mr depends upon 
neutron cross sections, d, in general, is a function of energy. This means that 
the point where q(r, т) must be placed equal to zero is also a function of energy 
and therefore a function of т through Eq. (6-73). Such а r-dependent boundary 
condition is very difficult to handle mathematically. Fortunately, d is not usually 
a rapidly varying function of energy and a single, average value of d can be used 
without introducing substantial errors. Furthermore, as pointed out in Chapter 5, 
d is frequently small compared with the dimensions of reactors and can often be 
neglected entirely. The flux is then assumed to vanish at the free surface itself, 
and in this case, boundary condition (ii) can be replaced by the following condition: 


Gi) The slowing-down density vanishes at a free surface. 


The boundary conditions on q(r, 7) at an interface between two different media 
result from the requirements of continuity of flux and current discussed in 
Chapter 5. It is easy to obtain in this manner the following interface conditions: 


(iii) а) is continuous, 
8 
, D А ; 
(iv) p grad q(r, 7) is continuous. 
8 


Unfortunately, boundary conditions (iii) and (iv) are ordinarily of little more 
than academic interest, since it is difficult to obtain solutions of the age equation 
for systems consisting of more than one medium. This situation is similar to the 
problem of solving the time-dependent heat flow equation in multiregion systems. 
For example, it may be remembered that although the steady-state flow of heat 
through several layers of insulation is a comparatively simple problem familiar to 
all engineers, the transient flow of heat in such a system is a considerably more 
difficult problem which cannot be handled by elementary analytical techniques. 
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Similarly, in nuclear engineering, age theory is almost never used for systems 
involving more than one moderating region. Other methods must be used for 
multiregion problems; these will be discussed in Chapter 10. 


6-11 Solutions to the Age Equation 


Several solutions to the age equation will now be obtained. For reasons men- 
tioned above, these will pertain to single-region problems only. 


Planar source in an infinite slab. Consider an infinite slab of moder- 
ator of extrapolated thickness a (energy-independent) containing at its center an 
infinite planar source emitting S fast neutrons per cm?/sec at the energy Eo. In 
this problem, the slowing-down density can be a function of only one spatial 
variable, and the age equation is 


8^g(x, T) _ да(х,т) T 
ox? дт (958) 


where x is measured from the center of the slab. 

The source density s(x) is zero everywhere in the slab except at x = 0, where s(x) 
is infinite because a finite number of neutrons are emitted from an infinitely thin 
source plane. As explained in Section 5-9, the source density can then be repre- 
sented as 

s(x) = S (х), (6-79) 


where 6(x) is the Dirac delta function (cf. Appendix II). The source condition 


(i) is therefore 
q(x, 0) = S (х). (6-80) 


The boundary conditions at the (extrapolated) surfaces of the slab are 
а(-а/2,ту = 0. Finally, because of the symmetry of the problem, q(x, T) must 
be an even function of x, that is, g(—x, т) = q(x, т). 

Equation (6-78) can be solved in terms of the slab eigenfunctions, 


Ф„(х) = cos Bx, 


discussed in Section 5-10, where B, = пт/а and n is an odd integer. Thus, it will 
be assumed that q(x, 7) can be expanded in the series 


аб, т) = У, f«(T) cos Bax, (6-81) 


n odd 


where f, (T) are functions of 7 that must be determined. Substituting this expression 
into Eq. (6-78) gives 
2 df, 
— > Bafna COS Bax = DS ps cos B,x. (6-82) 


n odd n odd 
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In view of the orthogonality of the eigenfunctions, the nth terms on each side of 
this equation are equal, and the following differential equation for f, (T) is obtained: 


dh – — B. (6-83) 
The solution to Eq. (6-83) is 
fa = Aue T, (6-84) 
where A, is an arbitrary constant. Returning to Eq. (6-81), q(x, 7) is now given by 
а(х,т) = Y Aue?" cos Bax. (6-85) 
n odd 


The constants А, can be determined from the source condition. Letting т = 0 
in Eq. (6-85), it follows that 


g(x, 0) = Sà(x) = >, Ал cos Bax. (6-86) 


n odd 


Next, multiplying both sides of this equation by cos Вах and integrating from 
—a/2 to +a/2 as in Section 5-10, it is easily found that A, = 2S/a. Finally, 
q(x, T) becomes 


g(x, T) = 25 у] 67?" cos Вх. (6-87) 
n odd 


Equation (6-87) is the complete solution to the problem; q(x, 7) satisfies the 
age equation, the source condition, and the boundary condition at the free surface. 
The interpretation of this result is a little complicated, however, and a physical 
insight into age theory is better obtained from the following, somewhat more 
difficult, analytical problem. 


Planar source in an infinite medium. Consider next the infinite 
planar source of the preceding example placed in an infinite medium. The age 
equation is again given by Eq. (6-78), and the source condition is Eq. (6—79), but 
now q(x, T) must vanish at infinity. The discrete set of eigenfunctions used in the 
preceding example cannot be applied to the present problem, since those eigen- 
functions only had relevance to the finite slab. Now, all values of the eigenvalue 
B are possible and it is reasonable to expect that the solution will be given by an 
integral rather than by a series. (This is the familiar transition from a Fourier 
series, valid over a finite region, to the Fourier integral, valid over the infinite 
interval.) | 
Thus a solution of the following form is suggested: 


q(x, T) = | F(B, т) cos Bx dB, (6-88) 


where F(B, т) is a function to be determined. When Eq. (6-88) is substituted into 
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the differential equation (6-78), there is obtained 


— || В?Е(В, т) cos Bx dB = || 8.1) cos Bx dB. (6-89) 


—©= —% 


It follows that F(B, т) must be given by the equation 


НВ) L — вак,т) (6-90) 
whose general solution is ; 
Е(В, т) = С(В)е 8 ", (6-91) 


where G(B) is a function of B. [Note that Eq. (6-90) is a partial differential equa- 
tion whose integral involves an arbitrary function instead of an arbitrary constant, 
as with an ordinary differential equation.] Next, inserting Eq. (6-91) into 
Eq. (6—88) gives 2 : 

q(x,T) = f G(B)e-? " cos Bx dB. (6-92) 


The function G(B) can be found from the source condition by placing 7 = 0 
in Eq. (6-92); thus, 


Sà(x) = f ° G(B) cos Bx dB. (6-93) 


It can be shown without difficulty that the delta function can be written in the form 
a(x) = — | cos Bx dB. (6-94) 
2r 
By comparing the last two equations it is evident that G(B) = S/4/27, so that 


© 


5 —В?т 
q(x, т) = E e cos Bx dB. (6-95) 
T 


—00 


The evaluation of the integral in Eq. (6-95) is somewhat tedious and will not be 
reproduced here. The final result for g(x, 7) is 


gredi (6-96) 


x, T) = —— 

q(x, т) ae 

Point source in an infinite medium. Instead of solving the age 

equation again for this case, it is much easier to construct the solution from the 

results obtained above for the planar source. Let qp(x, т) be the slowing-down 

density at the distance x from a planar source emitting one neutron per cm 2 /sec. 
Then, from Eq. (6-96), 


2 
qalx, т) = pt (6-97) 
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Similarly, let gpt(r, т) be the slowing-down density at the distance r from a unit 
point source in the same medium. The function qy(r, т) can be found by the 
following device. 


Fig. 6-10. Diagram for determining 
Qpt(r, т) from gpilx, т). 


The slowing-down density at P in Fig. 6-10 which arises from neutrons emitted 
from the differential ring of radius p and width dp is given by 


dqyu(x, T) = 2тдь(7, T)p dp. 
The total slowing-down density at P is therefore 


qalx, T) = 2r [ aur, тур dp. (6-98) 
0 


By changing the integration variable from p to r, and noting that x? + p? = p 
so that p dp — r dr, Eq. (6-98) becomes 
qu, T) = 2m | apr, т) dr. (6-99) 


Next, differentiating Eq. (6-99) with respect to x yields 


дыбы Т) ахд T), (6-100) 
and so 
1 ddpilx, 
40, т) = — Aux Забо 7) 1), (6-101) 


By substituting Eq. (6-97), and returning to the use of the variable 7, which is 
more appropriate for describing problems involving point sources, Eq. (6-101) 
gives 

—т?]4т 


(т) = GFE (6-102) 
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This result applies to a point source emitting one neutron per second. It is easy 
to see, however, that for a point source emitting S neutrons per second the 
slowing-down density is 

S о"? 4т 


q(r,T) = (Garp? , (6-103) 


6-12 Physical Significance of Fermi Age 


The slowing-down density from a unit point source in an infinite medium as 
computed from Eq. (6-102) is shown in Fig. 6-11 as a function of r for three 
values of 7. Since the source neutrons have zero age, it follows from the source 
condition (Eq. 6-77) that g(r, 0) must be zero everywhere except at r = 0, where 
it is infinite. In the figure, g(r,0) is therefore represented by the positive 
vertical axis. 

For nonzero values of т, g(r, T) is the familiar Gaussian curve which becomes 
increasingly broad with increasing т. The physical reason for this is simply that 
the larger values of т correspond to neutrons which have been slowing down 
longer, and these neutrons have had an opportunity to diffuse further from 
the source. 

Incidentally, it should be noted that the areas under the curves in Fig. 6—11 
are all equal to the source strength S = 1. This is because in an infinite system and 
in the absence of absorption, the total number of neutrons in the system slowing 
down past any value of lethargy must be independent of lethargy, and hence of 7. 
If this were not the case, there would be an accumulation of neutrons at some 
lethargy or age somewhere in the system. The areas are equal to unity, since this 
is the total number slowing down at zero age. 


q(r, т)х 105 cm-3 . sect 


Fig. 6-11. The slowing-down den- 
sity as a function of the distance from 
a unit point source of fast neutrons 
in an infinite medium for various 
values of age. 
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Fig. 6-12. Тһе slowing-down density as a function of age for a unit point source of fast 
neutrons in an infinite medium. 


Figure 6-12 shows q(r, 7) as a function of т for fixed values of r. It will be 
observed that the maximum slowing-down density occurs at values of r which 
increase with r. In other words, the bulk of the neutrons slowing down near the 
source have a small age, whereas at larger distances most neutrons have a larger 
age. This again would be expected on physical grounds since the farther neutrons 
migrate from the source the more likely it is that they have acquired a larger age. 

It is frequently desirable to have a more succinct interpretation of 7 than that 
given above, but one which has a more physical basis than the integral in Eq. (6—73). 
This can be obtained by an argument similar to that used in connection with the 
interpretation of L? in Section 5-11. Consider, therefore, a point isotropic source 
emitting S neutrons per second in an infinite medium. The number of neutrons 
slowing down at age 7 within a spherical shell located between r and r + dr is 
q(r, T) dV = 4ar?q(r, т) dr. Let p(r) dr be the probability that a single neutron 
emitted from the source will acquire the age 7 between r and r + dr. Then 
P(r) dr is given by q(r, т) dV/S, so that from Eq. (6-103), 


2 
4ar)e 7 147 


PO) = Gym (6-104) 


The second moment of the distribution function p(r), denoted by r2, is defined 
by the integral 


72 = || " рађа. (6–105) 
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In view of Eq. (6-104), this is equal to 


== Ат i —r?/ т 
72 = Gat Tat f rte" 1%" dr. (6-106) 
Using the formula 
oo poe Ursi 1:355: Qn = 1) T. X 
|| хте dy = MM ale (6-107) 


Eq. (6-106) gives r? — 6r, and therefore, 
т = #3. (6-108) 


Thus, the Fermi age is equal to one-sixth the average of the square of the crow- 
flight distance from the point where a neutron enters a system with zero age to the 
point where it acquires the age Т. 

The age to thermal energies, for instance, which is denoted by тт, is one- 
sixth the average value of the square of the crow-flight distance from the point 
where a neutron is emitted to the point where it can be said to have acquired 
thermal energies. In this case, the quantity 4/77 is called the slowing-down length. 

The above discussion is based, of course, on age theory. As shown in the next 
section, however, age theory is not always valid, and for this reason it is con- 
venient to generalize the concept of neutron age to include other situations. Hence- 
forth, therefore, т will be defined by Eq. (6-108) regardless of how the neutrons 
actually slow down in a medium, that is, whether age theory is valid or not. In 
general, the probability p(r) dr that a neutron emitted from a point isotropic source 
will slow down past lethargy u between r and r + dr is given by 


2 
кке i dur xy 2 (6-109) 


From Eqs. (6-105) and (6-108), the age corresponding to the lethargy и is then 


т) = 28 | т, и) (6-110) 
0 
Also, since in an infinite system with no absorption 
S- 4r | "ra, u) dr, (6-111) 
0 


it follows that the age is given by 
H fo мат u) dr н (6-112) 
6 fo r'a(r, u) dr 


This generalized definition of age is similar to the redefinition of L? discussed 
in Section 5-11. 


т(и) = 
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Fig. 6-13. The total cross section of hydrogen. 


of the neutron falls below 10 keV, the mean free path remains approximately 
constant, but now the cross section is large and the neutron does not move much 
farther at the lower energies. 

To a rough approximation, therefore, the neutrons slow down in hydrogen at 
the point where they have their first collision. It will be recalled, however, that 
Fick's law cannot be used at distances within a few mean free paths of sources. In 
view of the foregoing discussion, it is clear that by the time a neutron reaches the 
point where Fick's law and hence diffusion theory is valid, it has moved just about 
as far from the point where it was emitted as it is ever going to go. In other words, 
it is the first mean free path and not the subsequent diffusion of the neutrons which 
largely determines their slowing-down distribution in hydrogen. Of course, if the 
source neutrons are emitted with energies below 10 keV, that is, in the region where: 
сн is constant, the situation is quite different. At these energies it is permissible 
to use the age equation for hydrogen, although the fluctuations from the predicted 
behavior of the neutrons may be expected to be very large. 

Since neutrons slow down in hydrogen in the vicinity of their first collision, it 
follows that the slowing-down density is about equal to the first-collision density. 
This, in turn, is given by the product of the uncollided flux and the macroscopic 
scattering cross section at the source energy. For a point source emitting S neutrons 
per second at the energy Eo in an infinite medium, q(r) is therefore 


_ SEED M0 


g(r) = 4275 (6-113) 


It should be noted that the spatial dependence of а in Eq. (6-113) is considerably 
different from the Gaussian behavior predicted by age theory (cf. Eq. 6-103). 
Furthermore, q(r) is not a function of r, since every neutron is presumed to slow 
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down fully at its first collision. Equation (6-113) is a fair (but only fair) representa- 
tion of the slowing down of neutrons in water. 

The age of neutrons in hydrogenous media is still defined, of course, even 
though age theory is not valid (see preceding section). In this connection, it is 
interesting to note that although it is the hydrogen which is primarily responsible 
for the moderation of the neutrons in these media, other nuclei which are present 
can play an important role in determining the age. For example, the age of 
fission neutrons to 1.45 eV in a hydrogen medium having an atom density equal 
to that of the hydrogen in water is 41 cm?, while the age of the same neutrons 
in water is only about 26 cm?. The oxygen thus reduces the age by over 35%. 
This appears puzzling at first, since neutrons lose very little energy in elastic colli- 
sions in oxygen compared with hydrogen, and the threshold for inelastic scattering 
(6.5 MeV) is so high that this process cannot play a significant role in neutron 
moderation. Furthermore, there is twice as much hydrogen as oxygen in water. 
Nevertheless, while the oxygen itself does not slow the neutrons down appreciably, 
collisions with oxygen tend to prevent the neutrons from traveling very far from 
the source. In other words, the oxygen acts rather like a uniformly distributed 
reflector, holding the neutrons near the source where they can be slowed down in 
collisions with hydrogen. 


6-14 Measurement of Neutron Age 


The concept of neutron age is most useful in connection with thermal reactors and 
is rarely used in calculations of intermediate or fast reactors. It is the age to 
thermal energies, 77, that is therefore of greatest importance in nuclear engineering. 

In view of the general definition of age given in Eq. (6-112), the experimental 
determination of r7 requires the measurement of the slowing-down density at 
thermal energies as a function of position from a point source. However, this 
quantity cannot be measured directly, since it is not possible to distinguish be- 
tween neutrons that have "just become" thermal and those that have been diffusing 
as thermal neutrons for some time. As a consequence, the slowing-down density 
must be measured at an energy above thermal, and corrections can then be made 
to take into account the additional slowing down required for the neutrons to 
reach the thermal region. 

These measurements are usually carried out using thin foils of an isotope having 
a strong, isolated absorption resonance just above thermal. Foils of indium, whose 
principal isotope In!!? has a resonance at 1.45 eV, are often used for this purpose. 
These are covered with thin sheets of cadmium, whose absorption cross section is 
large below the indium resonance but small at higher energies. The cadmium thus 
prevents thermal neutrons from reaching the indium foil, but permits the 1.45-eV 
neutrons to pass through to the indium, where they are absorbed. The foils are 
put in suitable holders and placed in the moderating medium at various distances 
from the source. The saturation activity of each foil (from the 54.1-minute beta 
decay of In!!9) is then a measure of the slowing-down density at about 1.45 eV 
in the vicinity of the foil, as can be seen by the following argument. 
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The saturation activity of an indium foil is equal to the rate of production of 
116 nuclei, namely, 


saturation activity = V | Фе, E)JZai (E) dE, (6-114) 


In 


where V is the volume of the foil, ¢(r, E) is the energy-dependent flux at the foil, 
Жатһ(Е) is the macroscopic absorption cross section of In!!5, and the integral is 
evaluated over the 1.45-eV resonance. According to Eq. (6-71), the slowing-down 
density and lethargy-dependent flux are related by 
= deu), E 

ф(”, и) E £Z,(u) (6 115) 
provided the sources are monoenergetic. Since ó(r, и) du = — ф(7, E) dE, it 
follows from Eq. (6-25) that ф(7, и) = Еф(г, E), and Eq. (6-115) becomes 


é(r, E) = oe) (6-116) 


where, of course, Z,(E) refers to the moderator. Assuming that q(r, E), & and 
Z,(E) are reasonably constant over the limits of the integral in Eq. (6-114), this can 
be written as 


saturation activity — че. Bi) || ХаР) dE , (6–117) 


where Ej, = 1.45eV. Thus measurements of the saturation activities of the 
various foils give q(r, Ета), and the age to 1.45 eV can then be obtained by nu- 
merically evaluating the integrals in Eq. (6-112). As shown in Eq. (6-112) and 
in Eq. (6-119) below, it is not necessary, however, to know the absolute magnitude 
of q(r, Eyn) in order to determine т; it is sufficient to know the relative values of q 
as a function of position. 

As a practical matter, it is usually necessary to deal with sources that emit 
neutrons with a continuous energy spectrum. In this case, the measured value of the 
age depends upon the nature of the spectrum, and different source spectra lead to 
different values of the age. 

To find the average age of neutrons from a source spectrum 5(Е), let 
g(r; E — Ет.) be the slowing-down density at the indium resonance arising from 
unit neutron sources at the energy E. The total slowing-down density at r is then 


40, Ein) = f ° S(E)q(r; E — Em) dE. (6-118) 


The average age to indium resonance, denoted by 71,, can now be found by inserting 
this expression into Eq. (6-112); thus 


1 fo Jo S(E\r*g(r; E — Еп) dE dr | 


о 0 (6-119) 
6 Је fo $(Е)г?д(т; E — Em) dE dr 


Tin = 
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In an infinite system, however, with no absorption, 


= r*q(r; E — Ey) dr = 1, 
0 


and Eq. (6-119) reduces to 
Th. т | || S(Ey*q(r; E — Ер) dE dr, (6-120) 
6S Јо Jo 


where S is the strength of the source. From Eq. (6-110), however, the quantity 


4r | r*qir; E — Еп) dr 
6 Jo 


is equal to the age of neutrons from the energy E to indium resonance, that is, 
T(E — Ein). It follows therefore from Eq. (6-120) that the measured value of the 
age to indium resonance of a continuous source of neutrons in the absence of 
absorption is related to the age of monoenergetic neutrons by 


rin = i / $(Е)т(Е — Ер) dE. (6-121) 
0 
Measured values of 7;, for fission neutrons are given in Table 6—3 for several 


moderators. 


Table 6—3 


Ages (in cm?) of Fission Neutrons to Indium Resonance (1.45 eV) 
in Various Moderators 


Moderator H20 Graphite 


= 311 


In order to determine the age to thermal energies, it is necessary to know the 
age from indium resonance to thermal, т(Ёт„ — Ein). Then since ages are addi- 
tive* 

TT = Tin + T(Etn xz Еһ). (6-122) 


As mentioned earlier, 7T(Er, — Esh) cannot be measured and must be inferred 


* As mentioned in Section 6-9, ages defined by age theory, that is, by Eq. (6-73), are 
additive. This is лог necessarily the case, however, when age is given the more general 
definition of Eq. (6-112). Nevertheless, it is usual practice to assume that ages are al- 
ways additive. 
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from theoretical calculations. Furthermore, age theory, at least in the form 
described in the present chapter, cannot be used to compute 7(Er, — En) because 
of chemical binding and other effects at these energies. A more appropriate method 
for determining 7(E1, — E) will be discussed in Chapter 8 (cf. Section 8-7). 


6-15 Inelastic Scattering in the Slowing Down of Neutrons 


The slowing down of neutrons as the result of inelastic scattering has not been con- 
sidered up to this point. This is not because it is an unimportant mechanism of 
neutron moderation, but merely because it cannot be treated by simple analytical 
methods. As will be shown in this section, inelastic scattering is very effective in 
slowing down neutrons and must be included in one way or another in most 
reactor calculations. 

In discussing the loss in energy which accompanies inelastic scattering, it will 
be recalled from Chapter 2 that two situations must be considered. First, if the 
incident neutron has sufficient kinetic energy to excite only a few levels in the 
struck nucleus, the inelastic neutrons appear in a few discrete energy groups. In 
this case, the average energy of the emitted neutrons depends upon the energies of 
the various levels of the target nucleus as well as upon the relative cross sections 
for their excitation, and no general statement can be made regarding the effective 
energy loss of the incident neutron. 

On the other hand, if the energy of the incident neutron is high enough to excite 
many levels, the energies of the emitted neutrons can be represented reasonably 
well by a smooth function. Thus the probability that an inelastic neutron will be 
emitted with an energy between E’ and E’ + dE’ when the nucleus is struck by 
neutrons of energy E is given approximately by (cf. Section 2-11) 

P(E > E) dE' = Ё. еЕ'!? ДЕ. (6-123) 
T2 
In this formula, 7 is the nuclear temperature, which can be represented by the 
formula | 


Т = 3.2 УЕЈА, (6-124) 


where both T and E are in MeV and A is the mass number of the nucleus. Using 
Eq. (6-123), the average energy of an inelastic neutron is 
Е = [ "EP(E-— Е!) dE’ 
0 
= 27. (6-125) 
According to Eq. (6-125) the energy loss associated with inelastic scattering can 
be considerable. For example, if 238 is bombarded by 10-MeV neutrons, Т is 


about 0.66 MeV, and F’ is 1.32 MeV. In other words, the incident neutron on the 
average loses 8.68 MeV as a result of a single inelastic collision with 0288 (Of 
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course, since neutrons are indistinguishable, it is not necessarily the incident 
neutron which is emitted. This distinction is unimportant, however, so long as 
some neutron appears.) By contrast, it should be noted that the average energy 
loss by elastic scattering іп U??? is 5(1 — a) X 10 MeV = 0.085 MeV, if the 
scattering were isotropic in the center-of-mass system. In fact, the scattering is 
strongly forward peaked at 10 MeV (cf. Fig. 2-21) and the actual energy loss by 
elastic scattering is therefore considerably less than 0.085 MeV. It should be evident 
from this example that at least in certain cases, inelastic scattering can be a far more 
important mechanism for the slowing down of neutrons than elastic scattering. 

It must be remembered, however, that while elastic scattering occurs at all 
energies, inelastic scattering does not take place below the inelastic threshold. 
This threshold is rather high for many light nuclei; it is 4.8 MeV for carbon, 
6.4 MeV for oxygen, and with hydrogen and deuterium, inelastic scattering does 
not occur at all. Inelastic scattering can therefore be ignored in most light nuclei 
except at high energy. With intermediate and heavy nuclei, on the other hand, 
the inelastic thresholds are much lower, and inelastic scattering must be taken into 
account whenever materials of this type are present in large amounts in a reactor. 

Many reactors do, in fact, contain substantial quantities of intermediate and 
heavy nuclei. The structural parts are often iron or aluminum, the coolant may 
be sodium or a mixture of sodium and potassium (called Nak), all of which are 
intermediate nuclei, and the fuel itself always consists of heavy nuclei. In fast and 
intermediate reactors, as mentioned in Chapter 4, there are essentially no light 
nuclei present, and in these systems virtually all the slowing down arises from 
inelastic scattering. Methods for incorporating inelastic scattering in the calcula- 
tions for these types of reactors will be considered in Chapter 10. 

A simple way of handling inelastic scattering in thermal reactors is to use values 
of the age in which this process is explicitly included. These can be obtained either 
from measurements of the age in assemblies which duplicate the composition of 
the intended reactor, or from computations using one of the numerical methods 
discussed in the next section in which inelastic scattering can be included. Results 
of calculations of this type are shown in Fig. 6-14, where the age of fission neutrons 
to 1.45 eV is shown for various metal-water mixtures as a function of the ratio of 
the volume of the metal to the volume of the water. (Experiments, of course, give 
similar curves; however, these have been carried out only at comparatively few 
points.) In these calculations it was assumed that the metal is in the form of thin 
elements, so thin, in fact, that the mixture can be assumed to be homogeneous 
insofar as the moderation of the neutrons is concerned. (Such systems are often 
called quasihomogeneous; cf. Section 9-9.) 

It will be observed in Fig. 6-14 that with the exception of the uranium curve, 
the age increases with increasing metal-to-water-volume ratio. This is to be 
expected, since one of the effects of increasing the volume of metal in the system 
is to decrease the amount of water, and, of course, water is very effective in slowing 
down neutrons. However, the curves cannot be explained by assuming that the 
only effect of the metal is to change the average water density, that is, that the 
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Fig. 6-14. The age of fission neutrons to 1.45 eV in metal-water mixtures. Age is also 
shown assuming that the metal acts only as a void. (Metal-water curves courtesy of 
G. D. Joanou, General Atomic.) 


metal acts only as a void. According to Eq. (6-73) it is easy to see that т varies 
inversely as the square of the moderator density. Thus if the moderation of 
neutrons were due only to the water, 7 would increase as 


2 2 
ae (Ye Ун) Ee ( + yu) (6-126) 


where тур is the age of neutrons in pure water and V/V is the metal-water ratio. 
As shown in Fig. 6-14, the actual ages of metal-water mixtures are much less than 
the values computed from Eq. (6-126), and it must be concluded that the presence 
of the metal considerably reduces the age over what would be expected if the metal 
acted simply as a void. In particular, returning to the curve for uranium, it will be 
seen that 7 actually decreases slightly as uranium is added to the system and then in- 
creases comparatively little over the entire range of metal-water ratios. Since 
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none of these metals moderate neutrons appreciably by elastic scattering, it follows 
that it is inelastic scattering by the metal which accounts for the low values of age. 
Indeed, in view of Fig. 6-14, it must even be concluded that because of inelastic 
scattering, uranium is about as effective as water in moderating neutrons.* 


6-16 Methods of Calculating Age 


Measurements of the ages of fission neutrons in various systems are expensive to 
carry out, and so it is desirable to be able to calculate ages from first principles. 
The simple formula for r given in Eq. (6-73) rarely gives sufficiently accurate values 
for design purposes, however, since all the assumptions of age theory are seldom 
valid simultaneously for a real system and, in addition, moderation by inelastic 
scattering was ignored in its derivation. 

Fortunately, age can be calculated exactly by a number of numerical-analytical 
methods. These methods, like those discussed in Section 5-10 for handling neutron 
diffusion, fall roughly into two categories. The first consists of a number of tech- 
niques for finding the age by solving the energy-dependent transport equation; 
the second is the Monte Carlo method (cf. Section 5-10). Needless to say, a 
complete discussion of these techniques lies well beyond the scope of this text, 
and the reader should consult the references for the details. What is important 
to note at this point is the fact that it is possible using these methods to treat all 
neutron interactions exactly and so obtain (presumably) exact values of age. In- 
deed, the confidence in such calculations is so high (particularly on the part of 
theoreticians) that, at least until recently, the calculated age of neutrons in water 
was considered to be more reliable than the experimental value. Results of cal- 
culations of this type for various homogeneous mixtures of metals and water were 
shown in Fig. 6-14; their interpretation was discussed in Section 6—15. 


6-17 Elastic Moderation Time 


The average time required for a neutron to slow down from one energy to another 
by elastic scattering in the moderating region, i.e., at energies above about 1 eV, 
can be estimated by using age theory. In the time dt, the neutron moves the 
distance dx = v dt, where v is the neutron speed, and according to Eq. (6-75), it 
increases in lethargy by the amount 


du = Ёр dt. (6-127) 


* This may not be the whole story, however. It was pointed out in Section 6-13 that the 
oxygen in water has a surprisingly important effect on the age of neutrons. Thus, even 
though the oxygen plays little or no role in moderating the neutrons, it acts as a distributed 
reflector and tends to keep the neutrons near the source, where they are slowed down in 
collisions with hydrogen. The metals in the mixtures shown in Fig. 6-14 presumably act 
in much the same way, though clearly to a much lesser extent. 
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Since du = —dE/E, Eq. (6-127) is equivalent to 


= = = Ey di; (6-128) 


and since E = 4mv?, where m is the mass of the neutron, Ед. (6-128) can also 
be written as 


- 2 = за. (6-129) 


The time which a neutron spends in slowing down from an initial speed v; to the 


speed v is therefore 
t v 
dv 
= А dt = aj а (6-130) 


In general, Z, (and possibly also £) is a function of energy and hence of v. However, 
an estimate of / can be obtained by replacing Х, in the integral by an appropriate 


average value. Then, 
"d (1 = 1). (6-131) 


An especially important case of Eq. (6-131) is the time required for fission neu- 
trons to slow down to the cutoff of the moderation region at about 1 eV. This 
time is called the moderation time and is 
denoted by t4. Since the speed Vm corre- 


sponding to E, is so much smaller than Table 6-4 
the speeds of fission neutrons, the second Moderation Times (in psec) 
term in Eq. (6-131) can be neglected and 
tm becomes Moderator 
2 
tn = Ер. . (6-132) 


Values of tm for several moderators, which 
were computed using Eq. (6-132), are given 
in Table 6-4. 


6-18 Slowing-Down Kernels 


According to age theory, the slowing-down density at the distance r from a point 
source emitting S fast neutrons isotropically in an infinite medium is given by 


Eq. (6-103), 


Se! 
т) = (ry 
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In deriving this expression in Section 6-11, the source was assumed to be located 
at the center of coordinates. If the source is located at the point r’, then q(r, т) 
becomes 
—|r—r'i?/47 
q(r, T) = S REA , (6-133) 
since the slowing-down density depends only on the distance between the source 
and the observation point. С 
Consider now the slowing-down density arising from isotropic neutron sources 
distributed continuously in an infinite medium. If s(r’) is the source density at r’, 
then s(r’) dV’ fast neutrons are emitted from the volume element dV’, and they 
make a contribution to the slowing-down density at r which is equal to 


s(r)e- 77 11 4T 


dq(r,or) = (Ara 


dV’. (6-134) 


The total slowing-down density at r is therefore 


1 —|r—r' T 
йй т) = ary / Кош I4 дүп, (6-135) 
apace 
This result can be written as 
q(t, T) = || , 6066 r) 47, (6-136) 
apace 
where 
Gir) = day grille (6-137) 


is known as the Fermi point slowing-down kernel, or sometimes the Gaussian point 
slowing-down kernel, for the infinite medium. It should be noted that G(r, r’) is 
equal to the slowing-down density at r due to a unit source of fast neutrons placed 
at r’. These results are completely analogous to those obtained for neutron 
diffusion in Section 5-10. 

The expression for G(r, r’) given by Eq. (6-137) is based, of course, on age 
theory, and it can be used only when that theory is valid. If this is not the case, 
q(r, T) can still be computed from Eq. (6-136), but G(r, r’) must be replaced by 
another, more appropriate, slowing-down kernel. This can either be obtained 
from one of the numerical methods discussed in Section 6-16, or it can be meas- 
ured experimentally. Thus, since G(r, r^) is equal to the slowing-down density 
due to a point source in an infinite medium, the measurements discussed in Sec- 
tion 6-14 for determining 7 also give the slowing-down kernel, at least to indium 
resonance. 
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Problems 


6-1. The differential elastic cross section of oxygen at 0.95 MeV in the center-of-mass 
system can be written as 


c,(u) = 0.212 (1 + 2.45 ш?) barns/steradian 


where и is the cosine of the scattering angle. (a) Find the total elastic cross section at 
this energy. (b) Compute and plot the scattering distribution function P(E — E") for 
oxygen at this energy. (c) Find the average energy of the scattered neutrons. 


6-2. Show by direct integration that for elastic scattering 
E 
f P(E > E") dE’ = 1, 
aE 


independent of the scattering angular distribution. 
6-3. Let P(v — v’)dv’ be the probability that a neutron with laboratory speed v is 
elastically scattered into the interval dv’ between v’ and v’ + dv’. (a) With isotropic 
scattering in the center-of-mass system, show that 


/ 
P(v — v) = р” v/a « v «v, 
0, otherwise. 


(b) Show that the average speed after a collision is 


7 201 — a”? 
D m 


ar ea ae 


(c) Compute v’ for 1 MeV neutrons scattered from hydrogen. 
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6-4. Show that for isotropic scattering in the center-of-mass system the probability 
function P(u — u’) for elastic scattering between lethargies и and и' is given by the 
formula 


1 (u—u’) , 
Ra = г ‚ u <u’ <и + ћ(1/а), 


0, otherwise. 
6-5. Show that a good approximation for ¢ is 


"EE NP 
А+ 


6-6. The differential elastic scattering cross section in the center-of-mass system at some 
energy can be represented by the formula 


Е 


с,(0) = а + Б соѕ 6. 


(a) Derive а formula for at this energy. (b) What is the limit of this formula as b — 0? 
6-7. Show that 

B= ХХ +, 
where X = In (1/o). 
6-8. Show that for isotropic scattering in the center-of-mass system and for large 4, 
the average increase in lethargy in an elastic collision is one-half the maximum lethargy 
increase. 
6-9. (a) By introducing the variable x = E/Eo, show that the function P4(x) = EoF(E) 
depends only upon A and x. (b) Derive an exact integral equation for P4(x). [Note: 
The function РА (х) is called the Placzek function.] 
6-10. Show that the function 

F(E) = CE? 


is a solution to the asymptotic equation for F(E) (Eq. 6-36) provided 
B(a — 1) = o? — 1. 


Discuss the values of 8 which satisfy this equation. 

6-11. Compute and plot the collision density function F3(E) for neutrons that have had 
three collisions. Discuss the continuity of F3(E) and its derivatives at E = Eo, aEo, 
o? Eo, and o3 Eg. 

6-12. The collision density for a moderator with A > 1, which was found in Section 6—5 
by the method of successive collisions, can also be found using the method of successive 
collision intervals. The energy region аЕо < Е < Eo is known as the first collision 
interval, where Eo is the energy of the source neutrons; the region o?Eo < E < aEo 
is the second collision interval; and so on. In this method the collision density for the 
nth collision interval, F(?(E), is determined by using the previously-computed collision 
density F®-)(E). (a) In the first collision interval show that 


E 
$ || ° FP (E) qE'. 
(1 — о)Ео в (0—29)E, 


FOE) = 
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(b) By transforming this integral equation to a differential equation show that 


FOR) = $ О 
а — a)Eo NE 


(c) For the second collision interval show that 


OE / «Eo (2), 1 
с) ЕСХЕ') dE’ / FO(E) dE! 
F (E) = ee та = aE’ + Е 1 — a)E’ 


(d) Show that 


1/1—а) 1/(1—а) 
(2), ТА _ 5 Eo а-ә) , 2 Е \|. 
Е (E) = а 3E (2) | © күш (5 


(е) Show that, in general, 
Eja 


POR) = oe dE | [ oe dE! 


єє = 0-oE KEZIA 


6-13. (a) Using the results of Problem 6-12, determine the discontinuity in F(E) at aEo 
(b) How does the magnitude of the discontinuity vary with A? 


6-14. Neutrons are emitted with an energy of 2 MeV in an infinite medium. Estimate 
the fractional deviation in the lethargy of the neutrons when their average lethargy 
corresponds to an energy of 1 eV if the medium is 


(a) H, (b) D, (с) С, (d) U. 


6-15. The variance (square of the standard deviation) of the distribution in lethargy of 
neutrons that have undergone п collisions is defined in statistics as 


EST (Ди) - (3 ки) , 
i=l :==1 


where Ди; is the change in lethargy at the ith collision. With isotropic scattering in the 
center-of-mass S system all collisions are identical and c? is c? = n[(Au)? — (Au)?]. 
The quantity Ди has already been shown to be equal to £. (a) Using the same procedure, 
show that 


бир = x – а – 912. 


СИ Пе асер 
n iVm Я 


(с) Show that in the limit of large A the fractional deviation from the mean in the lethargy 
of neutrons which have undergone п collisions approaches 


(b) Show also that 


ШЕ 


и Ни 
v Зл 
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(d) Plot the quantity 


ЧЕ т ace" 
é а 

as a function of А. 

6-16. (a) Derive an exact expression for the average number of collisions which neutrons 
undergo as their energy decreases from Eo to E; in a hydrogen medium. (Note that this 
is is not equivalent to finding the average energy after a given number of collisions.) 
(b) Find a similar but approximate expression for neutrons slowing down in a medium 
with A > 1. [Hint: Use the collision densities computed in Sections 6-3 and 6-5.] 


6-17. (a) Show that the energy of a neutron after л elastic collisions can be expressed as 


E, = E][2^7ta + а) + à — о) созд, 
j=l 
where E is its initial energy, and 0; is the angle of scattering after the jth collision. (b) By 
treating E, as a function of the п independent variables 0;, show that with isotropic 
scattering in the center-of-mass system the average value of E, is given by 


= _ 1+ а 
ғ, = ( 5 E 


6-18. Estimate the age of 2 MeV neutrons to 1 eV for graphite using the Fermi formula 
(Eq. 6-73). Compare this answer with the experimental value of 311 cm? for fission 
neutrons. 

6-19. Show that a criterion for the validity of Eq. (6-71) is 


d 1 
m” Е(т, и) << E 


6-20. Show that according to age theory the slowing down density at the distance r 
from an infinitely long line source emitting S neutrons/sec per unit length is given by 
se 714 
шун 4тт 
[Hint: Treat the line source as a set of point sources.] 


6-21. Sources of monoenergetic fast neutrons are distributed in an infinite slab of 
moderator according to the function 


s(x) = Scos (=) , 
а 


where S is а constant and a is the thickness of the slab. (a) Using age theory, calculate 
the slowing down density of neutrons of age r. (b) What is the average probability that 
a source neutron leaks from the slab while slowing down to the age 7? 

6-22. An isotropic point source emitting S fast neutrons/sec is located at the center of 
a sphere of moderator of radius R. (a) Using age theory, show that the slowing down 
density of neutrons of age 7 is 


(r je У Bre?" sin Br 
q T шы 2arR 4 п nhs 
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where B, = пт/Е. (b) Derive an expression giving the probability that a source neutron 
will leak from the sphere while slowing down to the age 7. Hint: It may be helpful to 
use the expansion (cf. Appendix II) 


é(r) = Б 2 B, sin B,r. 


n=l 


6-23. An isotropic point source emitting S fast neutrons/sec is placed at the center of a 
bare cylindrical tank of moderator of radius R and height H. (a) Using age theory, show 
that the slowing down density of neutrons of age т is given by 


2S -B an? 

e m Xm" mz 
alr, z, T) = = (=) cos (=) , 
4 2. о 0х) К Н 


m=1, 2, 3, .. 
ода 


where V is the volume of the cylinder, xm is the mth zero of Jo(x), and 


Bn = (= à + (=). 
тп ~~ р Н 


(b) Show that for H>> Мт the slowing down density along the axis of the tank, not 


near the top or bottom, is given by 
2 


2 
Ing = С ~ 4r , 
where C is a known constant. [Hint: For part (a) see Problem 5-39.] 


6-24. Based on age theory, what fraction of the neutrons emitted at the energy Eo slow 
down below E at distances greater than ^/r(Eo — E) from their point of birth? 


6-25. (a) Show that if neutrons actually slowed down at the site of their first collision in 
hydrogen the age of neutrons from Eo to E would be 


1 


T(Eo > E) = 5 , 
3z, (Eo) 


where Z,(E) is the macroscopic scattering cross section of hydrogen. (b) Compare the 
age in water of 2-MeV neutrons to indium resonance computed from this formula with 
the measured age of fission neutrons. 

6-26. Neutrons striking target nuclei of mass number A excite a level at the energy е. 
(a) If the angular distribution of the inelastic neutrons is isotropic in the center-of-mass 
system, show that 

E 


RP L РЕК 
BOE ds 0 


1 2 
[ Ts +200. 


where E and Е’ are the laboratory energies of the incident and inelastic neutrons, re- 
spectively, 0 is the angle of scattering in the center-of-mass system and Y is given by 


(cf. Problem 2-26) 
vh [AE 
^ AN AE — (A + 1)є 
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(b) What are the maximum and minimum energies of the inelastic neutrons in the 
laboratory? (c) Show that the inelastic probability distribution function P(E — E’) is 
given by 

Y(A + 1). 


/ — 
P(E э Е) = ДЕ 


(а) Compute the average energy of the inelastic neutrons in the laboratory system. 
6-27. Show that in an inelastic collision the average increase in the lethargy £; is given 
by the formula 

Y—1tinx+e + Ex(x) 
а 1— (1 + xe : 
in which Y = 0.5772 is Euler's constant; x = E/T(E), where E is the laboratory energy 


of the incident neutron and T(E) is the nuclear temperature; and Е} (х) is the exponential 
integral (see Appendix II). 


£i 


6-28. Within the slab region -5 <x< 5 of an infinite homogeneous moderator, 


fast neutrons are emitted uniformly at the rate of S neutrons/cm?-sec. Compute the 
slowing down density everywhere in the medium using Fermi age theory. 


7 


Neutron Moderation with 
Absorption and Fission 


In the preceding chapter it was assumed that neutrons interact only by elastic or 
inelastic scattering while slowing down. In fact, they may also be captured by the 
fuel or some other absorbing material, or they may induce fissions as the result of 
interactions with the fuel. Both of these processes have an obvious bearing on the 
criticality of a reactor and are considered in this chapter. The discussion is re- 
stricted to thermal reactors; methods for computing absorption and fission in 
other reactors are discussed in Chapter 10. 

Considering absorption first, it will be recalled that this process occurs whenever 
a neutron undergoes a reaction such as (n, Y), (n, p), (n, o), etc. Among these 
possibilities, the (n, Y) reaction (radiative capture) is ordinarily the most important 
in thermal reactors. As discussed in Chapter 2, the radiative capture cross section, 
су, usually follows the 1/v law at low energies; it is quite large in the resonance 
regions of intermediate and heavy nuclei, i.e., from about 1 eV to 1000 eV; and 
above the resonances it drops rapidly as 1/E or faster to very low values. Most of 
the absorption of neutrons while they are slowing down occurs therefore at 
resonance energies. | 


7-1 Hydrogen and an Infinite Mass Absorber 


The slowing down of neutrons in an absorbing medium cannot be handled ana- 
lytically except in special cases. One of the simplest of these is an infinite medium, 
consisting of a uniform mixture of hydrogen and an infinitely heavy absorber, 
throughout which there are uniformly distributed sources emitting S fast neutrons 
per cm?/sec at the energy Eo. In this problem, since the absorbing nucleus is 
infinitely heavy, it plays no part in the elastic slowing down of the neutrons; 
inelastic scattering by this nucleus is also ignored. 

Consider now the continual arrival and departure of neutrons in the energy in- 
terval dE at E. These neutrons arrive in dE both as the result of single collisions 
at the source energy and from multiple collisions at energies between E and Eo 
(cf. Fig. 6-3). If Eo is well above the resonance region, which is true in all practical 
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cases, the source neutrons will not be absorbed on their first collision, and, from 
the argument given in Section 6-3, S dE/Eo of these neutrons will arrive per sec 
in dE. At the same time, there are F(E") dE’ interactions/sec in the interval dE’ 
above dE of which the fraction Z,(E")/[Z,(E") + Z,(E")] are elastic collisions 
with hydrogen. Thus F(E’) dE'Z,(E')/[,(E") + 2(E’)] neutrons survive their 
interaction in dE' and the fraction dE/E' are scattered into dE. In the steady state 
the number of neutrons falling into dE per sec is equal to the number which interact 
per sec in dE; hence 


Z(E’) dE' dE 


SdE | 
F(E) dE = + E. F(E’) SE) ДЕ) Бо (7-1) 


Upon canceling dE from both sides of the equation, the following integral equation 
is obtained for F(E): 


Eo 
(Е) aE’ 
] СЕ. = 
F(E) = 54 [res oe (7-2) 
This equation can be solved by differentiating with respect to E; that is, 
dE Е X Ey + 2,(£) 


Preliminary to integrating Eq. (7-3), it is convenient to rearrange the equation 
in the following way: 


dF(E) _ _ dE , _ Z(E) 4ДЕ. 
FE) E  Z(E)TZ(E)E 
Integration of each term from E to E then gives 
„Но _ _| рај ZE) — dE, 
F(E) Z,(E')-r XE) Е 


which is equivalent to 


Eo 
F(Eo)E, Za(E’) dE’ 
no- перо [see el C 


The quantity F(Eg) can be found by placing E = Eo in Eq. (7-2) which gives 
F(Eg) = S/E,. Equation (7-4) thus becomes 


Eo 
5 Za dE Я 
Е(Е) = == 5 exp| - J. 3, + 5, A з (7 5) 


where the energy dependence of 2, and Z, has been omitted for simplicity. 
With absorption present in the system, the slowing-down density is obviously 
not a constant as it was in Sections 6—3 and 6—5, but it can be computed in exactly 
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the same way as it was earlier. Thus it is easy to show that 


Eo 
_ SE n LEE) E qp _ 
q(E) с Е, + J. F(E") У (Е') + > (Е) Е! dE’. (7 6) 


Comparing Eq. (7-6) with Eq. (7-2) shows that 


q(E) = EF(E), (7-7) 
so that in view of Eq. (7-5), 


Eo 
х, dE] " 
q(E) = Sexp |- | ЖЕЎ, aA (7-8) 


Now, if S source neutrons are emitted per cm?/sec with energy Eo, and а(Е) 
actually slow down below E, the quantity 4(Е)/5 must be equal to the probability 
that a source neutron is not absorbed while slowing down from Eo to E. Since 
this absorption occurs primarily in resonances, q(E)/S is called the resonance 
escape probability and is denoted by p(£). Therefore, for a mixture of hydrogen 
and an infinitely heavy nucleus, 


Eo 

- 48. ар | 22 45 Я 

P(E) par: S НЕ exp| E D, + 2% Е! (7 9) 

As an example of the application of Eq. (7-9), consider the capture of neutrons 

іп a single resonance at the energy Еј. Since the absorption cross section of 

hydrogen is small at resonance energies, only capture by the heavy absorber need 

be included. When Eq. (7-9) is written out in detail, the escape probability for 
this resonance, pı, becomes 

Naora(E’) дЕ | 

= — eae | 7-10 

а exp | E, Унозн(Е') + Nasya (E) E ( ) 


Неге N, and Ny are the atom densities of absorber and hydrogen, respectively, 
ova is the radiative capture cross section of the absorber, and бан is the scattering 
cross section of hydrogen. The subscript on the integral indicates that the inte- 
gration is to be carried out over energies where суд is significantly different from 
zero. 

To evaluate Eq. (7—10), it is necessary to substitute expressions for бан and суд. 
However, since the major part of the integral comes from the region in the im- 
mediate vicinity of the resonance, озн can be taken to be constant. The Breit- 
Wigner formula, with Doppler broadening, must be used for Суд. 

Although Doppler broadening must be included in the calculation of p, for 
systems at room temperature or above, it is instructive to consider for a moment 
the evaluation of pı when this effect is ignored. Near the resonance, суд is then 
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given by (cf. Eq. 2-93) 
с 1Г+ 1 


ај ш “cD 
where 
x= 2 (E — Ei) (7-12) 
and 
2 
ту = тат . (7-13) 


In these formulas, E is the energy in the center-of-mass system (which is equal to 
the laboratory energy of the neutron in an interaction with an intermediate or 
heavy nucleus), Гу and Г are the radiative and total widths of the resonance, 
respectively, X, is the neutron reduced wavelength corresponding to the energy 
E, and g is a statistical factor. 

If the concentration of absorber in the medium is so low that 


Nasya (E) K Мнозн, (7-14) 


the second term in the denominator of Eq. (7-10) can be ignored. This is known 
as the infinite dilution case and р ү is denoted by рт. Since, according to Eq. (7-11), 
the maximum value of суд at an unbroadened resonance is ¢,I'y/T, Eq. (7-14) 
is equivalent to 


МАТА K удова. (7-15) 


Equation (7-10) then reduces to 


i МА || n dE']. i 
Pi = exp |- Ж. oya lE’) a (7-16) 


N HOsH 
Except for a few resonances which occur at very low energy (for example, the 
0.178-eV resonance in Cd!!? whose width is 0.113 eV), the width of an absorption 
resonance is much less than Еј. Little error is made therefore if the term 1/E’ in 
the integral is extracted as 1/E,; thus 


Na 
МнознЕ; 


Pi = exp |- | oya(E’) ағ. (7-17) 


Inserting Eq. (7-11) results in 
"A _ _Naoily J Е ах | s 
d zl 2Мно,нЕ J „1 + x2]. ets) 


where the limits of integration have been arbitrarily extended from — со to co 
because the bulk of the integral comes from a small region in the vicinity of the 
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resonance. Performing the integration gives 


CN «T rNagily > = 
ла e| Aen | (7213) 


With finite dilution and no Doppler broadening, Eq. (7-10) becomes 


= exp| — -Jar / i 22]. z 
ELE exp| 2№но,нЕ Ј — a? + x? 9) 
where 

2 Naoily Ж 


Carrying out the integration, pı is now given by 


It will be observed that Eq. (7-22) properly reduces to Eq. (7-19) for infinite 
dilution, since а — 1 as М№но;н/ МС: > œ. 
When Doppler broadening is included, the Breit-Wigner formula is modified 
and becomes (cf. Eq. 2-112) 
с ilv 


Oya = T ү, х), (7-23) 


where (С, x) is a tabulated function and ¢ is 


A 1/2 
Consider first the infinite dilution* case; then 
oO __ ni Naoil'y ЈЕ | E 

pi = exp| 2 МАНЕ ut yt, x) dx , (7 25) 
where Eq. (7—23) has been inserted into Eq. (7-17). It is not difficult to show that 
[Vax dx = т, (7-26) 

and so | 

HE = е : 7-27 


This expression for p3 does not contain апу temperature-dependent quantities, 


* The maximum value of cy, at a Doppler-broadened resonance is oil Wf, 0)/T, so 
that the condition for infinite dilution, Eq. (7-15), becomes Nao 1T (С, 0)/T «& Nuon. 
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and is, in fact, identical with Eq. (7—19), which was derived without taking Doppler 
broadening into account. It follows, therefore, that the escape probability, at least 
for a single resonance, is not a function of temperature in a sufficiently dilute 
mixture of hydrogen and an infinitely heavy absorber. This result could have been 
anticipated from the start, for in the infinitely dilute case, p, depends only on the 
area under the resonance (cf. Eq. 7-17), and this area, as mentioned in Section 
2-14, is independent of temperature. Incidentally, this conclusion regarding the 


ПУК и 


П: аш 


SAL +H 


Дд B) 


ША 


mc p=2) x 1055 


Fig. 7-1. The function Ј(, 6). (From L. Dresner, Resonance Absorption in Nuclear 
Reactors. New York: Pergamon Press, 1960.) 
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temperature dependence of p, is a very general one. Thus, it can be shown that 
the resonance escape probability is always independent of temperature, provided 
the mixture is sufficiently dilute. 

With finite dilution, the integral in Eq. (7-10) can no longer be carried out 
analytically when Doppler broadening is included. The value of р, is then usually 
expressed in the form 


Pi = exp |- 5 IG; 5| , (7-28) 
where J(t, 8) is defined by the integral 
“ We, x) dx 
= — › 7-2 
0 = ву) ma 
and 
A Nusul А 2 
= Мата (7-30) 


The function J(t, 8) is shown in Fig. 7-1. 

It is important to note that in all the above formulas for pı, the energy of the 
resonance E, appears in the denominator of the exponential Thus, all other 
things being equal, more neutrons are absorbed in a low-energy resonance than 
in a high-energy resonance. The reason for this is simply that the energy-dependent 
flux increases rapidly with decreasing energy and more neutrons are therefore 
available to interact with a lower-energy resonance. This result is true also for 
moderators other than hydrogen, as will be seen presently. 


7-2 Moderators with А > 1; The NR and NRIM 
Approximations 


For moderators with A > 1, an analytical solution to the slowing-down problem 
with absorption is not possible even if the mass of the absorber is assumed to be 
infinite. Good estimates of the escape probability for individual resonances can 
be determined, however, by one or the other of the two approximate methods 
discussed in this section. These methods can also be used if the moderator is hydro- 
gen, and must be used in this case if it is not possible to assume, as in the preceding 
section, that the absorber is infinitely heavy. 


Resonance escape. Consider again an infinite medium consisting of a 
homogeneous mixture of moderator and absorber, which contains uniformly 
distributed sources emitting S neutrons per cm?/sec at the energy Eo. The total 
number of neutrons absorbed per cm?/sec between E and Е is given by 


Neutrons absorbed from E to Eg — || di Lal EO(E’) dE’. 
E 


Now, if S neutrons are emitted by the sources per cm?/sec, the probability p(E) 
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that a neutron survives to the energy E is evidently 


S — Neutrons absorbed from E to E, 
р(Е) === 


Eo 
pc З | > (ЕЗФ(Е') dE’. (7-31) 
E 


Equation (7-31) is exact, and once the flux is known, p can be computed di- 
rectly.* Unfortunately, it is not possible to calculate Ф(Е) analytically at energies 
within a resonance, and it is for this reason that it is necessary to resort to ap- 
proximate methods. This is due to the fact that absorption acts much like a 
negative source and introduces transients, like those shown in Fig. 6-8, into the 
collision density and hence the flux. As is evident from the discussion in Section 
6—5, these transients are very difficult to handle analytically. It will be recalled that 
the transients arise as the result of multiple scattering of the neutrons at energies 
near the source (in this case, a negative source). Thus it is the multiple scattering 
of the neutrons at energies within the resonance that is the underlying reason why 
analytical calculations of p cannot be made in general. In the methods discussed 
below, this multiple scattering is treated approximately. Before these methods 
are considered, however, the concept of the practical width must be introduced. 


The practical width. Consider a homogeneous mixture of moderator and 
a heavy absorber, which has an isolated resonance at the energy Е). The practical 
width of this resonance, which is denoted by Гр, is defined as the energy interval 
over which the resonance cross section, i.e., the sum of the cross sections for res- 
onance absorption and resonance scattering, is greater than the macroscopic po- 
tential scattering cross section.t It will be recalled that at energies far from the 
resonance the total cross section is due only to potential scattering. It follows that 
Гр is a measure of the extent of the influence of the resonance, that is, the energy 
range over which the resonance is felt above the background potential scattering. 

It is possible to obtain a simple formula for Гр in the case of a system which 
is at a temperature of 0°К. The cross sections are then given by the ordinary 
Breit-Wigner formulas without Doppler broadening. The absorption cross sec- 
tion is given by Eq. (2-93) and the resonance scattering cross section is given by 


* It may be noted that Eq. (7-31) can be used to compute p for a mixture of hydrogen and 
an infinitely heavy absorber, which was handled quite differently in Section 7-1 (cf. 
Prob. 7-8). 

+ The practical width has also been defined in the literature as (1) the energy interval 
over which the macroscopic total cross section is equal to twice the potential scattering 
cross section and (2) the energy interval over which the ratio Ж„/(®„ + Zs) is greater 
than 4. Both of these alternate definitions of Гр are equivalent to the definition given 
above for resonances which are primarily due to absorption, i.e., resonances at which 
Г, >> I, However, for resonances with Г, < Tn, definition (1) gives larger values of 
Гр, while definition (2) gives Гр = 0. 
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the first term in Eq. (2-73). In the notation of these equations, the practical width 
is equal to the difference between the energies at which the equation 


Мс = ў 
1+ 4(Е — Е,)?/Т? E. 


is satisfied. Here 
Zp = NAGO5A + Ммо,м 


is the macroscopic potential scattering cross section of the mixture, N4 and Ny 
are the atom densities of the absorber and moderator, respectively, gp is the po- 
tential scattering cross section of the absorber (Cpa = 4x R?), and сам is the scat- 
tering (which is all potential scattering) cross section of the moderator. Sub- 
stituting E = E, + 41 p into this relation and anticipating that !p/T > 1, gives 


the useful formula 
im N АС 1 А 
Гр = Г 4 [Су 


Аз a specific example of the use of this formula, consider the first resonance in 
U238 at E, = 6.67 eV for a mixture of U??? and hydrogen with Ny = Мн. 
For this resonance Г = 0.027 eV, o, = 21,000 b, сру( 238) ~ 105, он ~ 205, 
and the above formula gives Гр = 0.72 eV. Thus Гр is considerably larger than Г. 
This is the usual situation. The practical width is generally from about ten to 
thirty times the natural width, although its exact value depends on the concentra- 
tion of the absorber and the temperature of the system. Ordinarily, however, as 
shown in the problems at the end of the Chapter, Гр is not a sensitive function of 
the temperature. 


The narrow resonance (NR) approximation. If the average energy 
loss in an elastic collision with either the moderator or the absorber is much larger 
than the practical width of a resonance, it is very unlikely that a neutron will have 
a second collision within the resonance and be absorbed. At energies relevant to 
calculations of resonance escape, scattering is isotropic in the center-of-mass 
system, and the average energy loss is (1 — o)E/2 (cf. Section 6-1). The require- 
ment that a neutron will have no more than one collision in a resonance at ЕЁ} is 
therefore 


5 (7-32) 


Гь < 


where a refers both to the absorber and to the moderator. This is the principal 
assumption in the narrow resonance (NR) approximation; its validity will be con- 
sidered later in this section. 

Consider now an energy interval dE within the resonance. In view of the narrow 
resonance assumption, neutrons can only arrive in dE as the result of collisions 
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at energies above the resonance; neutrons which interact within the resonance are 
either absorbed or are scattered out of the resonance. However, neutrons with 
energies above the resonance obviously have no way of knowing whether there 
is a nucleus in the system with a resonance at a lower energy, and the number of 
neutrons scattered into dE is therefore the same whether the resonance is present 
or not. This number is equal to F(E) dE, where F(E) is the collision density in the 
absence of the resonance. Furthermore, if the resonance is located in the asymp- 
totic region of the collision density, F(E) dE = S dE/E(E)E, in which £(£) includes 
scattering by both moderator and absorber and is computed at the energy E in 
the absence of the resonance. In particular, £(E) is given by 


тета — ёмХзм + Ea2pa , у 
КЕ) = "unde $0 (7-33) 


where the subscripts M and A again refer to the moderator and absorber, respec- 
tively, and Z,4 is the macroscopic potential scattering cross section of the 
absorber. 

In the steady state the number of neutrons which arrive in dE must be equal to 
the number that interact in dE, namely, 2 (Е)ф(Е) dE, where Х (Е) is the macro- 
scopic total cross section. It follows that 


S 


ЕСЕЈЕ = Х(Е)ф(Е), 
and so 
ЖЕ) = LLL (7-34) 
ЕЕ)ЕХ КЕ) 


Inserting Ф(Е) from Eq. (7-34) into Eq. (7—31), the result is 


р = 1— || XE). dE. 
E, E") (E)E 


It is reasonable to assume that 2,4 is constant over the resonance; Хд is also 
constant, and therefore so is £. Then, after extracting 1/E’ as 1/F;, as in Section 
7-1, Eq. (7-34) reduces to 


1 Z(E’) dE' 


— == А 7-35 
E ЈЕ 2 (Е') ( ) 


рі = 1 


When this equation is written out in terms of microscopic cross sections, it becomes 


1 Nasya (E dE’ 
Жү NIE Ж ae E а аа GAG 
pı EE, ) Nara E) + Мај) + Nar (E) O 


To evaluate Eq. (7-36), the Doppler-broadened cross sections must be substi- 
tuted for сул and 9,4; Gsm can be taken to be constant. Again, however, as in 
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the earlier discussion of hydrogen, it is instructive to consider the nonbroadened 
case first. Then oy, is given by Eq. (7-11), and according to Eq. (2-73), og, is 


Е Gil, 1 2с, К x 2 X 
ca = TET тр + А pud (7-37) 


It may be recalled from Section 2-8 that the first and last terms іп Eq. (7-37) аге 
due to resonance scattering and potential scattering, respectively, while the middle 
term arises as the result of interference between these two interaction modes. 
Inserting Eqs. (7-11) and (7-37) into Eq. (7-36) yields 


Naoily || ах (7-38) 


Pı " ~ Уюм Еү Jw ax? + bx +c 
where 
Ar КОМА 
= 1+ Wat (7-39) 
2 Мој КЕ 
Dus ee Ta 
М№ус,мА1 (740) 
Nao, 
c = a + == 7-41 
ај “а (7-41) 
The integral in Eq. (7-38) can easily be carried out, and р; is 
РНС EIER. (7-42) 


2NuoemtE: Мас — b2/4 
When Doppler broadening is included, суд is given by Eq. (7-23) and og, is 
(cf. Eq. 2-116) 
Га К 
п = TES Ex) H F XE, х) + 4тЁ°, (7-43) 
where (6, х) and x(f, х) are tabulated functions. In this case, the integral in 
Eq. (7-36) cannot be evaluated analytically. In many practical cases, however, 


the interference term in Eq. (7-43) can be neglected and р; can then be expressed 
in the form 


Equo Е 
ра = 1— у 8), (7-44) 


where J(t, 8) is defined by Eq. (7-29) and 8 is now 


Ls NMOsM Ат R? . = 
Oe ag а (7-45) 
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The narrow resonance-infinite mass (NRIM) approxi- 
mation.* There are a number of important situations, particularly at low-energy 
resonances, where the average energy loss in a scattering collision with the absorber 
is not large compared with the practical width. In this case, the neutron may be 
scattered more than once within the resonance. However, if this energy loss is 
small compared with Гр, it is reasonable to ignore scattering by the absorber 
altogether. This is equivalent to assuming that the mass of the absorber is infinite. 
Thus, in the NRIM approximation it is required that 


Tp > C ga) : (7-46) 


where «д refers to the absorber. It is still necessary that Гр be small compared 
with the energy loss in collisions with the moderator; i.e., Eq. (7-32) must still 
hold for the moderator. 

As a practical matter, the only difference between the NRIM and NR methods 
is that the scattering cross section of the absorber is omitted from the formulas 
for pı. Thus, omitting c,4 from Eq. (7-36) results in 


Sofa Nagya (E) dE’ ——— 
Ж EE, J e, Мме,м(Е') + Naca lE) 


In Eq. (7-47), # includes scattering only by the moderator. 
Treating the non-Doppler case first, ру is now given by the integral 


Naoily | " dx 
= ы —— 13% 7-48 
Pi = 1 пити Joa? + хе V 


(7-47) 


where 


dj Naoily | И 
а“ = 1+ аат (7-49) 


Performing the integration gives 


wNao ily А (7-50) 


= 1 – - 
Pı 2Nyo,u£E,a 


When Doppler broadening is included, p, can again be expressed in terms of the 
J(¢, В) function; i.e., 


T 
= 1— = 7-51 
pi 1 ЕЕ, J; B), ( 5 ) 
where now 
= Nugent • – 
В = Мог; (7-52) 


* The NRIM method was originally called the NRIA method. Because of the possibility 
of interpreting “IA” as “infinite absorption" rather than “infinite mass absorber," the 
original notation has been largely discarded. 
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It is interesting to compare Eqs. (7-50) and (7-51) of the NRIM method with 
the exact results of Section 7-1 for hydrogen and an infinitely heavy absorber [cf. 
Eqs. (7-22) апа (7-28). With Nyosm = Nuosu, it will be observed that 
Eqs. (7-50) and (7-51) are merely the first two terms in the expansion of the ex- 
ponential in the hydrogen problem. It may be concluded therefore that the 
NRIM approximation (and this is true also for the NR approximation) is valid 
only when the probability of absorption is small, that is, when ру is close to 
unity. 


Comparison of NR and NRIM approximations. The NR and 
NRIM approximations differ only in the way in which scattering within the reso- 
nances of the absorbing nuclei is taken into account. Since a neutron loses, on the 
average, the energy 4(1 — o)E, where E is its initial energy, it follows that it loses 
more energy in a collision at a high-energy resonance than at a low-energy reso- 
nance. Other things being equal, therefore, it is more likely that as the result of 
such a collision a neutron will be knocked out of a resonance at high energy than at 
low energy. In short, it is more likely that Eq. (7-32) will be valid at the higher- 
energy resonances than Eq. (7-46), and, conversely, Eq. (7-46) is more likely to be 
valid for the lower-energy resonances than Eq. (7-32). Thus it may be expected 
that the NR approximation would be more appropriate for the higher-energy 
resonances, while the NRIM approximation would be more appropriate for the 
lower-energy resonances. 

That this conclusion is borne out in practice may be seen from Table 7-1, where 
the results of NR, NRIM, and exact calculations are shown for the 6.67-eV and 
273.7-eV resonances of U??8, for a mixture of U??? and hydrogen with Ny = Ng 
at room temperature. The quantities 1 — p are given rather than p in order to 
magnify the differences between the numerical values. The exact values were 
obtained using a numerical method to be discussed in Section 7-6. Also shown in 
the table are the natural and practical widths of the resonances and the average 
energy losses of neutrons having collisions with hydrogen and 10288 at the energies 


Table 7-1 


Comparison of NR and NRIM Methods with Exact Values of the Escape Probabilities 
at Individual Resonances 


Average energy 


loss, eV Values of 1 — p 


Resonance 
energy, D,eV | Гр, eV | х= eee 
eV NRIM Exact* 


6.67 0.027 0.72 3.34 | 0.0551 | 0.2376 0.1998 0.1963 
273.7 0.048 0.62 136.8 | 2.27 0.004185 | 0.005208 | 0.004408 


* Courtesy of B. R. Sehgal, Brookhaven National Laboratory. 
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of the resonances. In both cases, it will be observed that the average energy loss in 
a collision with the hydrogen is larger than Гр. On the other hand, the energy loss 
in a collision with the uranium is smaller than I'p for the 6.67-eV resonance but 
larger than Гь for the 273.7-eV resonance. It is no surprise, therefore, to observe 
that the NRIM calculation is more accurate than the NR calculation for the 
6.67-eV resonance, while the converse is true for the 273.7-eV resonance. 


7-3 Temperature Dependence of Resonance Escape 


According to the formulas for the resonance escape probability derived in the 
preceding sections, p is a function of temperature except in dilute systems. This 
variation with temperature is illustrated in Fig. 7-2, where p, is shown for the 
6.67-eV resonance of U??? as computed by the NRIM method for three different 
U??8-hydrogen mixtures. It will be observed that in every case p; decreases with 
increasing temperature, that is, the absorption of neutrons in the resonance increases 
with temperature. 

To understand physically the temperature dependence of resonance absorption, 
it is instructive to consider a hypothetical resonance which is rectangular in shape 
as shown in Fig. 7-3. This resonance has the Doppler-broadened width w and 
height суо. It is assumed that as the temperature increases w increases and суо 


Resonance escape probability 


“0 1000 2000 3000 4000 
Temperature, °K 


Fig. 7-2. The escape probability for the 6.67-eV resonance of 0238 as a function of tem- 
perature for various concentrations of uranium in an infinite hydrogen moderator. 
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decreases in such a way that the total area under the resonance oyow remains 
constant. Thus this simple resonance is assumed to behave with temperature in 
the same way as does an actual resonance. 

Consider now the value of p, as computed by the NRIM method, i.e., using 
Eq. (7-47). In the dilute case, that is, when Nagyo << Num, the integral in 
Eq. (7-47) is proportional to &4ow, and p, is independent of temperature. With 
finite dilution, on the other hand, Eq. (7-47) gives 

сЕ) 
р Б ЕН. Е 

a EE, Nugem + №Сто oa 
The numerator in the second term of this expression ¢,9 
is again independent of temperature. However, the 
denominator decreases with increasing temperature, 
and as a result p, also decreases. This, of course, 
is just the behavior of p, which is shown in Fig. 7-2. 

The origin of the increased absorption is evi- 


dently in the factor -+-—w— 
1 as d Fig. 7-3. A hypothetical rec- 
Nuo.M + Мосуо È: tangular resonance. 


in Eq. (7-53). According to Eq. (7-34), this factor is proportional to the flux 
within the resonance, and it follows that as the temperature increases, the flux in a 
resonance increases. This is quite reasonable on physical grounds. Thus as the 
temperature rises, the resonance broadens, the absorption cross section goes 
down and so naturally the flux in the resonance increases. It is this increased flux 
at the resonance rather than the broadening of the resonance itself (although they 
are related, of course) which ultimately is the origin of the increase in resonance 
absorption with temperature. 

Although this discussion has been limited to a single resonance and computations 
based on the NRIM method, the above conclusions are valid for any sequence 
of resonances, and they do not depend on a particular model for computing p. 
The increase in resonance absorption with temperature will be considered again in 
Chapter 13, where it will be shown that this phenomenon has an important bear- 
ing on the safety of reactor operation. 


7-4 Widely Spaced and Narrow Resonances 


In practice, it is always necessary to deal with absorbers having many resonances. 
Such a sequence of resonances can be handled in a straightforward way provided 
that they are all narrow or wide in the sense of the NR and NRIM approximations, 
and provided that they are also well separated in energy. The second requirement 
is necessary because if the resonances were too close together, the moderation 
transients introduced into the collision density due to absorption at one resonance 
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would persist into the region of another resonance. In particular, if a second 
resonance at the energy E; lies in the transient “wake” of the resonance at £}, 
that is, if «ЗЕ, € Е, < Ey, the escape probability for the second resonance 
cannot be calculated analytically. However, if the resonances are sufficiently 
separated so that every resonance lies in an asymptotic region of the collision 
density, each resonance can be calculated independently using the formulas 
derived in Sections 7-1 and 7-2. The escape probability p; for the ith resonance 
at the energy Е; is then given by 


Za dE 


where scattering by the absorbing nucleus is included in Z, in the NR approxima- 
tion and is omitted in the NRIM approximation. 

The probability that a neutron will not be captured in any of a sequence of N 
independent resonances is clearly the product of the escape probabilities for all 


resonances; that is, 
P = Pip2P3°** PN 


N 
2 dE 
Bs 1 — || ————— A . 7—55 
П | E; Ж, + За £E ( ) 
This expression can be written more succinctly by taking logarithms of both sides 
of the equation: 
N 
Уа dE 
np = Yn|t - f, s. A 9 


The integrals in the bracket are usually much less than unity, and using the first 
term in the expansion of the logarithm, that is, In (1 + x) ~ x, Eq. (7-56) 


becomes 
7—57 
Nip су ДЕ +, Е ot) 


i=l 


The summation sign and the subscripts on the integrals can now be dropped with 
the understanding that the integration extends over the entire region of discrete 
resonances. Equation (7-57) then reduces to 


Za dE. 3 
p= ael- zt] К 


In using Eq. (7-58) it is customary to separate the scattering cross section of 
the absorber into the anomalous-scattering cross section с’, namely, the first two 
terms of Eq. (7-37) or (7-43), and the potential-scattering cross section cpa, the 
last term in these equations. Then p can be written as 


nmm || Моул zi (7-59) 
Мом + Na(osa + Spa + суд) EE 
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If, as usual, дам is assumed to be constant in the resonance region, then £ is also 
constant (cf. Eq. 7~33), and Eq. (7-59) can be written as 


r 
puse neces Le EE (7-60) 
Евр) 1+ (МА/Хржова + ova) E 


where Z, is the (constant) cross section 


It is understood, of course, that аза and срд are to be omitted from Eqs. (7-60) 
and (7-61) (the NRIM approximation) for low-energy resonances. 

It will be noted that the integral in Eq. (7-60) depends upon the nature of the 
absorber (through the quantities с;д and суд) and upon the dilution factor, N A/Zy, 
but does not depend explicitly upon the moderator. Hence homogeneous mixtures 
containing a specified resonance absorber will have the same integral, provided 
they all have the same value of NA/Z,. This integral is known as the effective 
resonance integral (in this case, for a sequence of widely spaced resonances) and is 
denoted by the symbol 7, that is, 


je || So 07 ЕРЕ: 27 (7-62) 
1 + (Na/2p)ta + сул) Е 


Equation (7-60) then becomes 


= = Nall = Е А |. _ 
Р exp | E] PC Хрл + Битом ey 


Unfortunately, all resonances are not isolated and, indeed, at high energies the 
resonances overlap. Analytical expressions for the escape probability for this 
end of the resonance region have been given in the literature but will not be dis- 
cussed here. In any event, it must be emphasized that Eqs. (7-62) and (7-63) by 
themselves do not give the entire resonance escape probability for actual absorbers. 
Nevertheless, these equations are of great importance for they suggest an analytical 
form which is useful in correlating experimental data and exact numerical compu- 
tations of resonance escape (cf. Sections 7-6 and 7-7). 


7-5 Slowing Down with Weak Absorption 


If the absorption cross section is very small, the slowing down of neutrons can 
be estimated in the following way. Because of the absorption, the slowing-down 
density is clearly smaller at E — dEthan at E. This decrease is equal to the number 
of neutrons absorbed in the interval dE, namely, Ф(Е)2 (Е) dE, so that 


dq(E) = Ф(Е)2„(Е) dE. (7-64) 


The flux Ф(Е) in the presence of absorption is not known, of course, but if the 
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absorption is very weak, it is possible to write from Eq. (6—41) that 


Ф(Е) ~ q(E)/EEZ,(E). 


Inserting this into Eq. (7-64) and carrying out the integration gives 


; Р 
2, dE _ 
q(E) = S exp |- |, >, E, (7 65) 


where q(Eo) = S is the source density. The probability p(E) that a neutron will 
escape capture in slowing down to the energy Е is given by 


Eo ; 
pi) = «2 = ср | 2 a. (7-66) 


In view of its derivation, Eq. (7-66) would not be expected to be valid in the 
neighborhood of strongly absorbing resonances. Nevertheless, it is interesting 
(and also somewhat disconcerting) to note the similarity between Eqs. (7—58) and 
(7-66). Thus when Za << Z,, Eq. (7-58) reduces to Eq. (7-66) despite the fact 
that Eq. (7-58) was derived specifically for sharp resonances. 


7-6 Numerical Computations of Resonance Escape 


According to Eq. (7-31), p can be rigorously computed once the energy- 
dependent flux is known. This is true regardless of the nature of the resonances, 
that is, whether or not they are narrow, closely spaced, and so on. For the reasons 
mentioned earlier, however, ¢(E) cannot be calculated exactly by analytical 
methods. Fortunately, it can be computed numerically, and as a consequence it 
is possible to determine p as accurately as the nuclear data permits. 

As a first step, it is necessary to set up an exact equation for determining ф(Е). 
For simplicity, it will be assumed that the system, which again is taken to be uni- 
form and infinite, consists of a mixture of a single-nuclide moderator such as 
graphite and one species of absorber. The results can easily be generalized to more 
complicated mixtures of nuclides. 

Consider now an energy interval dE at E. By the argument which has been used 
repeatedly in earlier sections, the number of neutrons scattered into dE per cm?/sec 
from elastic collisions with the moderator is 


| PI Sam EOE) dEME | 
E (1 — ay )E’ 


where ay is the collision parameter for the moderator. A similar expression, with 
the subscript M replaced by A, holds for elastic collisions with the absorber. Since 
in the steady state the total number of neutrons falling into dE is equal to the 
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number interacting in dE, it follows that ф must satisfy the following integral 
equation: 


1 
l — ом 


Elam j 
> (EE) = | DEWE) E 


1 


1 — ад 


dis dE’ 
+ | (ЕМЕ) mS (7-67) 
Е 
where Z; is the total cross section. 

In deriving Eq. (7-67), it was assumed that the interval dE is at energies suf- 
ficiently below the source energy so that neutrons cannot reach dE in one collision. 
If this is not the case, an appropriate source term must be added to the equation. 
In particular, if the moderator is hydrogen, this term is S/Eo, where S and Eo 
are the source density and energy, respectively. 

Equations of the form of Eq. (7-67) can be handled directly by machine compu- 
tation. (As a practical matter, the form of the equation can be improved con- 
siderably prior to programming for a computer.) The details of this procedure are 
discussed in the references at the end of the chapter. (See, in particular, the 
articles by Nordheim.) 

If the absorption occurs in discrete resonances, it is convenient to compute ф(Е) 
from Eq. (7-67) for each resonance separately. The escape probability for the ith 
resonance is then 


pi = 1 - 1], звера, 


where the integration is carried out over the resonance. If, in addition, the ab- 
sorption is small at each resonance, the total resonance escape probability p 
is given by 


2.2 Пеко |- хы), (7-68) 


where Z, is defined by Eq. (7-61) and 1 is the resonance integral 


je 5» | c (EXE) dE. (7-69) 


Equation (7-69) can be used to obtain an interesting physical interpretation of 
the resonance integral. Thus let it be supposed that the flux in the resonance region 
is equal to its value in the absence of the resonances, namely, ¢(E) = S/EEZ;, 
but that the actual absorption cross section is modified from са(Е) to an effective 
value [o(E)]er, so that the integral in Eq. (7-69) remains unchanged. When these 
functions are substituted into Eq. (7-69) this reduces to 


r= | посв, 
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include absorption in all resonances. For this reason, it is usual to write p in the 
form of Eq. (7-63), namely, 


р = exp |- d , (7-70) 


where J is now regarded as a measured parameter. 
The experimental and theoretical values of J for U??* and Th???, two of the 
most important resonance absorbers, can be represented by an equation of the type 


24N c 
peta (xt xe ) (7-71) 


where J is in barns and the parameters a and c are given in Table 7-2. It will be 
observed from Ед. (7-71) that J increases as the concentration of absorber in the 
system decreases. This is clearly to be anticipated on the basis of Eq. (7-62). 
However, substituting Eq. (7-71) into Eq. (7-70) gives 


| N 1—c 
Pe) | om 


which shows that p actually increases as the concentration of the absorber decreases, 
as would be expected physically. 


7-8 Space-Dependent Moderation with Absorption 


Up to this point the discussion of neutron moderation has been confined to infinite 
systems containing uniformly distributed sources. A little reflection will show, 
however, that these results are actully more general than they might appear at first. 
In particular, the formulas for the resonance escape probability derived in the 
preceding sections remain valid for any distribution of sources, provided the 
medium is still uniform and infinite. This is simply due to the fact that a neutron 
slowing down in the medium has no way of knowing whether there are other 
neutrons in the system or not; nor is it relevant to its own absorption probability. 
The formulas for p do not hold, of course, if the medium is finite in size or if the 
resonance absorbers are nonuniformly distributed in the system. The value of p 
then depends on the location of the source. A neutron emanating from a source 
near the surface of a reactor, for instance, is more likely to escape from the system 
before being absorbed than a similar neutron emitted in the interior. 

It is often necessary to know the spatial distribution of the slowing-down density 
in systems containing resonance absorbers, in addition to the resonance escape 
probability. This can easily be found on the basis of the Fermi age model, by en- 
larging the derivation of the age equation given in Section 6-9 to include absorp- 
tion. It will be recalled that this equation was derived by computing the number 
of neutrons arriving and interacting in the lethargy interval du in the volume 
element dV (cf. Eq. 6-68). With absorption present there is an additional loss of 
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neutrons іп du and dV equal to Х„(и)ф(т, и) du dV, and the neutron balance 
equation (Eq. 6-68) is now 

div т, u) + хашт, и) + ĈEP — о, (7-73) 
where for convenience the slowing-down density with absorption has been de- 
noted as да. Again if the validity of Fick’s law is assumed and if ф(г, и) is expressed 
in terms of q,(r, и) by Eq. (6-71), then Eq. (7-73) becomes 


D(u) 2 Za(u) дда(т, и) 
= у а\®› — = ал ST = 
то Ми uma) 900 ~~ ди 5 
Equation (7-74) can be put іп а more convenient form by writing g(r, и) as 
q«(r, и) = qlr, u) exp |- | ze 21 | (7-75) 


where, for the moment, g(r, и) should be considered to be an unknown function. 
By direct substitution it is easily found that Eq. (7-75) satisfies Eq. (7-74) provided 
q(r, u) satisfies the equation 


D(u) 
ЕХ (и) 


Aside from the change in variables from и to т, Eq. (7—76) is just the age equation 
as derived in Section 6-9. It follows therefore that the function q(r, u) is the 
slowing-down density in the absence of absorption, which, of course, is why this 
notation was used in Eq. (7-75). 

A comparison of Eqs. (7-75) and (7—66) (noting that ди = —dE/E) shows that 
the exponential multiplying g(r, u) in Eq. (7-75) is equal to the resonance escape 
probability in the case of small absorption. Thus, the slowing-down densities 
with and without absorption are related by 


да(т, и) = qlr, и)р(и). (7-77) 


This result shows that in the limit of weak absorption and provided that age theory 
is valid, slowing down and absorption can be treated as two separate and inde- 
pendent processes. That is, the spatial distribution of the neutrons can be com- 
puted as though there were no absorption, and the resonance escape probability 
can be computed as though the system were infinite. 

Equation (7-77) is not strictly valid for most reactors, and moderation and 
absorption are normally interrelated processes. Nevertheless, in order to make 
analytical calculations possible, it is usual to assume that Eq. (7—77) holds in all 
cases. There is some justification for this assumption in the fact that resonance 
absorption is confined to such a narrow band of energies, that is, most resonance 
absorption occurs between approximately 10 eV and 100 eV. Above and below 
these energies the neutrons slow down very largely without absorption. 


2 = да(т, и) р x 
vat, u) = o (7-76) 
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7-9 Fast Fission 


Although almost all fissions in a thermal reactor are induced by neutrons of 
thermal energies, some fissions inevitably occur whenever fast neutrons strike fuel. 
This effect is of little consequence in thermal reactors containing highly enriched 
fuel, because the fuel concentration in reactors of this type is ordinarily so small 
that neutrons rarely collide with fuel nuclei while slowing down. In reactors 
fueled with natural or slightly enriched uranium, however, substantial amounts 
of 0238 are usually present and the fissions induced by neutrons striking this iso- 
tope above the fission threshold may make a nonnegligible contribution to the 
criticality of the system. This is also true, of course, for reactors containing large 
amounts of any fissionable but nonfissile isotope. 

Fast fissions are normally taken into account in thermal reactors by introducing 
a parameter known as the fast-fission factor and denoted by the symbol e. This 
quantity is defined as the ratio, for an infinite system, of the total number of fission 
neutrons produced in all fissions, fast and thermal, to the number produced by 
thermal fissions alone. In symbols, e is given by the expression 


с _ Jo Ev a , (7-78) 
Je(E)z,(Ew(E) dE 


where Zj(E) is the macroscopic fission cross section, v(E) is the average number of 
neutrons emitted in a fission induced by neutrons of energy E, and the integral in the 
denominator is carried out only over thermal energies. 

The denominator in Eq. (7-78) can be evaluated in rather general terms using 
techniques discussed in the next chapter. The integral in the numerator, at least 
that portion of the integral above thermal energies, must be carried out numerically. 


1.15 


at Vg/Vw- 2 


1.10 


1.05 


1.00 


Vu/Vw 


Fig. 7-4. The fast effect for uranium-water mixtures. (Based on data given by J. 
Chernick in BNL-622, August 1960.) 
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Figure 7-4 shows results of calculations of this type for mixtures of U 238 and water. 
Although the calculations were carried out assuming that the system was homoge- 
neous, it is usual to give e as a function of the uranium-water volume ratio Vu/Vw 
as shown іп the figure. The ratio Vy/Vw therefore refers to the equivalent volumes 
of uranium and water based on the atom densities at which the calculations were 
performed. In other words, the system was assumed to be quasihomogeneous, 
as in Fig. 6-14. The curve in Fig. 7-4 can be represented approximately by the 
functions 

dus 1 + 0.987 Vu/Vw) _ 1+ 0.690(N28/ Nw), (7-79) 

1 + 6.805(Vu/Vw) 14+ 0.563(Nss/ Nw) 

where N?s/ Nw is the ratio of the atom density of 0238 to the molecular density 
of the water. These formulas are useful in connection with criticality calculations 


of water-moderated reactors which will be considered in Chapter 9. 
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Problems 


7-1. The radiation and neutron widths of the first three resonances іп 0288 are given 
in the table below. (a) Using the method developed in Section 7-1, compute the escape 
probabilities for the following mixtures of 0238 and hydrogen. 

а) No Ng; T = OK (4) Nv = 0.1 Nu; Т ок 

(2) Мо Ми; Т 20°C (5) Nu 01 Ми; T = 20°C 

3) Nu Ми; Т = 500°C (6) Nu 0.1 Ng; Т = 500°C 
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(b) In each case, what is the probability that a neutron escapes capture in all three 
resonances ? 


E,(eV) Г (ту) Ta(mV) 


6.67 26 1.52 
10.2 25 0.0014 
21.0 25 9.0 


7-2. Neutrons slow down from 2 MeV in an infinite medium of hydrogen. What is the 
relative probability that they do not undergo a collision in the resonance region, say 
from 5 eV to 200 eV, that is, what is the probability that they jump over the resonance 
region entirely? Repeat the calculation for a graphite medium. 

7-3. Show that 


(8) limJG, 6) = = 


ува + 8) 


(с) 9J/88 < 0 (physically, this implies that resonance absorption increases with increasing 
concentration of absorbing nuclei) (d) dJ/d¢ < 0 (physically, this implies that reso- 
nance absorption increases with increasing temperature). 

7-4. Using the data in Problem 7-1, determine the practical width of the first resonance 
in 0238 for a mixture of U?38 and graphite in the following cases and compare with the 
energy loss per collision. 


. T 
(b) lim Ads B) = 28 


(а) Мо = Nc; T = 0°K (d) Nu = 0.01 Nc; T = OK 
(b) Nu = Nc; T = 20°C (е) Nu = 0.01 Nc; T = 20°C 
(с) Nu = Nc; T = 500°C (f) Мо = 0.01 Nc; Т = 500°C 


7-5. Neutrons slow down in an infinite medium consisting of a mixture of Н and 0238 
with Ng = Ny at 0°K. (а) What is the probability that a neutron is absorbed in the 
resonance at Е; = 6.68 eV at energies outside the interval Еј + I/2,where Г is the 
natural width of the resonance? (b) What is the probability that a neutron is absorbed 
outside the interval Еј += Гр/2, where Tp is the practical width? 

7-6. Using the data in the table below, compute in the most appropriate way the escape 
probabilities for the 21.9 eV and 201 eV resonances in Th?32? for the following mixtures 
of Th??? and Be?. 


(а) Nm = Ngre; T = OK (d) Nr = 0.01 Nge; T = ОК 
(6) Nm = Nge; T = 20°C (е) Му = 0.01 Nge; Т = 20°C 
(с) Nm = Ng; Т = 500°C (f) Nm = 0.01 Мве; T = 500°C 


Ei(eV) Г (ту) T,(mV) 


21.8 25 2.0 
129 22 3.5 


7-7. A certain nucleus has a strong absorption resonance of width AE at the energy 
E,, where E, is much less than the energy of the source neutrons and AE < E,. Assume 
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that all neutrons which strike the nucleus with energies within AE are absorbed, and 
show that the escape probability for the resonance is 


ieee ee ZAE (ee eee 
a molten E): ЕЕ, 


7-8. Show that the resonance escape probability for a mixture of hydrogen and an 
infinitely heavy absorber (Eq. 7-9) can be derived from Eq. (7-31) by introducing the 
collision density F(E) = >,(Е)ф(Е) given in Eq. (7-5). 

7-9. The first five resonances in U??8 are at 6.67 eV, 10.2eV, 21.0eV, 36.8 eV, and 
66.3 еу. For mixtures of 0238 and graphite, are these resonances widely spaced in 
the sense of Section 7-4? 

1-10. Estimate the probability that a 2-MeV neutron, emitted in an infinite body of 
water, will not be absorbed while slowing down to 1 eV. 

7-11. Let r(u) = Х,(и)/5, (и) be the probability that a neutron survives a collision at 
lethargy и. (a) If the neutron gains £ in lethargy at each collision show that the resonance 
escape probability after п collisions is given by 


n—1 
Pn = II r(jé). 


j-0 


(b) Show that in the limit of continuous slowing down the escape probability from the 
interval du is approximately p(u + du)/p(u) = [r(u)}*“*, and hence p(x) is 


(u) = ex Е ey 
ё p o Zk 
provided Z;/Z; « 1. 


7-12. (a) Show that the NR approximation can be derived from the exact integral equa- 
tion (Eq. 7-67) by replacing Ф(Е) in the integrals by its asymptotic form in the absence 
of absorption. (b) Show also that the NRIM approximation follows from the same 
procedure, provided a, is placed equal to zero. 

7-13. Generalize Eq. (7-67) to the case of neutrons slowing down in a mixture of several 
absorbing and moderating nuclei. 

7-14. Neutrons slow down in an infinite medium of U238 and hydrogen with Nu = Nu 
at 20°C. What fraction of the neutrons which are captured in the resonances of U?38 
are captured in the first resonance at 6.67 eV? 

7-15. Compute and plot the resonance escape probability for a homogeneous mixture 
of natural uranium and 020 at room temperature as а function of the uranium concen- 
tration in gm/liter. 

7-16. In the spectral shift reactor concept, the multiplication factor of the reactor (which 
is proportional to the resonance escape probability; cf. Section 9-1) is controlled over 
the lifetime of the reactor by varying the relative proportions of H2O and D20 ina 
H30-D3O moderator. To illustrate this principle, consider an infinite homogeneous 
mixture of Th222 and a moderator of this type with Nrn/Nw = 1, where Мт is the 
atom density (atoms/cm?) of the thorium and Nw is the molecular density (molecules/ 
cm?) of both H2O and D20. Compute and plot the resonance escape probability for 
this system as a function of the ratio N(H20)/N(D20). 
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Low-Energy Neutrons 


It will be recalled from the introduction to Chapter 6 that it is convenient to divide 
the energy scale of neutrons in a thermal reactor into two regions defined by a 
cutoff energy E, = leV. Above E, the nuclei in the system can be assumed to 
be free, and the scattering of neutrons is a relatively simple affair. As a result, it is 
possible using straightforward analytical techniques to determine the energy- 
dependent flux, ¢(£), for neutrons moving in a medium at these energies. These 
techniques formed the subject matter of the preceding two chapters. 

It is considerably more difficult to determine ¢(£) at energies below Em. Now 
the nuclei in the system are no longer free, and the scattering cross section is 
complicated by the various effects due to chemical binding which were discussed 
in Section 2-8[c»|n particular, it will be recalled that the mass of a scattering 
nucleus is effectively increased over its value when the nucleus is free. Further- 
more, in interacting with a molecule, a neutron may be scattered coherently from 
different nuclei or excite various vibrational, rotational, or translational modes; 
and, in interacting with a crystal, it may undergo Bragg scattering or excite vibra- 
tional modes (phonons) of the crystal. 

In addition to the complicated nature of neutron scattering at low energies, the 
calculation of ¢(£) is also made difficult by the fact that, at energies of the order 
of the thermal energy of the nuclei, a neutron may gain energy (“up-scattering,” as 
it is called) as well as Jose energy ("down-scattering") in a collision with a nucleus. 
Indeed, the qualitative shape of the neutron spectrum, i.e., ¢(£), at energies up 
to about 5kT, where k is Boltzmann's constant and T is the absolute temperature 
of the medium, is very largely determined by the presence of up-scattering. This 
low energy region, from E = 0 to E = 5КТ, is called the thermal or quasi-Max- 
wellian region. Up-scattering plays a less important role in the transition region 
from E ~ 5КТ to E = E, = leV. While some up-scattering is present at these 
energies, it no longer determines the qualitative shape of the neutron spectrum. 
Thus in the transition region, ф(Е) has much the same shape as in the moderating 
region, though modified somewhat by the effects of both chemical binding and 
up-scattering. 

The presence of up-scattering in the thermal and transition regions can be seen 
in the scattering distribution function P(E — E") (cf. Section 6-1). For example, 
it can be shown that for a monatomic hydrogen gas at the temperature T, 
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distribution function P(E — E") as a function of the ratio E'/E 


Fig. 8-1. Scattering 
hydrogen gas. The area under each curve is equal to unity. 


for a free monatomic 


P(E — Е") is given by the expression 
erf /E'/kT, E'< Е (8-1) 
exp [(Е — E’)/kT] erf VE/kT, E' E, 


where f(E) is a normalization factor which is independent of E' (cf. Prob. 8-1) 
and erf x is the error function (cf. Appendix П). The function P(E — E") is shown 
in Fig. 8-1. It will be observed that for initial energies in the thermal region, i.e., 
E = kT, there is a substantial likelihood that a neutron will be scattered to an 
energy E' greater than Е. In the transition region, E ~ 10KT, it is evident from 
the figure that it is much less probable for a neutron to be up-scattered than down- 
scattered. Finally, for initial energies in the moderating region, E ~ 100kT, there 
is no up-scattering, and P(E — E") is the familiar “rectangular” distribution func- 
tion of constant magnitude. There are, of course, no chemical binding effects in 
the scattering of neutrons from a hypothetical gas of hydrogen atoms, and the 
scattering distribution functions for real materials are therefore considerably more 
complicated than the one shown in Fig. 8-1. 

In the following sections, methods will be discussed for calculating ¢(£) at 
energies below Em. The calculated spectra will then be applied in computations of 


various thermal reactor parameters. 


P(E — E) = лю| 


8-1 Thermal Neutron Spectra 

te homogeneous medium containing uniformly distributed 
ally with an energy much greater than En. 
flux ¢(E) is independent of position at all 


Consider an infini 
sources emitting neutrons isotropic 
In this case, the energy-dependent 


asymptotic 
behavior 
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energies. Above Ел, that is, in the moderating dE! рт ЈЕ! 
region, Ф(Е) can be calculated by the methods 
given in the preceding chapters. In particular, if 
there are no strongly absorbing resonances in the En 
energy regio smmediately above Em, Ф(Е) in 
this region has-the asymptotic behavior Ф(Е) = 
constant/ £EZ,(E). dE’ E’ 
To calculate ¢(£) for energies below Em, a 
neutron balance is set up in an energy interval 
dE at E. As indicated in Fig. 8-2, neutrons may dE E 
arrive in dE as the result of down-scattering from | 
energies above E,, or from both down-scattering 
and up-scattering from energies below E,. In dE’ Е/ 
the steady state, the number of neutrons scat-  ,. | . 
tered uan interacting in dE must be equal. Fl 6-3. Агу of neutrens un 
. : | j : dE from down-scattering above 
It is convenient in calculations of low energy — E, and up- and down-scattering 
neutron spectra to treat the neutrons scattered below En. 
into dE from collisions above E, as source neu- | 
trons. Accordingly, the number of neutrons arriving in dE per cm?/sec from the 
moderating region will be denoted by S(E) dE(-Sjhe function S(E) can easily be 
computed if Ф(Е) is known above Em (see, for ple, Prob. 8-2). However, the 
exact form of S(E) is not important for the present discussion. 
Now let P(E' — E) dE be the probability that a neutron scattered at the energy 
E' will appear with an energy between E and E 4- dE, where both E' and E lie 
below Em. The number of neutrons scattered from dE’ to dE per cm? /sec is then 


Z,(E»)P(E' — E)e(E") dE’ dE, 
and the total number reaching dE from collisions below Em is 
2" z4E)P(E — ЕЖЕ) dE dE. 
E'—0 


Adding to this the number of neutrons coming from collisions above Em and 
equating to the number of interactions per cm? /ѕес in dE gives 


[2,(Е) + Z4 (E) (E) = [ere — Е)ф(Е') аЕ' + S(E, (8-2) 


where dE has been canceled from every term in the equation. 
In calculations of neutron ћих at low energies it is usual to replace the quantity 
2,(E’)P(E’ — E) in Eq. (8-2) by a single function, namely, 


2 (ЕЂР(Е!' — E) = Z(E' — Е). (8-3) 


The function E,(E' — E) is called the scattering kernel. In view of Eq. (8-3), 
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Z,(E'— Е) dE is evidently the macroscopic cross section for a scattering inter- 
action at Е’ which carries the neutron energy from E' to the interval dE at E. Since 
a scattered neutron must acquire an energy somewhere between E = 0 and 
E = En, it follows that 


|| Fa 3 (E' — Е) Е = >,(Е”). (8-4) 
In terms of the scattering kernel, Eq. (8-2) can be written as 
En 
[2.(E) + (ЕМЕ) = f "(Е = EXE) dE’ + SQ. — (8-5) 


Equation (8—5) is the fundamental equation underlying calculations of low-energy 
neutron spectra. In order to find Ф(Е) it is necessary merely to insert the appro- 
priate functions for Z,(E' — E) and S(£) and solve the equation. 

If Eq. (8-5) is integrated from E = 0 to E = E, there is obtained: 


Em | En fEm 
[B® + (ЕЊЕ) dE = | 7 | "ЕЕ — EXE) dE' dE 
0 0 0 


En 
+ f S(E) dE. (8-6) 
0 


In view of Eq. (8-4), however, 
Em En Em 
J Í Z,(E'— Е)ф(Е') dE’ dE = / >,(Е”)ф(Е”) dE’, 
0 0 0 


which is identical to the first term on the left-hand side of Eq. (8—6). It follows 
therefore that 


[^ 2B) ФЕ = [^ SE dE, NC 


This result shows mathematically what is obvious physically, namely, that in the 
steady state the total number of neutrons scattered out of the moderating region 
per second must be equal to the number which are absorbed per second at energies 
below E,,. 


No sources, no absorption; the Maxwellian spectrum. If there 
are no fast neutrons feeding the energy region below En, i.e., if S(E) = 0, and 
there is no absorption, Eq. (8-5) reduces to 


2G = f En X (E' — EE") dE’. (8-8) 


Since the medium has been assumed to be infinite, the neutrons travel about in the 
medium indefinitely, much like the molecules in a gas. They continue to gain and 
lose energy, of course, as the result of repeated collisions with nuclei, but in the 
steady state the number of neutrons with energy in any interval dE must be inde- 


ai Sane: ste тыг 


—————M 
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pendent of time. In this case, it can be shown using statistical mechanics that the 
neutron flux is Maxwellian; that is, the flux фи (Е) satisfying Eq. (8-8) is given by 
the Maxwellian distribution 
2тп (2 1/2 E —E/kT - 8-9 

ou (E) = (тКТ)з 12 т е ( E ) 
where n is the density of neutrons, k is Boltzmann's constant, m is the neutron 
mass, and T is the temperature of the medium in degrees Kelvin. It should be 
noted particularly that фи (Е) depends only on the temperature of the medium and 


is independent of the nature of the scattering kernel. Q independent of kernel scattering But it depend only on 


medium 


The energy at which фм(Е) is a maximum is known as the most probable energy 
temperature 


and will be denoted by Er. Placing the derivative of Eq. (8-9) equal to zero it is 
easily found that 
Er = KT. (8-10) 


The speed of the neutrons having the energy Er will be written as рт, that is, 
тоё = KT. (8-11) 


When numerical values are substituted in Eqs. (8-10) and (8-11), the following 
useful formulas are obtained: 


Ет = 8.617T X 107? eV (8-12) 
and 
vp = 1284T!? X 10* cm/sec, (8-13) 
where T is in °K. 

In the steady state and with no absorption, the number of neutrons scattered 
per second into and out of any energy interval dE clearly must be independent of 
time. This, of course, is the physical meaning of Eq. (8-8). In addition, however, 
it can be shown from statistical mechanics that when S(E) = Z,(E) = 0 the 
number of neutrons scattered per second from dE to any other interval dE’ is 
precisely equal to the number scattered back from dE’ to dE. In terms of the 
scattering kernel defined above, this means that the relationship 


>,(Е' > Е)фм(Е') = Z(E > E)ew(E) | (8-14) 


must hold for all E and E'. Equation (8-14) is known as the condition of detailed 
balance.* The importance of this condition in calculations of low-energy neutron 


* Tt may be noted that the condition of detailed balance is a nontrivial law of nature, which 
is far from obvious physically. In particular, while Eq. (8-14) guarantees that the number 
of neutrons in dE is independent of time, it is not the only relationship of this kind which 
does so. The essential ingredient of the condition of detailed balance is that it rules out a 
balance at dE maintained by cyclic processes of the type 


dE 


dE «—— ДЕ’ 


~ 


r 
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spectra stems from the fact that it places a restriction on the fundamental form of 
the scattering kernel псе the kernel is necessarily the same whether ог not there 
are neutron sources or absorption in the system, it follows that any kernel used to 
calculate ф(Е) must satisfy Eq. (8-14). 

Incidentally, it may be noted that if Eq. (8-14) is substituted into Eq. (8-8), 
the latter equation is satisfied identically. This should come as no surprise. Thus 
while Eq. (8-14) represents a balance between each pair of intervals dE and dE’, 
Eq. (8-8) gives an overall balance between dE and ай dE’. Since the neutrons 
satisfy a condition of detailed balance they surely must satisfy a condition of 
overall balance. it depend on 5 + 2 


Thermal spectra in general. If there are sources present and the medium 
has a nonzero absorption cross section, ¢(£) depends in detail on the functions 
S(E) and Z4(E), and on the nature of the scattering kernel. As already mentioned 
it is not usually difficult to determine S(E). It is considerably more difficult, how- 
ever, to find the kernel, due to the extremely complicated ways by which low- 
energy neutrons interact with matter. Calculations of the kernel lie well beyond 
the scope of this book and the reader should consult the references at the end of 


the chapter for further information on this subject. In any event, a number of . 


kernels have been derived in recent years which adequately describe the low-energy 
scattering of neutrons in many of the materials important in nuclear engineering. 

To determine the low-energy neutron spectrum in a given medium, the kernel 
appropriate to the medium is inserted, along with the source term, S(E), into 
Eq. (8-5), and this equation is solved for Ф(Е). Unfortunately, in all cases the 
kernels are such complicated functions that it is not possible to obtain analytical 


Neutron energy in eV 


Fig. 8-3. Low-energy neutron flux for a mixture of H20 and a 1/v absorber (5.2 barns 
per hydrogen atom) at 23?C and the Maxwellian flux at the same temperature. (Based in 
part on General Atomics Report GA-5319.) 


analytical versus numerical solutions 
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solutions for Ф(Е). Several techniques have been devised, however, for obtaining 
approximate numerical solutions to Eq. (8—5). 

The results of calculations of this kind are illustrated in Fig. 8-3, where ФСЕ) is 
shown for a mixture of water and а 1/v absorber* at 296° K (room temperature 
in San Diego, California) These calculations were performed using a kernel, 
developed by M. S. Nelkin, which takes into account the vibrations, hindered 
rotations, and translations of the water molecule. Also shown in the figure is 
the Maxwellian flux at the same temperature; both curves are normalized to 
maximum values of unity. It will be observed that the calculated flux consists of 
two more or less distinct parts. For energies up to about 0.15 eV, ф(Е) is similar 
in shape to the Maxwellian function. On the other hand, starting at about 1 eV, 
Ф(Е) varies as 1/E; this, of course, is just the low-energy end of the flux in the 
moderating region. In the short transition region ¢(£) deviates somewhat from a 
1/E behavior, particularly near the end of the thermal region. 

It should also be noted in Fig. 8-3 that 
the entire computed thermal spectrum 
is shifted to higher energies than the 
Maxwellian distribution. This is due to the 
fact that absorption at thermal energies 
tends to remove low-energy neutrons 
before they have had an opportunity to 
come to equilibrium with the system. Since 
neutrons slow down into the thermal 
region from higher energies, the result is an 
increase in the average energy of the ther- 
mal neutrons. The neutron distribution in 
this case is said to be absorption hardened. 
This effect is of minor significance in 
lightly fueled systems such as U?*°-water 


research reactors, where the thermal ab- Pure: water 
sorption cross sections tend to be small (0.33 barns/H-atom) 
compared with the thermal scattering cross 

sections. In the more heavily loaded re- 0 1 2 3 4 


actors, however, which includes many Absorption cross section, barns/H-atom 


power reactors, the absorption may be so Fig. 8-4. The ratio (T. — Tw)/Tw asa 
great that the thermal energy distribution is function of the total absorption cross 


substantially different from a Maxwellian section of a mixture of water and a 1/o 
distribution. absorber. [Based on K. Burkart and 


: А W. Reichardt, Proceedings of the Brook- 
Although Ф(Е) is not precisely Max- haven Conference on Neutron Thermal- 


wellian when sources and absorption are zation, BNL-719 (C-32) Volume II, 
present, it is often convenient to assume 1962, p. 318.] 


* A 1/v absorber is a material whose low-energy absorption cross section varies as 1 /v 
(cf. Section 8-2). 


absorption 
hardened 
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that the thermal neutron spectrum is still Maxwellian in shape, though shifted by 
absorption hardening to higher energies. For example, a Maxwellian flux at a tem- 
perature of 440°K is found to give a fairly good fit to the thermal neutron spectrum 
shown in Fig. 8-3, and in this case T, = 440°K is said to be the neutron tempera- 
ture. Clearly, T, increases with the concentration of the absorber. This is indicated 
in Fig. 8-4 for a mixture of a 1/v absorber and ordinary water. The figure shows 
measured values of the fraction (T, — Tw)/Tw, where Tẹ is the water temperature, 
as a function of the total absorption cross section in barns per hydrogen atom. 
Similar curves have been obtained for other moderator-absorber mixtures and will 
be found in the references (see, in particular, ANL-5800). It should be emphasized, 
however, that the practice of representing the neutron flux at thermal energies by a 
Maxwellian distribution having a characteristic neutron temperature is, at best, only 
an approximation which should be used with caution. Except at small absorber 
concentrations, the thermal spectrum may depart too much from Maxwellian for 
the concept of neutron temperature to be meaningful. 


Finite media—diffusion cooling. Up to this point, the discussion has 
been restricted to neutron spectra in infinite media generated by uniformly dis- 
tributed isotropic sources. With finite media or nonuniform sources the problem 
of determining neutron spectra is complicated by various effects arising from the 
diffusion of the neutrons. 

Consider, for example, a uniform, bare medium of arbitrary geometry. The 
system in question may be a reactor or an experimental assembly of the type to be 
discussed in Section 8-9 for measuring various diffusion parameters. It will now 
be shown that the low-energy spectrum in such a system differs from the spectrum 
in the corresponding infinite medium because of preferential leakage of neutrons 
from the high-energy end of the spectrum. This phenomenon, which is entirely 
analogous to evaporative cooling of a hot liquid, is known as diffusion cooling. 

It will be shown in Section 8-9 and in Chapter 9 that the spatial distribution of 
the flux in a system of the type under discussion is given by the fundamental eigen- 
function (т). That is, the energy-dependent flux $(r, E) can be written as 


ф(т, E) = $(E)ei(), (8-15) 
where Ф(Е) is the energy-dependent part of the flux and ¢ (Fr) satisfies 
(V? + Biel) = 0, (8-16) 


where B? is the first eigenvalue (cf. Section 5-10). Similarly, the neutron density 
function n(r, Е) is given by 
n(r, Е) = n(E)ei(r), (8-17) 
and, of course, 
olr, E) = n(r, EXE), (8-18) 


where v(E) is the neutron speed. 
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The lage of neutrons from the system in the energy element dE can be com- 
puted using diffusion theory; thus 


— D(E) f, grad g(r, E) dE dA 
— D(E) Í, v?o(r, E) dE dV 
D(E)Bi¢(E) dE Í, gilt) dV, 


Number of neutrons in dE leaking per sec 


where use has been made of Eqs. (8-15) and (8-16). The total number of neutrons 
in the system in the interval dE is 


Total number of neutrons in dE = ЈЕ n(r, Е) dEdV = n(E) dE Í, e(r) dV. 


The fraction of the neutrons in dE leaking per second is therefore 


Number of neutrons in dE leaking per sec Е Р(Е)В?ф(Е) = D(E)B20(E). 


Total number of neutrons in dE n(E) 
(8-19) 


It follows from Eq. (8-19) that the probability of a neutron leaking from the 
system increases with its speed. At thermal energies, however, there is a continual 
exchange of neutrons between different dE's as a result of the repeated collisions 
of neutrons at these energies. Since the faster neutrons leak out more rapidly, 
this means that the energy distribution of the remaining neutrons is somewhat 
impoverished in fast neutrons, with the result that the remaining distribution is 
effectively cooled. 

From a practical standpoint, the changes in the equilibrium neutron distribution 
due to diffusion cooling ordinarily need not be taken into account except in experi- 
ments involving very small systems from which there is considerable leakage. As 
noted earlier, reactors are designed so that there is little neutron leakage and it is 
not usually necessary, therefore, to include diffusion cooling in calculations of the 
low-energy neutron spectra for most reactors. Absorption hardening is a far more 
important phenomenon in reactors than diffusion cooling. diffusion cooling versus 

hardening 
The thermal flux. In connection with calculations of thermal reactors it is 
expedient to introduce a quantity known as the therma , denoted by, фт(г). 
This is defined as the integral over thermal energies of the en 'gy-dependent flux 
e(r, E), that is, 


ér(t) = LU é(r, E) dE. (8-20) 


As discussed above, ¢(r, E), in the absence of diffusion cooling, can be repre- 
sented approximately by 


2 A ин 
é(r, E) = amm. (2) Бета, (8-21) 


absorption 
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where n(r) is the neutron density at г and 7, is the neutron temperature. When 
Eq. (8-21) is inserted into Eq. (8-20) very little error is made if the integration is 
carried from zero to infinity, since the Maxwellian distribution dies off so rapidly 
beyond E ~ 5kT,. Thus 
| о Та 
0 


© T. m 
фт(г) = J, ф(т,Е) dE = клу | (2) 


2 УЈУМАЧЕ 
= — мо ( :) А 8-22 
Ут т Мана 
In view of Eq. (8-11) this can also be written as 
2 
or(r) = Ur п(т)от = 1.128п(т)от. (8-23) 


It should be noted from this result that since vr depends upon the neutron tempera- 
ture (cf. Eq. 8-13), it follows that фт is also temperature dependent. If, for instance, 
the temperature is raised, the thermal flux increases, provided the neutron density 
is held constant. 


8-2 Interaction Rates for Thermal Neutrons 


In considering the interaction of thermal neutrons with nuclei in a thermal reactor 
it is necessary to take into account the fact that both the neutrons and nuclei are 
in thermal motion ре present section is therefore a generalization of the dis- 
cussion of the Doppler effect given in Section 2-14, where only the nuclei were 
assumed to undergo thermal motion. In the following it is explicitly assumed that 
the neutrons interact with single, individual nuclei, so that the interactions can 
be described in terms of microscopic cross sections. It will be recalled from 
Section 2-8 that this is not possible, in general, for low-energy scattering since 
neutrons may be scattered simultaneously by a number of nuclei at these energies. 
The present discussion is limited, therefore, to absorption іпіегасіїопѕ such as 
radiative capture and fission. 

Let n(v) dv be the number of пешгоп5/ст at some point in the reactor moving 
with laboratory velocities between v and v + dv, and similarly, let N(V) dV be the 
number of atoms/cm’ moving with laboratory velocities between V and V + dV. 
In a coordinate system in which these atoms are at rest, the neutrons approach 
the nuclei with the velocity у, = v — V, equal to the relative velocity of neutrons 
and nuclei. With respect to the nuclei, the neutrons comprise, in effect, a differ- 
ential beam of intensity dI = n(v)v, dv, where v, = |v,|, and interact with the 
nuclei at the rate of 


dF = п(у)МУ)с (о, dv dV (8-24) 


interactions per cm?/sec. The total interaction rate is then 


Е = || [| n(v)N(V)o(v,)o, dv dV, (8-25) 
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where the integration is carried over the (six) components of v and V. Equa- 
tion (8-25) is a very general result which will now be applied to a number of 
different situations. 


Case (1): 1/v absorption. It will be recalled from Chapter 2 that the ab- 
sorption cross sections of most nuclei at thermal energies vary as 1/о,. In this 
case, o,(v,) can be written as 


с.о.) = alpro) 19; (8-26) 


where v,9 is an arbitrary relative speed and o,(v,o) is the corresponding cross 
section. Introducing Eq. (8-26) into Eq. (8-25), the v, cancels and the absorption 
rate becomes 


Е, = o.(bro)Uro | || n(v)N(V) dv dV = Мошо опого (8-27) 


where М and n are the atomic and neutron densities, respectively. This result 
shows that the absorption rate for a 1/v absorber is a constant, independent of the 
velocity distribution of either neutrons or nuclei. 

According to Eq. (8-27) the absorption rate depends only on a single arbitrary 
relative speed of neutron and nucleus. In computing F, from Eq. (8-27) it is 
convenient to imagine that the nucleus is at rest in the laboratory system; 2,0 
is then an equally arbitrary laboratory speed of the neutron. In other words, the 
absorption rate for a 1/v absorber can be calculated by assuming that all nuclei 
are at rest in the laboratory and that all neutrons have a single laboratory speed, 
despite the fact that both neutrons and nuclei have continuous velocity distribu- 
tions (and unspecified velocity distributions, at that). Equation (8-27) can thus 
be written as : 
Fa = Za(Eo)nvo, (820) 


where ро is an arbitrary laboratory speed of the neutrons and Ep is their Pu 
responding energy. 

It is the usual practice to tabulate thermal absorption cross sections at a Jabora- 
tory energy of Е = 0.0253 eV, which is equal to the most probable energy in a 
Maxwellian flux at 20.46? С. The corresponding speed is vo = 2200 meters per 
second. It should be noted that Eg and ро are simply the values of Ет and vr 
evaluated at 20.46? C [cf. Eqs. (8-12) and (8-13)]. 

The quantity nvo in Eq. (8-28) is called the 2200 meters-per-second flux and 
will be denoted by фе, that is, 

фо = Ug. (8-29) 


It must be emphasized that this flux is nof the same as the thermal flux, фт, defined 
by Eq. (8-20). In particular, since according to Eq. (8-13), 


от _ (2), (8-30) 


Vo To 
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where T is the absolute temperature of the neutrons (the subscript n denoting 
neutron temperature will be dropped from here on) and То = 273.15? + 20.46? = 
293.61? K, it follows from Eqs. (8—23) and (8-29) that фт and фе are related by 


LTS 
or = 3-5) фо. (8-31) 


In view of the fact that thermal neutrons have a continuous distribution of 
energies, the 2200 meters-per-second flux tends to be a somewhat artificial concept. 
Nevertheless, the fluxes of thermal reactors are often quoted in terms of фе be- 
cause this flux can easily be measured with a 1/v detector. It is also much easier to 
make calculations of absorption rates using фо rather than фт, for regardless of the 
reactor temperature, the absorption rate for a 1/v absorber is simply 


Fa = За(Еојфо. (8-32) 


However, for calculations involving the transport of neutrons in a reactor, it is 
more appropriate to use the thermal flux, as will be shown later in this chapter. 

The absorption rate for a 1/v absorber can also be written in terms of the thermal 
flux. Thus in view of Eqs. (8-31) and (8-32), 


| | 
Fa = M(B) | Уа (Еојфт. (8-33) 


This equation serves to define a useful quantity known as the average thermal 
absorption cross section, denoted by 3a, which is defined as 


$5 У (10) | (Еу). (8-34) 


In terms of 2, and фт, the absorption rate can then be written 


F, = Sadr. (8-35) 


Case (2): non-1/v absorption. Some nuclei, namely those having an 
absorption resonance at very low energy, do not exhibit 1/v absorption. Although 
only a comparatively few nuclei show such a non-1/v behavior, the presence of 
these nuclei in a reactor may be a matter of some importance since a low-lying 
resonance usually leads to high values of ба in the thermal region. Non-1/v 
absorption is found only in intermediate and heavy nuclei. In this case, the center- 
of-mass and laboratory coordinate systems are very nearly the same and о, in 
Eq. (8-25) can be taken to be the laboratory speed of the neutrons. The absorption 
rate is then 


F, 


| || n(v)N(V)oa(v)v dv dV 
N / n(v)o,(v)v dv. (8-36) 


2 + 
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The dependent variable in the integral can be transformed from velocity to energy 
by noting that 
n(v) dv = n(E) dE, 


where E is the laboratory energy of the neutrons. Equation (8-36) then becomes 


Е, = N / п(Е)ус„(Е)(Е) dE 
= f Z,(E)&(E) dE, (8-37) 


where Ф(Е) = n(E)v(E) is the energy-dependent flux (cf. Eq. 5-11). 

The integral in Eq. (8-37) can be evaluated once the function ¢(£) is known. 
This can be found either by solving the neutro lance equation (Eq. 8—5) as 
discussed in the preceding section or from experiment. However, as already noted 
the neutron spectrum in systems with low absorption is well represented by a 
Maxwellian distribution function at a characteristic neutron temperature. Using 
a spectrum of this type, C. H. Westcott has numerically evaluated the integral in 
Eq. (8-37) for all of the important non-1/v absorbers. The resulting value of Fa 
is a function of the neutron temperature and is given in the form* 


Fa = g«T)Z«(Eo)óo, (8-38) 


where g,(T), the non-1/v factor, is a tabulated function and Za(Eo) is the absorp- 
tion cross section at 0.0253 eV. A short table of non-1/vfactorsisgiven in Table 8-1. 
In view of Eq. (8-31), F, can also be written in terms of the thermal flux, that is, 


| Е, = Zr, (8-39) 
where 2, is now given by 
- T. 1/2 . 
Za = M: ga(T) (2) Жа( Eo). (8-40) 


Equations (8-38) and (8-40) are generalizations of Eqs. (8-32) and (8-34) since 
га(Т) = 1 for a 1/v-absorber. | 

It should be noted that the above results apply to any absorption process which 
occurs at thermal energies in an intermediate or heavy nucleus. The number of 
thermal fissions рег cm?/sec, for example, is _ 


F; = Zyor, (8-41): 


with 


1/2 
5, = М" АТ) (2) Z(E), (8-42) 


where 2 (Т), the non-1/v fission factor, must be included since fission cross sections 
tend to be slightly non-1/v. 


* Equation (8-38) is a simplified version of Westcott’s formulation of the non-1/v absorp- 


tion problem. See his report in the references for further details. 
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Table 8-1 
Non-1/v Factors* 


* Based on C. H. Westcott, “Effective Cross Section Values for Well-Moderated 
Thermal Reactor Spectra," AECL-1101, January 1962. 
{ Based on E. С. Smith, et al., Phys. Rev. 115, 1693 (1959). 


Case (3): the general situation. ІҒо,(р,) is not 1/0 or the target nuclei 


are not heavy as in the previous cases, it is necessary to evaluate the multiple 


integrals (there are six) in Eq. (8-25). The number of integrals can be reduced, : 


however, provided the distribution functions of the neutrons and nuclei are both 
assumed to be purely jaxwellian with same temperature. 
From the kinetic theory of gases, n(v) and N(V) are then given by 


3/2 2 | 
n(v) = n (zz) exp (- a) (8-43) 
and 
M \3!? MY? 
мүн (эж) exp – ae) (иу 


where л and N are the neutron and atomic densities, and m and M are the neutron 
and atomic masses, respectively. Inserting these expressions into Eq. (8-25) gives 


е то“ + MV? | 
Fa = nN (s dz "М т) || || exp (— AKT m MY eoo, dvdN. | or 


256 LOW-ENERGY NEUTRONS [СНАР. 8 


It is now convenient to change integration variables from v and V to v, and с, 
where с is the velocity of the center of mass of the neutron and nucleus.* The 
Jacobian of this transformation can easily be shown to be unity (cf. Prob. 8-11) 
so that dv dV = dv, dc. Furthermore, the quantity $7? + $3MV?, which appears 
in the exponential of Eq. (8—45) is the total kinetic energy of neutron and nucleus 
with respect to the laboratory, and this can be written as the sum of the kinetic 
energy of the particles with respect to the center of mass plus the energy of motion 
of the center of mass, that is, 


зт? + 4MV? = dw? + Кт + Му. (8-46) 
With these results inserted into Eq. (8-45), the integrals separate so that 
mM У || po? | (т + me] 
Е, = nN (mrs) exp | — OKT ед а (2 5+ av, exp | — IT dc. 
| (8–47) 


The second integration can easily be performed since the integrand is only a 
function of the magnitude of c. Thus shifting to spherical coordinates, the volume 
element becomes de = 4тс? ас, and 


| exp E Vise tf а дс 


Е И (т + Myc?] 2, _ ( 2xkT V? _ 
= а | | - р ^ | йс = e M : (8-48) 


The same procedure can be followed for the integral over v, with the result 


| p id ub; TA 8-49 
Fa = 4rnN (52+) o exp (- A са(р; јот dtr. (8–49) 


With a change in variables from v, to E. = Ћира, the energy in the center-of- 
mass system, Eq. (8-49) becomes | 


mn N (2M? У —E,/kT 
nodu) "едЕ. 


- || ЕЉЦЕЈФЕ. (8-50) 
о | 


where 2,(E.) = No,(E.) and ф,(Е,) is given by 


1/2 
2тп (2) Eg SM. (е) (8-51) 


фи(Е;) = (КТ)! 2 и 


* The symbol с is used in the present section to denote the velocity of the center of mass, 
rather than the symbol vg as in Chapter 2, to avoid confusion with the 2200 meters-per- 
second speed vo. | 


MENO i tan oa ha 
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Comparing Eq. (8-51) with Eq. (8-21) shows that $,(E.) is equal to the energy- 
dependent flux of particles of mass н having temperature T. Furthermore, since 
Eq. (8-50) is of the same form as Eq. (8-37) which was derived for stationary nuclei, 
it may be concluded that the interaction rate between a Maxwellian distribution of 
neutrons and a Maxwellian distribution of nuclei, both distributions being at the 
same temperature, is equal to the interaction rate of a Maxwellian distribution of 
particles of mass p interacting at an energy E. with stationary nuclei. ТЕ the neutrons 
and nuclei are not Maxwellian at the same temperature the computation of the 
interaction rate is considerably more difficult and the reader should consult the 
references for further details. (See, in particular, Meghreblian and Holmes, 
Chapter 4.) 


8-3 Reactor Power 


An important application of some of the concepts considered in the preceding 
section is the problem of computing the thermal power of a reactor. The term 
“thermal power" is used to connote the rate at which heat is produced in the 
reactor as the result of fissions in the fuel. Nuclear power installations are also 
rated in terms of their total output of electrical power. The electrical power is 
always smaller than the thermal power, of course, and depends upon the efficiency 
of the thermal to electrical conversion equipment (this usually is in the range of 
from 30 to 40%). Thermal power is usually written as megawatts (th); electrical 
power as megawatts (el). 

For simplicity let it be assumed that the fissionable material is uniformly dis- 
tributed in the fueled portion of the reactor. In this case, the macroscopic fission 
cross section is independent of position and the total fission rate in the reactor is 


f | ° >,(Е)ф(т, E) dE dV fissions/sec, 
у /Е=0 
where V is the volume of the fueled region of the reactor. If the recoverable energy, 


in joules per fission is denoted by ¥ (when the recoverable energy is 200 MeV, 
y = 3.20 x 107!! joules), the thermal power P is 


Р = Ү Í, La zy, E) dE dV. (8-52) 


If the atom density of fissionable material is Ny, then 2 (2) = Nyao,(E), where 
c',(E) is the microscopic fission cross section. In terms of M ;, the total mass of 
fissionable material in the reactor, №; is given by 


Ny = М,М№/ АУ, 


where N is Avogadro’s number and A is the atomic mass number of the fissionable 
isotope. The thermal power can then be written as 


_ УМ [ | : 
Р = ar j,]Q2 00 B) dE dV. (8-53) 
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With the average value of ¢(r, E) in the fueled portions of the reactor defined as 


ЖЕ) = y | olr, E) dV, 


the power becomes = 
Р = IM | с(Е)Ф(Е) dE. (8-54) 
0 


Equation (8-54) is a very general result which is valid for every type of reactor. 
For a thermal reactor, however, if all fissions are induced by thermal neutrons and 
it is possible to assume that Ф(Е) is Maxwellian, the integral іп Eq. (8-54) can be 
evaluated with the following result: 


p = (25) omes Bobo (8-55) 
or 
1/2 
P = (а) VE eT) (2) оу(Е)ёт. (8-56) 


Here фо and фт are the volume-averaged 2200 meters-per-second and thermal fluxes, 
respectively, 2/(Т) is the non-1/v fission factor, о s(Eo) is the thermal fission cross 
section, T is the neutron temperature in °K, and То = 293.61° К. 

For 0235, assuming a recoverable energy of 200 MeV per fission, P is given by 


4.73 М;8/(Т)фо X 107!* megawatts(th) (8-57) 
7.19M;gi(T)T ? p X 1071? megawatts(th), (8-58) 


P 


where Му is in kilograms. With other fuels and other values of the recoverable 
energy, the numerical factors in these equations are somewhat different. 


8-4 Average 7 in a Thermal Flux 
In Section 3-4 the parameter (Е) was defined as the average number of fission 


neutrons emitted when a neutron of energy E is absorbed by fuel. If the fuel con- 
sists of a single isotope, ?(E) is given by 


ЖЕ) = и) 0), (8-59) 


where v(E) is the average number of neutrons emitted per fission and су and e, 
are the fission and absorption cross sections, respectively. 

. For calculations involving fission induced by thermal neutrons, it is convenient 
to introduce the quantity 77, which is defined as the average number of fission 
neutrons emitted per thermal neutron absorbed in fuel. With a single isotope 
fuel лт is therefore 

_ [л(Е)с„(Е)Ф(Е)4Е _ [v(Eyy (EE) dE (8-60) 
"= (БЕДЕ  ]о(ЕФ(ЕЧЯЕ | 


"ru psu gn i n. а 1... вара pe Oar TE СИИР Эри: Л: перо a: 


PE es, а ава аза Хат TN a E A Ee a aa Mr MEE Oem a pens poc. 
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Table 8-2 


Values of 77, the Average Number of Fission Neutrons Emitted per Neutron 
Absorbed in a Thermal Flux, Assuming the Flux to be a Pure Maxwellian at the 
Temperature Т* 


* Based оп С. Н. Westcott, “Effective Cross Section Values for Well-Moderated Thermal 
Reactor Spectra," AECL-1101, January 1962. 


where the integrals are carried out over thermal energies. If ¢(£) is assumed to be 
Maxwellian, and note is taken of the fact that у(Е) is constant in the thermal region 
(cf. Section 3—4), Eq. (8-60) reduces to 


—À 70 (8-61) 


where 2; and ба are microscopic thermal average cross sections. From Eqs. (8-40) 
and (8-42), 


1/2 
ба = і: га(Т) e) ga (Eo), (8-62) 
and | 
í 1/2 
в, = ME аи) e) со), _ (8-63) 


in which g,(T) and g;(T) are the non-!/v factors for absorption and fission, re- 
spectively. Inserting these expressions into Eq. (8-61) gives 


_ , & (Deo) 
g«(T ss (Eo) 


= g T), 
n(Eo) zT) (8-64) 
where (Ее) is the value of у at 0.0253 eV. 

In view of Eq. (8-64) it is evident that if 2/(Т) and g.(T) had the same variation 
with temperature, 77 would be independent of temperature. In actual fact, gi (T) 
and g,(T) are slightly different for all fissile nuclei, and тл is therefore a temperature- 
dependent quantity. This is shown in Table 8-2 where 77 is given as a function of 
temperature for the principal fissile isotopes. 


LAMM ose озаты 
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When the fuel consists of a mixture of isotopes Eq. (8-64) must be modified 
somewhat. For instance, with natural uranium, it is easy to see that пр becomes 


|| 
~ 


nT 


мм 
а 1 


255.25 25 | 
_ 0227 (Ева) ___, (8-65) 


© $25(Eo)925(T) + 228(Eo)ga (Т) 


where the superscripts 25 and 28 refer to 11235 and 0238, respectively. In terms of 
the value of n for natural uranium at 0.0253 eV, Eq. (8-65) can also be written as 


| [225(E,) + Z25(Eo)lg? (T) 
= nE) ————————— s л әз; 8-66 
тт = (Eo) sss јат) + Ze? T) E) 


8-5 Diffusion of Thermal Neutrons 


The diffusion of monoenergetic neutrons was considered in Chapter 5, and the 
diffusion of neutrons in the moderating region was discussed in Chapter 6. It is 
now appropriate to consider the diffusion of thermal neutrons. 

The exact treatment of neutron diffusion at thermal energies is a very difficult 
problem which is well beyond the scope of this book. Nevertheless, it is possible 
to approximate the behavior of thermal neutrons by the following simple procedure. 
It will be recalled that as these neutrons move about they continually gain and lose 
energy in collisions with the nuclei. In the steady state, however, the number of 
neutrons in every energy interval is independent of time. 1f, therefore, only the 
average behavior of the neutrons is required, the fact that the energies of individual 
neutrons are continually changing may be ignored, and it can be assumed that all 
neutrons with energies in the interval between E and E + dE remain in this in- 
terval as they diffuse. 

Considering time-independent diffusion first, it follows from these assumptions 
and from Eq. (5-48) that the neutrons between E and E -- dE satisfy the equation 


D(E)V26(r, Е) dE — z«(E)e(r, E) dE + slr, E) dE = 0, (8-67) 


where s(r, E) is the energy spectrum of the sources in the system at the point r. 
An energy-independent diffusion equation can now be obtained by integrating 
Eq. (8-67) over all thermal energies; that is, 


|| Р(ЕЈУ Фе, Е) dE — | z,(Eye(r, E) dE + | s(r, E) dE = 0. (8-68) 


The average value of D in the thermal region is next defined as 


кы] Р(Е)У?д(т, E) dE | 
2 Terp, JE E) dE (8-69) 


It is now assumed that ¢(r, E) can be written as a separable function of r and E, 
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that is, as the product of a function of r multiplied by a function of E. In this 
case, the spatial variables cancel from Eq. (8-69) and D becomes 


D = J DEWE) dE | (8-70) 
Је(Е) dE 


Returning to Eq. (8-68) the first term can now be written as 


| Р(ЕЈУ Фау, Е) dE = D J V?¢$lr, E) dE = DV?¢r(r), 


where фт(г) is the thermal flux at the point г. The second term in Eq. (8-68) is 
the total neutron absorption rate, and from Eq. (8-39) this is 


f Z,(E)é(r, Е) dE = Бофт(г). 


Here, ©, is the thermal macroscopic absorption cross section at absolute tem- 
perature T as definéd by Eq. (8-40). The integral over the source spectrum may 
be written as 


f s(t, E) dE = s(r), 


where s(r) is the total number of neutrons emitted by the sources per cm? /sec at 


thermal energies at r. 
With these results inserted into Eq. (8-68), the time-independent diffusion 
equation for thermal neutrons becomes 


Ру?фт(г) — Xoér(r) + s(r) = 0. (8-71) 
Upon dividing by Ža, this equation can also be written as 


s(t) _ 9 


177" or(r) — фт(т) + $* = 0, (8-72) 
where Б 
ІХ = = (8-73) 


is known as the thermal diffusion area and Lr is the thermal diffusion length. Since 
Eq. (8-72) is of the same form as the one-velocity diffusion equation, i.e., 
Eq. (5-48), the solutions obtained in Chapter 5 are also valid for the diffusion of 
thermal neutrons, provided Lr is substituted everywhere for L. 

To evaluate D from Eq. (8-70), it will be recalled from Section 5-6 that the 
diffusion coefficient is primarily a function of the scattering cross section, and for 
many moderators this is constant at thermal energies. There are, however, two 
important exceptions, namely НО and D20. The scattering cross sections of 
these moderators decrease with increasing energy according to the empirical 
relation 


4E) 24(Eo) (BY. (8-74) 


ana 


` į Graphite often contains impurities w 
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Table 8-3 
Thermal Neutron Diffusion Parameters of Common Moderators at 20°C* 


Density 


Moderator (artis amS 


H20 1.00 


D20ł 1.10 
Be 1.85 
BeO 2.96 
Graphitet 1.60 


* Based on Reactor Physics Constants, U.S. Atomic Energy Commission Report ANL-5800, 


2nd ed., 1963, Section 3.3. 
+The diffusion properties of D20 are sensitive to the amount of НгО present. 
hich affect its diffusion properties; the values given here are 


for highly-purified graphite. 


where Eg = 0.0253 eV, and т = 0.470 for H,O and т = 0.112 for D20. Since 
the diffusion coefficient varies inversely with scattering cross section it follows that* 


D(E) ~ D(Eo) (Ey. (8-75) 


When D(E) from Eq. (8-75) is inserted into Eq. (8-70) and ¢(£) is assumed to be 


Maxwellian, D becomes 
d E” +e —EIkT JE 
D = D(Ej)Eo" pene dE. (8-76) 


In view of the formula | 
|| wre dx = ТОТ D, (8-77) 
0 


ш qmi 


where Г(т + 1) is the gamma function (this formula is a generalization of 
Eq. (5-118) for noninteger values of m), Eq. (8-76) reduces to 


D = T(m + 2)D(Eo) (EY = Г(т + 2) D(Eo) (FY > (8-78) 


where То = 293.61°K. It may ђе noted that in the usual case т = 0 and 
D = D(Eg, since ГО) = 1 = 1. The average thermal diffusion coefficient is 
thus ordinarily independent of temperature. From Eqs. (8-40) and (8-78) Li 


is given by 


2 _ D_ mo r2(rY'g T 
Іт 5 Ў > Vaga T) (5) Lo, (8 79) 


* In a more accurate calculation of D it is necessary to take into account the variation of 


cos à in the formula for D(E) (cf. Eq. 5-40). 
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Table 8-4 


Thermal Diffusion Times, tz, for Several Moderators as 
Computed from Eq. (8-82) 


Moderator 


2.1 X 1074 
0.14 


3.9 х 10-3 
6.7 X 10-3 
Graphite 0.017 


where L2 = Р(Ео)/5 (Е) is the one-velocity diffusion area computed at 
0.0253 eV, and g,(T) is the non-1/v factor. Measurements of D and Lr are dis- 
cussed in Section 8-9; measured values of these parameters are given in Table 8-3. 

Before considering time-dependent diffusion of thermal neutrons it is convenient 
to introduce the concept of the thermal diffusion time. This parameter, which is 
denoted by г, is defined as the average time that a thermal neutron spends in an 
infinite system before it is captured. This may be found by noting that if м(Е) is 
the absorption mean free path at the energy E, then the mean lifetime of neutrons 
at this energy КЕ) is 


_ ~) S 01 «v 
(D = WE) ~ SEE) oe 


With 1/0 absorption, 24(£) = Х.(Ео)оо/о, and Eq. (8-80) gives 


1 
t = то 8-81 
(0 = z Gy, ү 
This result shows that for a 1/v absorbing medium the mean lifetime of neutrons 
at the energy Е is inde ent of energy, and it follows, therefore, that the average 
value of (Е) over the thermal distribution, that is tg, is also given by Eq. (8-81); 


thus 
e ИРИНЕ СИ (8-82) 
Za(EoWo _— 22 avr 

where use has been made of Eqs. (8-30) and (8-34). If the medium does not 
exhibit 1/v absorption, tg wilcyeviate somewhat from the value predicted by 
Eq. (8-82), but this is not important for most purposes. Values of tg computed 
from Eq. (8-82) are given in Table 8—4 for several moderators. 

The time-dependent thermal diffusion equation can now be derived by inte- 
grating the energy-dependent version of Eq. (5-44) over all thermal energies. 
The result is easily found to be 


Dv'es(r, ) — Sabet, 0) + з) = MED, (8-83) 
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where n(r, f) is the density of thermal neutrons. From Eq. (8-23), however, 


2 
ф (т, t) = TER п(т, Гр , (8-84 
i Ут 3 i 
so that Eq. (8-83) can be written as 

Ђугфу(т, t) — ХЎафт(т, t) + sl, t) = = шы. (8-85) 

T ot 

Finally, dividing by 2„ and using Eqs. (8-73) and (8-82) gives 
Des, t) — феб, + E2 = пе. (8-86) 


D а 


This is the time-dependent diffusion equation for thermal neutrons. 


8-6 Thermalization Time 


In Section 6-17 a method was presented for estimating the time, fm, called the 
moderation time, that it takes for a fission neutron to slow down out of the moderat- 
ing region, i.e., to an energy of E = Ep. Neutrons continue to slow down, of 
course, at energies below E, in thermal reactors, and the average time required 
for neutrons to slow down from Em and come into thermal equilibrium with the 
system is called the thermalization time, ty. The total slowing down time, ts, from 
fission energies to thermal equilibrium is then the sum of the moderation and 
thermalization times, that is, 


ts = tm + ten (8-87) 


The moderation time was computed in Section 6-17 by age theory. This method 
cannot be extended to energies below Em, since in age theory it is assumed that the 
nuclei are free and the neutrons are only down-scattered. As noted in Section 8-1, 
chemical binding effectively increases the mass of the nuclei below Em which, in 
turn, decreases the average energy loss per collision. In addition, a neutron may 
be up-scattered as well as down-scattered. It follows that the rate at which neutrons] 
slow down decreases as soon as their energy falls below En. 

To compute 4», it is supposed that a pulse of neutrons of, for the moment, 
unspecified shape arrives at the transition region from the moderating region, as 
shown in Fig. 8-5. As the neutrons slow down, this pulse moves to lower energies 
until it eventually reaches the equilibrium shape and position indicated in the 
figure. The thermalization time can be computed by following the motion of this 
pulse. To do this, it is necessary to set up the time-dependent neutron balance 
equation describing the shape of the pulse at any time. Consider, therefore, the 
arrival and departure of neutrons in the energy interval dE at E. The rate of 
increase in the number of neutrons in dE is evidently equal to the number which 
arrive in dE per second minus the number scattered out of or absorbed in dE per 
second. Thus if n(E, © dE is the density of neutrons in dE at the time 7, it follows 


wer fe SS sk see lala Dial pills tn Sea apc ара ај 
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moderating region 


Final, quasi-Maxwellian 
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¢(E) Arbitrary units 


kT En 


Fig. 8-5. The thermalization of a neutron pulse. 


. that п(Е, г) must satisfy the equation 


Em 
"(6.0 D) || У(Е'— Е)ф(Е', t) dE' — [2 (Е) + >„(Е)}Ф(Е, г). (8-88) 


It is not possible to obtain an exact analytical solution to Ед. (8-88). An esti- 
mate of the time behavior of n(E, t) can be found, however, by assuming that 


n(E, 1) and (Е, t) are always Maxwellian but at a temperature which is a function 
of time. In this case, it can be shown that the temperature at time т, T(t), varies as 


Та) = Т + (Т, – Tye™, (8-89) 


where T is the ultimate temperature of the neutron distribution, T, is the tempera- 
ture of the pulse as it enters the transition region, and à is a parameter given by 


2рт М» : 
х = 2102. (8-90) 
3V т 


Here, vr is the speed corresponding to the energy kT (cf. Eq. 8-11), and М» is the 
second moment of the scattering kernel, defined as 


Em En 
= 1 1 — EFE, —E'|kT d M 
М = ay || , >,(Е' > EYE — E’)’E’e dE dE’. (8-91) 


From Eq. (8-89) it is seen that the temperature of the neutron pulse approaches 
the equilibrium temperature exponentially. Thus, as would be expected physically, 
it takes an infinite amount of time for the neutrons to come into equilibrium with 
the medium. However, the time constant A^! in Eq. (8-89) is some measure of 
the time required for a pulse to reach equilibrium, and it is therefore usual to write 


1 ЗУт | 
ta = eX M (8-92) 
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Table 8-5 


Moderation, Thermalization, and Diffusion Times in Microseconds 
of Moderators at Room Temperature 


Graphite 


* Based on data given in ANL-5800 and by L. S. Kothari and V. P. 
Duggal, Advances in Nuclear Science and Technology, Vol. 2., New 
York: Academic Press, 1964. 


It may be noted here that while tm is a specific average time, Љу, as defined by 
Eq. (8-92), is actually a relaxation time. The adding of tm and дъ to obtain the total 
slowing down time (cf. Eq. 8-87) is thus a little like adding apples and oranges. 
The important point, however, is that they are both fruit. 

Values of tn, the moderation time tm, and the diffusion time fg, are given in 
Table 8-5 for several moderators. It will be observed that in all cases ¢tn is much 
larger than /„. Thus neutrons spend considerably longer reaching their equilibrium 
distribution in the thermal region than they do in moderating from fission energies. 
The total slowing down time is therefore approximately equal to the thermalization 
time. 

It is also evident from Table 8-5 that tg is much larger than żin. This means that 
neutrons moderate and thermalize in a time which is short compared to the time 
that they subsequently spend diffusing as thermal neutrons. It will be shown in 
Section 8-8 that this circumstance considerably simplifies calculations of neutron 
slowing down and diffusion. 


8-7 Age from Indium Resonance to Thermal 


As pointed out in Section 6-14, the age of fission neutrons to thermal energies, тт, 
cannot be measured directly because it is not possible to distinguish neutrons 
which have “just come into equilibrium” from those which have been diffusing 
about for some time. It is necessary therefore to measure 7 to some energy above 
the thermal region, usually to the 1.45 eV resonance of In! +5, and then calculate 
T from this energy to thermal. 
According to the Fermi formula (cf. Eq. 6-76), T(Ein — Еш) is defined as 
Ein 


D dE 
т(Ёт„ — Ед) = Ja. Е, E` 
t s 


It is convenient now to change the variable of integration from energy to time, and 
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Table 8-6 


Ages (in cm?) of Fission Neutrons to Indium Resonance, 711; Esti- 

mated Age From Indium Resonance to Thermal Energies, 7(E1, — 

En); and the Total Age of Fission Neutrons to Thermal 
Energies, тт* 


Moderator т(Еп — Еһ) 


H20 , ~1 
~20 
Ве ~17 
BeO ~20 
Graphite ~57 


* Based, in part, on data given in L. S. Kothari and V. P. Duggal, 
*Scattering of Thermal Neutrons from Solids and Their Thermalization 
Near Equilibrium," Advances in Nuclear Science and Technology, 
Vol. 2. New York: Academic Press, 1964. 


follow, as in the preceding section, the thermalization of a pulse of neutrons from 
the time it enters the transition region to the time it comes to equilibrium with the 
system. From Eq. (6-75), 

dE 


du = SUE = §2,dx = EX dt, 


where v is the speed corresponding to the energy E. With г = 0 being the time 
when the pulse is centered at 1.45 eV, it follows that 


(Em — Ед) = ГА ^ роо) dt. (8-93) 


It will be observed that by changing the integration variable from energy to time, 
the rather artificial lower limit Ед on the integral has been eliminated. The 
parameters D(f) and v(t) in Eq. (8-93) are the average values of D and v in the 
flux Ф(Е, t); for instance, 


f ” D(EXE, t) dE 


[ Ф(Е, t) dE 


Both D(f) and v(t) can be computed using the method discussed in the preceding 
section. Thus as a first approximation ф(Е, г) сап be assumed to be Maxwellian 
with a time-dependent temperature. Then both D(t) and v(t) are functions of 
T(t) which is given in Eq. (8-89). The final integration of Eq. (8-93) must be 
carried out numerically. 

Values of Ty, (the age of fission neutrons to indium resonance) т(Ёт„ — Еф), 
and тт are given in Table 8-6 for the important moderators. It should be par- 
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ticularly noted in this table that in every case the age from fission energies to 
1.45 eV is much larger than the age from 1.45 eV to thermal. Thus despite the 
fact that fission neutrons spend comparatively little time in moderating to 1.45 eV, 
the bulk of their migration occurs during this time. During the much longer 
thermalization time they move very little further from the source point. This is a 
very important result, for it means that it is possible to use age theory to compute 
the thermal slowing down distribution qr(r) despite the fact that age theory is not 
valid at energies below the cutoff of the moderating region. 


8-8 Slowing Down and Diffusion 


According to the results of Section 8-6, fission neutrons quickly slow down to 
thermal energies and then spend a comparatively long time diffusing as thermal 
neutrons before being absorbed. It is possible, therefore, to describe the slowing 
down of neutrons and their subsequent diffusion as two distinct processes. 
Furthermore, since the thermal slowing-down density gr(r) is equal to the number 
of neutrons becoming thermal per cm?/sec, qr(r) is equivalent to a distributed 
source of thermal neutrons. Thus when фт(т) is known, the thermal flux can be 
computed by the methods discussed in Chapter 5 for solving the diffusion equation. 

For instance, if the diffusion kernel Gp(r, г”) is known for a particular system, 
the flux can be obtained by evaluating the integral (cf. Eq. 5-79) 


ór(r) = Í, ат(т')©ь(т, т”) dV’, (8-94) 


where V is the volume of the system. In view of Eq. (6-136), gr(r’) can also be 
expressed in terms of a slowing down kernel Gg(r’, r”), and Eq. (8-94) then takes 


the form - 
фт(г) = [[s@nese’, г')Ср(т, r’) dV’ dV". (8-95) 


As an example of the use of Eq. (8-94), consider the slowing down and diffusion 
of neutrons emitted from an infinite planar source in an infinite medium. If the 
source emits S fast neutrons per cm?/sec and if age theory is valid, the thermal 
slowing down density at x' is (cf. Eq. 6-96) 


gree: (8-96) 


gx’) = — 
М%ттт 
The diffusion kernel in planar geometry is given by Eq. (5-82): 


L —|—2”' 
Gp(x, x’) = 25 prier dem (8-97) 
and from Eq. (8-94) the thermal flux is 


SLr | got Ра LT dx’. (8-98) 


феб) = — >= 
т) = >> Дт 
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To evaluate the integral in Eq. (8-98) it is necessary to break the range of inte- 
gration into two parts, namely, x’ < x and х’ > x. Then фт(х) becomes 


SL; | | A ( x? x x ) 
T MB EMEN ——— се Cain a 4А а / 
ша; 2DV Актт |) — id 4тт E Ir Ir)” 


д xt? x x - Jav] 
These integrals can be expressed in terms of the error function which is defined 


by the integral (see Appendix II) 
2 2 
erf x = a е dt. (8-100) 
Мт 0 | 


By completing the square of the argument in the exponential, the first integral 
in Eq. (8-99) can be written as 


| ха x’ x у 
ЈЕ SAP (- ATT + Lr ~. Ё) ах | 
zz j 2 
= TT x ) || ( x V тт) , 
= exp{— — — exp — dx’. (8-101) 
| (5 [7] J—« 2Wr Lr 


Now by introducing the new variable 


j 
e EN уст, (8-102) 
то 
Eq. (8-101) becomes 
212 Y TT —VtT|Lr - 
= 2V Tr exp a. E. ve e^! dt 
LŽ Lr 
2 0 2 z|2 Утт—Утт{1т 
= V ттт ех (= — х.) [2 | e^" d + ey | ert dt 
TEN Eu ss dc Vs Jo 
== Мт 
= VaTr exp (= - х); + ert (= – — || · (8-103) 
12 Lr 2Мтт Lr 


The second integral in Eq. (8-99) can be handled in the same way, and the final 
expression for the flux is 


_ а, Е es _ ve 
фт(х) “а 4D 1 + erf 2Мтт Lr 


+ ет | = ert (- WA + Te |. (8-104) 
T 


2-9 


E 


| 
| 
| 
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Although this result appears to be rather complicated, фт can easily be computed 
using tables of the error function. 

Other useful formulas for finding the thermal flux from a known slowing-down 
density can be obtained from the general solution to the diffusion equation given 
by Eqs. (5-88) and (5-89). For example, if the slowing-down density at the 
distance r from a point source in an infinite medium is gr(r), the diffusion 
equation is 


ld 2dr) _ | ENT Е 
ar! g m фт) = т (8-105) 


According to Eq. (5-88), фт(г) can be found in terms of the homogeneous solutions 
to Eq. (8-105). To satisfy the requirement that фт be finite at r = 0 and go to 
zero as г — оо, it is appropriate to choose as homogeneous solutions the following 
functions: 


—r|LT 
Фб) = — (8-106) 
and ae 
"ORE sinh (Ла), (8-107) ` 


These functions satisfy the homogeneous form of Eq. (8-105), and it will be noted 
that $4, is singular at 7 = 0 but goes to zero as r — oo, while $45 has the reverse 
behavior. The Wronskian of these functions (cf. Eq. 5-90) is easily found to be 
1/r?Lr, and ¢r(r) is then 


ero = 2] smb cm f аде ае 


—r/Lr f" 
де 7 | qr (r^) sinh (7'/Lr) r’ аи | (8–108) 
In this expression the limits on the integrals have been adjusted so that ¢7(7) 
remains finite at r = 0 and vanishes as r — оо. These integrals can be computed 
numerically, and, provided the slowing-down density is accurately known (from 
either theory or experiment), the thermal flux determined in this way is reasonably 
precise. The only assumption implicit in Eq. (8-108) is the validity of diffusion 
theory for the thermal neutrons. i 


8-9 Measurements of the Thermal Diffusion Parameters 


The formulas derived in this chapter and Chapter 5 for the thermal diffusion 
coefficient and the thermal diffusion length can be used to obtain good estimates 
of these parameters. However, the assumptions on which these formulas are based 
are not always valid, and, furthermore, the necessary cross-section data is fre- 
quently unreliable. For these reasons, it is usually advisable to determine D and 
Lr from experiment. (Measured values of D and 12. are given in Table 8-3.) 


пуз rennen 
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Two methods for measuring these parameters are widely used. The older of 
these involves the measurement of the spatial distribution of the steady-state 
thermal flux in an assembly of material called a sigma pile. In the second, and 
newer method, a sharp burst or pulse of neutrons is introduced into an assembly 
of material and the flux is measured as a function of time. As will be shown 
presently, it is possible to determine only the diffusion length in the steady-state 
experiments. Considerably more information about thermal diffusion parameters 
can be obtained from pulsed-neutron experiments. 


Sigma pile experiments. In steady-state experiments it is necessary to 
provide some sort of steady neutron source; and small decay sources, e.g., Ra-Be 
sources, have been used for this purpose. From a practical standpoint, however, 
it is desirable to use as strong a source as possible. Reactors are therefore almost 
always used to provide source neutrons whenever accurate measurements are to 
be performed. 


Fig. 8-6. Sigma pile atop a 
reactor. 


Consider a large block of material (or tank if it is a liquid) placed atop the 
thermal column of a reactor as shown in Fig. 8-6. For simplicity, it will be as- 
sumed that the pile has a square cross section, each side of extrapolated length a, 
and an extrapolated height c. It will also be assumed that the thermal flux at the 
base of the pile, фт(х, у, 0), is known and is symmetric about the center of the pile. 
This will be the case if the thermal column is located at the center of the reactor. 
With фт(х, у, 0) à symmetric function it necessarily follows that the flux throughout 
the pile must be an even function of both x and y. 

Since the flux in the pile depends on all three rectangular coordinates, the 
diffusion equation is | 


2 2 2 
or 96r , For 1 фр 0, (8-109) 


а HS ы 
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This equation can be solved in terms of eigenfunctions (cf. Section 5-10). Now, 
however, since фт is a function of three spatial variables it is convenient to use a 
double eigenfunction series.* Thus a solution is assumed of the form 


; ттх пту 
фт(х, у, 2) = У? Ámn(Z) cos— cos = (8-110) 


m,n odd 


where the function finn(z) must be determined. It will be noted that Eq. (8-110) 
vanishes at the extrapolated sides of the pile and is an even function of x and y 


as required. 
Substituting Eq. (8-110) into Eq. (8-109) yields 


AL (CF) toe - (Rl 


x cos == cos 777 = 0. (8-111) 


In view of the orthogonality of the eigenfunctions, each term in the series in 
Eq. (8-111) must be equal to zero. Thus the following differential equation 


for finn iS obtained: 


Фр 
Е; me _ ваја = 0, (8-112) 
where 
2 _ 1, (тту (z y Ж 
+ (By + (8-113) 


The solution to Eq. (8-112) which is zero when 2 = с, i.e., at the extrapolated top 
of the pile, is 
Sinn = Amn Sinh Yas(c — 2), (8-114) 


where the Amn are constants which remain to be determined. 
From Eq. (8-110), r(x, у, 2) may now be written as 


фт(х, y, 2) = p» Amn sinh Y44(c — 2) cos 72 cos =? . (8-115) 
m,n odd 

The constants Amn can be found from the boundary condition at the base of the 

pile, where фт (х, у, 0) is presumed to be known.. From Eq. (8-115), 
фт(х,у,0) = >> Amn sinh Ymne cos "7 cos "92. — (8-116) 

m,n odd а a 

Next, multiplying both sides of this equation by cos (т'тх/а) cos (п'ту/а) and 
integrating over the base of the pile, it is easy to see that in view of the orthogo- 


* A triple eigenfunction series in all variables, X; у, апа z, can also be used but the subse- 
quent analysis is somewhat more complicated (cf. Prob. 8-23). 
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nality of the eigenfunctions A,» is given by 


a/2 
Ann = E r(x, y, 0) cos = cos —— "2 ах dy. (8-117) 
2 


a? SG Vent E N j al2 
Thus when the explicit form of the function фт(х, у, 0) is known, the Amn can be 
computed, and the thermal flux can be determined throughout the pile. 

Actually, it is not necessary to know the absolute value of фт in order to carry 
out measurements of the diffusion length. In these experiments the flux is measured 
along the center (z-axis) of the pile, so that placing x = у = 01п Eq. (8-115) gives 


фт(0,0,2) = У, Amn sinh Ymn(¢ — 2). (8-118) 


m,n odd 


All sigma piles are purposely constructed so that the height c is much larger than 
Lr, and as a consequence, there is a region in the pile, not too close to the top, 
where the quantity Ymn(c — z) is much greater than unity. In particular, if 
Y11(c — 2) > 1, then this will be true for all values of m and n since according to 
Eq. (8-113) the Ymn increase monotonically with m and nm. Therefore, with 
Eq. (8-118) written in exponentials, 


ér(0,0,2) = à >, Age n7? — е1" ], (8-119) 


m,n odd 


it is evident that except near the top of the pile the second term in this equation 
can be neglected. Then, upon defining the new constant Cmn = ФА ле тт, 
Eq. (8-119) becomes 
$r(0,0,2) ~ У) Cae m. (8-120) 
m,n odd 
In view of the fact that 711 < Yig, Ya1 € 715, etc., the first term in Eq. (8-120) 
is greater than the second term, which in turn is greater than (or possibly equal to) 
the third, and so on. Furthermore, in most experiments it turns out that 
Cit € Cig = Са, < Cis... etc., so that over a certain distance along the 
center of the pile $7 is given by 


фт = Cue Cue pe, (8-121) 


where the second term is much smaller than the first. 

The diffusion length is determined with the aid of Eq. (8-121) in the following 
way. The thermal flux is measured as a function of z along the center of the pile. 
According to Eq. (8-121) the measured value of фт varies approximately as 
exp (— 7112), and a plot of In фт versus z therefore yields a rough estimate of Y 11. 


- With this value of 711, an approximate value of Lr сап now be computed from 


Eq. (8-113), and estimates can then be made of 713, Y31, Y15, etc. Then knowing 
even approximate values of the constants C11, Сз, etc., the contribution of the 
higher terms in Eq. (8-121) can be estimated. These computations are repeated 
until a value of Lr is obtained that consistently reproduces the data. (A least- 
squares analysis of the data can also be used to obtain Lr.) 
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Pulsed-neutron experiments. In these experiments an assembly of the 
material under investigation is exposed to a short burst of neutrons. These 
neutrons are obtained when a burst of charged particles from an accelerator 
strikes a suitable target. For example, if the accelerator produces deuterons, a 
tritium target will give neutrons from the H*(d, n)He* reaction. The energy of 
the charged particles need not be high; the maximum value of the cross section for 
the H*(d, n)He* reaction, for instance, occurs at only about 100 keV. With 
modern techniques for pulsing accelerators, pulses of neutrons of the order of 
10-џ sec duration can easily be obtained. Shorter burst widths are not required 
for the experiments under discussion. 

In some experiments the neutrons are produced external to the assembly and 
enter the assembly through its surface. In many ways, however, it is preferable to 
produce the neutrons in the interior of the system. This is accomplished by 
locating the target at a convenient point (usually at the center) in the assembly 
and passing the charged particle beam through a small tube. For the purposes of 
the present discussion this latter technique will be assumed. 


Charged particle 
beam 


Beam tube 
from accelerator 


Fig. 8-7. Schematic drawing of the experimental arrangement for producing a pulse of 
neutrons in the center of a block of material. 


Consider then a block of material of extrapolated dimensions a, b, c, at the 
center of which a burst of neutrons is introduced as indicated in Fig. 8-7. These 
neutrons are initially very energetic, having energies of several MeV, but they 
promptly slow down to thermal energies and then diffuse as thermal neutrons in 
the manner discussed in the preceding section. Furthermore, as shown in 
Section 8-6, the time required for the fast neutrons to slow down to thermal ener- 
gies is considerably shorter than their thermal diffusion time, and it is possible to 
assume, therefore, that the burst of fast neutrons emanating from the target 
actually provides a burst of thermal neutrons distributed in some way within the 
assembly. In other words, the source of neutrons in the system can be taken to be 
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of the form 
s(r, t) = s(r) 60), (8-122) 


where s(r) is the spatial distribution of the thermalized neutrons and 4(¢) is the Dirac 
delta function. To simplify the present discussion it will also be assumed that s(r) 
is a symmetric function of position so that it can be expanded in terms of simple 
cosine eigenfunctions. 

With the introduction of a burst of neutrons into an otherwise quiescent as- 
sembly, the thermal neutron flux quickly builds up from zero, and then somewhat 
more slowly returns to zero as the neutrons are absorbed or leak from the system. 
The flux is determined by the time-dependent diffusion equation (Eq. 8-86) 

дфт(т, t) Y s(r) 6(0) И (8-123) 
а 


1#%?дт(т., t) — ert, t) = ta F EE 


This equation can be solved using the eigenfunctions of the assembly. Thus let 
lrx тту пт2 
or(r, t) = ЗС Timn(t) cos 77 соз = cos — ’ (8-124) 


where the functions Timn(t) must be determined. Similarly let 


st) = Y Sw cos TŽ cos ™ cos PEE. (8-125) 


l,m,n ода 


Since the source function s(r) is presumably known, the constants Simn May be 


assumed to be known also. 
Substituting Eqs. (8-124) and (8-125) into Eq. (8-123) and noting the orthogo- 
nality of the eigenfunctions yields the following equation for the functions Таљ: 


-@ + В.Т) = ta Zine — Simm 5, (8-126) 


where 


2 2 2 | 
Bean = (E) 4 (==) + (=) , (8-127) 


and /, m, and n are odd integers. Writing this equation in standard form 


S imn 


PE 5) dt, (8-128) 


1 + BAL 
dT inn(t) + Timn(t) dt = 


it will be evident that the integrating factor is 
2 72 
exp | + = ] А 


The integration of Eq. (8-128) is carried out starting from а short time prior to the 
onset of the neutron burst, indicated by ; = 07, when there is no flux in the 
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system. This gives 


2 2 2 2 
Ties (o) = Sins op|- І + Вы? 1 Í ET EL ] Р 


ta ta 
2 72 | 
= Sint exp | — 1 + BimaL? (| А (8-129) 
lada la 


The flux is then 


1+ В2,„12. hx _ mmy пт2 
> Simn €X |- Жр, COS — cos —— cos —— · 
a 1,т,п odd mn PSP ta a b c 


1 
or(r, t) Ee 145 
(8-130) 


At this point it is observed that in view of Eq. (8-127) the parameters Врла form 
a monotonically increasing series, i.e., 8311 < B31, ~ Biagi ~ Blis < В311, 
etc. It follows that the second and all higher terms in Eq. (8-130) die out in time 
more rapidly than the first term. Eventually, therefore, the flux at every point in 
the assembly decreases as a single exponential: 


ér(t) = const е, (8-131) 
where the decay constant is given by 
272 
= LEEN , (8-132) 


and B? has been written for B2. 

Equation (8-132) forms the basis of pulsed-neutron experiments, which are 
carried out in the following steps. First, the flux is measured as a function of time 
after a burst of neutrons is produced in the assembly. According to Eq. (8-131) 


the flux ultimately decays exponentially, and from these data the value of ^ can- 


be determined for the assembly. These measurements are repeated for assemblies 
of varying sizes, and the resulting values of ^ are plotted as a function of B? as 
shown in Fig. 8-8. On the basis of the above derivation the result should be a 


A 


No diffusion 
cooling 


Diffusion cooling 
present 


B2 


1—2: — Decreasing assembly size—*- 
Іт 


Fig. 8-8. Тһе decay constant versus B? in pulsed neutron experiments. 
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straight line which intercepts the negative B?-axis at L7”. Furthermore, the value 
of X at В? = 0 is simply tz !, which is equal to Z;(Eo)oo or 22арт/ ут for a 
1 /о absorber, so that Х„(Е,) or =, are also determined. This value of E, together 
with the measured value of L2 provides the value of D from Eq. (8-73). It will be 
evident that pulsed measurements yield substantially more information than the 
older steady-state method discussed earlier, and it is not surprising to find that 
sigma pile measurements are rapidly being replaced by pulsed-neutron techniques. 
In conclusion, it should be mentioned that when experiments of this type are 
carried out it is found that a plot of \ versus B? deviates from a straight line, as 
indicated in Fig. 8-8, at large values of B?, that is, for small assemblies. This effect 
has been shown to be due primarily to diffusion cooling which was not included 
in the preceding derivation. Thus when diffusion cooling is taken into account, 
Eq. (8-132) becomes 
2 
са = CR (8-133) 
Та ta 
where the parameter C is known as the diffusion cooling coefficient. Methods have 
been devised for computing C, and these are discussed in the references. 
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Problems 


8—1. The scattering kernel for neutrons in a gas of free hydrogen atoms at temperature T 


is given by 
Zo bis Е! < E, 
Е (ехр[(Е — E/kT]erf A/E/kT, E'> E, 


where Zo is a constant (the free cross section of hydrogen). (a) Show that this kernel 
satisfies the condition of detailed balance. (b) Compute the scattering cross section 
Z,(E) for neutrons in this hypothetical hydrogen gas. (c) Find the scattering distribution 
function P(E — E’). (d) Show that for Е kT, P(E — E") reduces to its usual value 
for hydrogen, namely, P(E — E") = 1/E. (e) What is the probability that a neutron 
of energy E — KT will be up-scattered? 

8-2. Consider an infinite moderating medium throughout which S uon oa aes 
are emitted at an energy much greater than Em. Show that the source term 5(Е) in Eq. 
(8-2) is given by 


Z(E > Е!) = 


S(E) = 


if the medium is hydrogen, and 


AR, Bly 


S. 1 
S(E) = o- > aEm < E < Em; 


0, E < aEn, 


if the medium has 4 > 1. 


8-3. What is the average energy of neutrons in a Maxwellian flux; that is, the average 
value of E over the flux distribution фм(Е)? 


8-4. The Maxwellian neutron density distribution function is given by 


2тп 1/2 —E/kT 


пм(Е) = GET 


(a) Show that the most probable energy in this distribution is given by 


Епов probable = КТ. 


ре 


ЖЭР 
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(b) Show that the average energy in this distribution is 

E = 3kT. 
8-5. Show that рт (cf. Ед. 8-11) is the most probable speed in a Maxwellian density 
distribution (not flux). [Hint: First obtain the function ny(v), where ny(v) dv = 
nu (E) аЕ.] 


8-6. The Bragg cutoff in graphite is at approximately 0.0018 eV. At what temperature 
is this the most probable energy of the neutrons in a Maxwellian flux? 


8-7. It is common practice in giving low energy neutron spectra to plot ЕФ(Е) rather 
than $(E). Show that the peak of the curve is at Emax = 2kT. 


8-8. Suppose that 1/v absorbers are suddenly inserted uniformly into an infinite medium 
containing a well-established Maxwellian distribution of neutrons. (a) Show that the 
total density of neutrons in the medium steadily decreases in time, but that the neutron 
energy distribution, and hence the neutron temperature, does not change. (b) Discuss 
qualitatively the change in the energy distribution if the cross section of the absorbers 
varies as v~*, where x >= 1. 


8-9. If the thermal neutrons in a reactor are assumed to be a perfect gas, compute the 
partial pressure of this gas for a 2200 m/sec flux of 10!? neutrons/cm?-sec. (T = 100°C.) 


8-10. A water-moderated thermal reactor operating at 500°F has a computed average 
thermal flux of 2 x 1014 neutrons/cm?-sec. (a) Compute the rate at which neutrons аге 
absorbed in the water. (Take the water to be of normal density.) (b) What concentration 
of the fission product Xe!?5 gives the same absorption rate as in part (a)? 


8-11. Show that the Jacobian of the transformation from the integration variables v 
and У to v, and с in Eq. (8-45) is equal to unity. 


8-12. A thermal reactor contains 350 gallons of ordinary water at room temperature 
and unit density. If the reactor operates at an average thermal flux of 5 x 10!3 neu- 
trons/cm?-sec, compute the concentrations of HDO and D20 in the reactor after 2 years 
of operation. 

8-13. A U??3-fueled thermal reactor operates at 100°C and produces 100 MW of thermal 
power. (a) If the fuel inventory at a particular time is 20 kg of 10235, find the average 
2200 meter/sec flux in the reactor. (b) Find the average thermal flux in the reactor. 
(c) At what rate is the fuel consumed? 


18-14. A bare cubical reactor, of sidea = 600 cm, is fueled with 0235, When it is oper- 
ating at a thermal power of 10 MW at an average temperature of 150?C, the 2200 meter/sec 
flux is observed to be given approximately by the following formula: 


фо(х, y, 2) = 10°? cos (= E У cos (2 >) cos (=) , 


where x, у, z аге measured from the center of the reactor. (а) How much 0235 is in the 
reactor? (b) How many moles of thermal neutrons are there in the entire reactor? 


8-15. Compute the value of nr for 2.5% enriched uranium as a function of temperature 
from Т = 20°C to 500°C and estimate the quantity (1/nr)(dnr/dT) (which is called the 
temperature coefficient of nr) for this fuel in this temperature range. 


8-16. Find the limiting value of Eq. (8-104) as rr — 0 and interpret the result. 


аа 
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8-17. Sources emitting S fast neutrons/cm?-sec are uniformly distributed throughout 
an infinite medium. Calculate the thermal flux if (a) there are no resonance absorbers 
present; (b) resonance absorbers are uniformly distributed throughout the medium. 
8-18. Sources of monoenergetic fast neutrons are distributed in an infinite slab of 
moderator according to the function 


тх 
s(x) = Scos (5 , 


where S is a constant and a is the thickness of the slab. (a) Assuming the validity of age 
theory and ignoring resonance capture, find the thermal slowing down density every- 
where in the slab. (b) What fraction of the neutrons escape from the slab while slowing 
down? (c) Find the thermal flux in the slab. (d) What is the probability that a neutron 
leaks from the slab while diffusing at thermal energies? 

8-19. A monodirectional beam of fast neutrons of energy E and intensity Jo is incident 
normally upon a semi-infinite body of water, i.e., the region 0 < x < =®. (a) Using the 
model of neutron slowing down in hydrogen discussed in Section 6-13, show that the 
thermal flux in the water is given approximately by 


IgE (Ey/9« | -Z(E _ =]. 
ее ае е 
1 — ZiGLT 
(b) Under what circumstances will фт(х) have a maximum in the water? (c) If, by 
chance, Z,(E) = 127, what is фт(х)? Does фт(х) have a maximum in this case? 
8-20. An isotropic point source emitting S fast neutrons/sec is placed at the center of 
a bare cube of moderator of side a. Using age theory, show that the thermal flux in the 
moderator is given by 


85 —BimnT 
фт(х, y, Z) = == —_—_.— cos шы cos | 7? }со$ 2] 
УХ, 1, mot 1 + BinsLr s a а 
о 


where У = a? is the volume of the cube. 
8-21. An isotropic point source emits S fast neutrons/sec in an infinite moderator. 
(a) Using age theory, show that the thermal flux at the distance r from the source 1s given 


TTL у= 


фт(х) = 


L r 
— ТТА 


(b) Show that in the limit as тт — 0, this expression reduces to Eq. (5-64). (c) Compute 
and plot the thermal fiux in an infinite graphite medium containing a radium-beryllium 
source emitting 107 neutrons/sec. (The value of тт is approximately 440 cm?) [Hint: 
Use either Eq. (8-108) or the diffusion kernel for spherically symmetric source distribu- 
tions derived in Problem 5–28.] 

8—22. An isotropic point source emitting S fast neutrons/sec is located at the center of 
a bare cylindrical tank of moderator of radius R and height H. Using age theory, show 
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that the thermal flux in the tank is 


or(r, 2) = p» E J (=) cos (ж) 
TV, 4) = TS —— 373.5 4004 > — }› 
yz n (+ В2,02)Л(хь) NR Н 


@m=1,2,3,..., 
odd 


where x,, is the mth zero of Jo(x) and 


2 2 
2 Xm пт 
sin = (2) + (5) 
[Hint: See Problem 6–23.] 


8-23. Calculate the thermal flux in the rectangular parallelepiped sigma pile considered 
in Section 8-9, by expanding фт(х, у, 2) in the triple eigenfunction series 


фт(х, y, z) = 27 А ima COS (=) cos (=) cos (=) , 
a aJ. a 


l,m,n 
odd 


and show that the flux along the center of the pile reduces to Eq. (8-120) except near 


the top of the pile. 


8-24. A cylindrical.tank of moderator (sigma pile) of radius R and height H is placed 
atop a symmetrical source distribution of thermal neutrons which gives a flux $ro(r) at 
the base of the tank. (a) With the origin of cylindrical coordinates at the center of the 
base of the tank, show that the thermal flux throughout the pile is given by 


or(r, z) = ` АһЛо (=) sinh Y4(H — 2), 


n=l 


where x, is the nth zero of Jo(x), 


and 


R 
| НЕ | éro(r)Jo (=) rdr. 
К Ji(x,)sinh Y, H 0 


(b) Show that except near the top of the tank the flux along the axis varies approximately 
as 


$r(0, 2) ~ У, Ce n. 


n=l 
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Fermi Theory of the Bare Thermal 
Reactor 


The production, diffusion, and slowing down of neutrons having been discussed 
in the preceding chapters, it is now possible to consider quantitatively the condi- 
tions which give rise to a critical reactor system. In the present chapter the dis- 
cussion will be confined to bare thermal reactors; the criticality of reflected and 
nonthermal reactors is considered in Chapter 10. 


9-1 Criticality of an Infinite Homogeneous Reactor 


It is instructive to begin by considering the criticality of an infinite reactor con- 
sisting of a homogeneous mixture of fuel and moderator. It will be assumed that 
the ratio of the numbers of moderator atoms to fuel atoms is so large that the bulk 
of the fission neutrons slow down to thermal energies before they induce further 
fissions. In other words, the system is presumed to be thermal. 

Because the system is infinite and uniform, the thermal flux and the slowing- 
down density are independent of position. Then according to the results of 
Section 8-2, the number of thermal neutrons absorbed per cm?/sec at any point 
in the system is equal to Зафт, where 2, is the thermal macroscopic absorption 
cross section of the fuel-moderator mixture and фт is the thermal flux. If the 
thermal absorption cross sections of the fuel and moderator are Sar and Som, 
respectively, 2„ is evidently 


Zo = Lar + Хом. (9-1) 


The fraction of the thermal neutrons which are absorbed in fuel is known as 
the thermal utilization and is denoted by the symbol f. Since Zar@r neutrons are 
absorbed per ст? /ѕес іп fuel and „фт in the fuel-moderator mixture, it follows 
that fis given by 


EE EE те. (9-2) 
афт Za Хав + 2am 
The parameter f is also equal to the relative probability that a thermal neutron 
will ultimately be absorbed in fuel in an infinite reactor. 
In view of Eq. (9-2) the number of neutrons absorbed per cm?/sec in fuel can 
be written as f5,¢r. The number of fission neutrons emitted per cm? /sec as the 
282 
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result of thermal fissions is therefore nyf Žar, where ту is the average number of 
fission neutrons emitted per thermal neutron absorbed by fuel (cf. Section 8-4). 
If, in addition to fissile isotopes, there are also nuclei such as U??? in the reactor 
which undergo fast fission, the total number of fission neutrons emitted per 
cm?/sec becomes 77,f€2a¢7, where e is the fast-fission factor (cf. Section 7-9). 

These fast neutrons slow down in elastic and inelastic collisions with the nuclei 
in the system, and as explained in Chapter 7 some of these neutrons may be cap- 
tured in absorption resonances if intermediate or heavy nuclei are present in 
the reactor. In this case, although т/ф fast neutrons are produced per cm?/sec, 
only q^ fpeX4$, (where p is the resonance escape probability) neutrons actually 
succeed in slowing down to thermal energies. 

The absorption of Z,$7 neutrons in one generation thus eventually leads to the 
. absorption of пујрегафу neutrons in the next generation. As discussed in Chapter 
4, the ratio of the number of fissions in one generation to the number in the 
generation immediately preceding is called the multiplication factor. "Therefore, 
since the number of fissions is obviously proportional to the number of neutrons 
absorbed, it follows that for the system under discussion the multiplication factor 
is given by 

Ко = npfpe. (9-3) 


The subscript on Кы signifies that this is the multiplication factor for an infinite 
system only. 

Consider now the time behavior of an infinite reactor. To begin with, it will 
be obvious that in the absence of extraneous neutron sources (including spon- 
taneous fissions) the flux in the reactor will remain zero after the system has been 
assembled since it requires at least one neutron to initiate a chain reaction. Sup- 
pose, however, that at time ¢ = 0 a uniform source emitting S fast neutrons 
per cm?/sec is introduced throughout the system. The resulting buildup of a 
neutron flux can be found from the time-dependent diffusion equation (Eq. 8-86), 
in which the spatial derivatives do not appear, since фт is independent of position. 
Thus фт is given by the equation 


5 _ , dor, 
фт + $7 ta dt (9-4) 


. where s is the source density of thermal neutrons, and fg is the thermal diffusion 
time. 

There are two parts to the thermal source term s, one coming from the ex- 
traneous neutron source and one from the fission neutrons. Since S source 
neutrons are produced per cm?/sec and no neutrons can leak from an infinite 
system, pS of these neutrons eventually slow down per cm?/sec throughout the 
reactor.* At the same time, as discussed earlier, the fission neutrons thermalize 
at a rate of прјребафу neutrons рег cm?/sec, which, in view of Eq. (9-3), can 


* It is assumed here for simplicity that the source neutrons do not produce fast fissions. 
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also be written as k,Z,ór. Hence, 


5 = pS + Когафт, (9–5) 
and Eq. (9–4) becomes 


13 dg eg; 2 (9-6) 


The solution to Eq. (9-6) which satisfies the initial condition ¢7(0) = 0 can 
readily be shown to be 
_ р/а ріст. E 
| or = E ер (ke — DF | (9-7) 
According to Eq. (9-7), фу increases without limit if ke > 1. However, it should 
be noted that фт also goes to infinity when К„ = 1, although not exponentially. 
Placing ke = 1 in Eq. (9-6) gives dér/dt = pS/Zata, so that 


_ DSt. E 
фт = 5, (9—8) 


Thus if Кы = 1, the flux increases /inearly with time. This result may be under- 
stood physically by noting that according to Eq. (8-23), фт = 2пот ут, where 
п is the thermal neutron density, and from Eq. (8-82), t; = W/2Zqvr. Sub- 
stituting these expressions into Eq. (9-8) gives 


n = pSt. (9-9) 


Equation (9-9) shows that if Кы = 1, the density of thermal neutrons in the system 
increases at the constant rate of pS neutrons per cm?/sec. This behavior is due to 
the fact that with ke = 1, a neutron introduced into the reactor is effectively never 
lost, since it is replaced by another neutron in each succeeding generation of the 
chain reaction. However, source neutrons enter the system at the rate of S per 
ст? /ѕес, and pS of these eventually become thermal. The number of thermal 
neutrons in the reactor therefore increases at the rate of pS neutrons per cm?/sec 
when k, — 1, simply because of the continued accumulation of the thermalized 
source neutrons. 
Finally, when ke < 1 in Eq. (9-7), фт goes to a steady value of 


dario Een] (9-10) 
1 — Ко 

To understand the physical significance of Eq. (9-10), it is convenient to multiply 

both sides of the equation by 4; this gives 


& $ 
Xr [REL (9-11) 


The left-hand side of this equation is equal to the number of thermal neutrons 
absorbed per ст? /ѕес at any point in the reactor. The meaning of the right-hand 
side can be seen by noting that in view of the definition of ka, the absorption of 
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pS thermalized source neutrons gives rise to pSk,, new thermal neutrons. When 
these are absorbed, pSk2 new thermal neutrons are produced, and so on. Since 
the original source neutrons are assumed to be emitted continuously, the emission 
of S fast neutrons per cm?/sec therefore leads to the production of 


pS + pSk, + psk? +++» = LES (9-12) 


thermal neutrons per cm?/sec throughout the system. In the steady state, however, 
the rates at which thermal neutrons are produced and absorbed must be equal, 
and this is the condition expressed by Eq. (9-11). | 

It should be clear from this discussion that regardless of the value of ka, the 
introduction of a source into a quiescent assembly of fuel and moderator has the 
effect of producing a flux in the system. Suppose now that after having established 
a flux, the source is removed, say at the time £ = ѓо. Returning to Eq. (9-6), 
the solution with S = 0 is 


фт = To xp [2 — 1) 23] , (9-13) 


where фто is the thermal flux at ¢ = ѓо. From Eq. (9-13) it is seen that фт still 
increases in time without limit when ke > 1, and for this reason the reactor is 
said to be supercritical (cf. Section 4-1). On the other hand, if А. < 1, фт de- 
creases to zero and the reactor is subcritical. However, if Кы = 1, the flux remains 
at the constant value фто and the reactor is evidently critical. 

To summarize these results: 

(i) If ke > 1, an infinite reactor is supercritical, and the flux in the system 
increases without limit once the chain reaction is initiated, whether or not there is 
an extraneous neutron source in the system. 

(ii) If ka < 1, the reactor is subcritical, and a flux cannot be maintained without 
an extraneous source of neutrons. | 

(iii) If ke = 1, the reactor is critical, and a steady flux will be maintained with 
no sources present, provided there is a flux in the system initially; if a source is 
present, the flux increases linearly in time. 

These conclusions apply, of course, only to the infinite reactor. However, it 
will be shown in the next section that they are also valid in somewhat modified 
form for the finite reactor. 


9-2 The One-Region Finite Thermal Reactor 


The results of the preceding section will now be generalized to thermal reactors of 
finite size. In the present discussion it will be assumed that the neutron moderation 
can be described by age theory, and since, as mentioned in Section 6-10, age theory 
cannot conveniently be used for systems consisting of more than one region, the 
remainder of the chapter will be limited to bare reactors. Reflected reactors are 
treated in Chapter 10. 


ПИР С. Ес А РЧР РУТЕРА 


| 
| 
| 
| 
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Consider first an infinite bare slab reactor of ex- Extrapolated edges 
of reactor 


trapolated thickness a, composed of a homogeneous 
mixture of fuel and moderator. As discussed in the 
preceding section, the flux in the assembly will remain 
zero in the absence of spontaneous fissions or extrane- 
ous neutron sources. At time? = 0 it will be assumed, 
therefore, that an infinite planar source emitting S fast 
neutrons per cm/sec is placed in the center of the 
reactor, as shown in Fig. 9-1. 


Fig. 9-1. Bare slab reactor of extrapolated thick- 
ness a with planar source at center. 


The subsequent behavior of the thermal flux is determined by the time-dependent 
diffusion equation in which the source density is replaced by the thermal slowing- 
down density as in Section 8-8; viz., 


9? ‚1 
12 фт(х, t) 


дфт(х, t) . E 
3 ———À— (9-14) 


— ér(x, f) + = Q(x, Tr, t) = ta 85 


which is equivalent to Eq. (9-4) for the infinite system. In Eq. (9-14), g(x, тт, t) 
is the thermal slowing-down density in the absence of resonance absorption, and in 
view of the discussion in Section 7-8, the number of neutrons which actually 
become thermal per cm?/sec at x is pq(x, Tr, t). The flux must satisfy the boundary 
condition фт(+а/2, t) = 0. Furthermore, from the symmetry of the problem it 
is evident that фт must be an even function of x. 

According to age theory, q(x, т, t) satisfies the equation 


8?q(x, т, t) _ да(х, T, t) Е 
2 25 as (9-15) 


The function q(x, т, £) must satisfy the boundary condition q(2-a/2, т, t) = 0, 
independent of the value of 7 (cf. Section 6-10), and it must also be an even function 
of x. | 

As in the preceding section, there аге two sources of fast neutrons in the reactor, 
the planar source and the fission neutrons, and for simplicity it will be assumed 
that all of these neutrons are emitted at a single energy. The source condition 
at т = 0 is then (cf. Eq. 6-77) 


q(x, 0, t) = S (х) + arfeZadr(x, t). (9-16) 


The second term on the right-hand side gives the total number of fission neutrons 
produced рег ст? /ѕес at the point x. In view of the definition of ke, Eq. (9-16) 
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can also be written as 


q(x, 0,1) = S d(x) + = афт(Х, t). (9–17) 


Equations (9-14) and (9-15) can be solved in terms of the slab eigenfunctions 
discussed in Section 5-10. Thus solutions are assumed of the form 


ér(x, t) = У, A«(0 cos Bax (9-18) 
n odd 
and 
q(x, T, t) = >> C,(r, t) cos Bax, (9-19) 
n odd 


where the functions A,(t) and С„(т, t) must be determined, and where 


В, = T n= 1,3,5,... (9-20) 
Substituting Eq. (9-19) into the age equation [Eq. (9-15)] gives 


= ~ B2C,(r, t) cos Bax = У 


ош" Bx. (9-21) 
n odd n odd T 


In view of the orthogonality of the cos В„х functions, the corresponding terms on 
each side of this equation are equal, and the following differential equation for 
C(t, t) is obtained: 


әс) = —B°C,(r, 1). (9-22) 


The solution to this equation is 
Сит, t) = Тет", (9-23) 


where Т„(2) is a function of t to be determined later. If Eq. (9—23) is inserted into 
Eq. (9-19), the slowing-down density becomes 


дб, 7,0) = >> Те P" cos Вх. (9-24) 
n odd 
Next, substituting Eqs. (9-18) and (9-24) into Eq. (9-17), and noting that 
5(x) = (2/a) Yen ода COS Вах, yields 


25 koža 
>, Talt) cos Bx = — 2 cos Bax + Say 00 An(t) cos Вах, (9-25) 
n odd n odd n odd 


so that 


т) = 25 + EX As). (9-26) 
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From Eq. (9-24), q(x, T, t) can then be written as 


q(x, T, t) = — => е8" cos B,x + —— koža DD А(пе“ 58 acos B,x. (9-27) 


n odd n odd 


Returning to Eq. (9-14) and inserting Eqs. (9-18) and (9-27) with т = тт, 
the following equation is obtained: 


—12 > B?A,(1) cos Вах — 25 A,(t) cos В,х + “рә Me —Вптт cos В„х 


n odd n odd a2, n odd 
—B2: dA, (t) 
+ Ко b» An(te Tcos B,x = ta by d; 005 B,x. 
n odd n odd 
(9-28) 
This equation can be put in a more convenient form by introducing the quantities 
—В?тт 
к. m Бе (9-29) 
1 + В1т 
апа А 
d 
f, = — ° (9-30) 
1+ ВИ? 


By using these parameters and again noting that because of the orthogonality of 
the eigenfunctions the nth terms on each side of the equation are equal, Eq. (9-28) 
reduces to 


dA, 2pSk, | 
in (к, — 9-31 
di (kn — 1)4, + ——— aS. (9-31) 


The solution to Eq. (9-31), subject to the initial condition фт(0) = 0, can easily 
be shown to be 


tn 


2pSk, | t | 
dme LEE ЫРЕХ scd) ras -32 
A aS ke, D exp (k 1) и 1 (9–32) 


and from Eq. (9-18) the flux is therefore 


_ 2р5 kn t _ _ 
фт(х, t) Bk > (c z JE (s — Dr | сов Вах. (9-33) 


It can be seen from Eq. (9-33) that the time behavior of the flux following the 
insertion of the source depends upon the magnitudes of the parameters kp. Ac- 
cording to Eq. (9-20), the eigenvalues B, increase monotonically with n, and 
from Eq. (9-29), К„ therefore forms a monotonically decreasing set, that is, 


ky > ka > Кос. (9-34) 


If, for instance, k, is less than unity, all other k’s are also less than unity, and even 
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smaller. On the other hand, if k, is greater than unity, a few additional k's may 
also be greater than unity, but all the other k’s will be less than unity. Ordinarily, 
only Кү is ever greater than unity; Кз and all other k’s are then less than unity. 

Suppose now that Кү > 1, and ka, ks,..., «1. From Eq. (9-33) the term 
with n — 1, that is, the fundamental, is seen to increase exponentially without 
limit with increasing time. The exponentials for all other terms are negative, 
however, since k, — 1 < 0, and the harmonics with n = 3,5,... all die out 
in time. The shape of the flux thus approaches the fundamental which increases 
exponentially with time. This reactor, of course, is supercritical. 

Consider next the situation when Кү < 1. In this case all of the time exponen- 
tials in Eq. (9-33) have negative exponents and the flux approaches the steady- 
state value 


2pS Kn И 
бт A, 2s C - 3) Hue ил 


This is the flux in a subcritical reactor with an extraneous source and is а generali- 
zation of Eq. (9-10) for the finite reactor. 

Ifk, = 1, all other K's are less than unity, and all time exponentials in Eq. (9-33) 
except the first go to zero in time. The first term, however, behaves as 


exp (ki — 00/1) — 1, 
1—1 


which reduces to ¢/t, in the limit as k1 — 1. The thermal flux is then given by 


_ 2pSkit 2pS ( kn 
а, Кі EOS m aX.k. „убаа М — Kn 


) cos B,x. (9-36) 


The flux thus increases linearly with time in the fundamental mode. This result 
is simply a more complicated version of Eq. (9-8). 

It follows from the above results that regardless of the value of the k’s, a flux 
is produced when a source is placed in the system. Suppose now that at t = to 
the source is removed from the reactor after the flux фто(х) has been established. 
With S = 0 in Eq. (9-31), А, is given by 


An = Ano ехр [3 - 2 (5), (9-37) 


and the flux becomes 


= >) Ano exp [2 — (58 3] cos B,x. (9-38) 


n odd 


The constants Ano in this expression are the expansion coefficients of фто(х), but 
their precise values are irrelevant in the present discussion. 

Consider again the behavior of фт for different values of kn. If kı > 1 but ks, 
ks,..., <1, then the n = 1 term in Eq. (9-38) increases exponentially while all 


i ыы 
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other terms go to zero. Thus the flux, in time, takes on the shape of the fundamental 
which increases in magnitude without limit. This reactor is supercritical. 

If Кү < 1, all other k’s are also less than unity, and all terms in Eq. (9-38) 
decrease to zero. The reactor in this case is evidently subcritical. However, it 
should be noted that since the k’s form a monotonically decreasing set, the ex- 
ponential corresponding to Кз dies out faster than the exponential corresponding 
to k,; the exponential for ks dies out faster than that for Кз; and so on. Although 
all exponentials eventually go to zero, the /ast exponential to do so is therefore 
the one corresponding to the fundamental. Thus, even in a subcritical reactor the 
flux ultimately takes on the shape of the fundamental before it vanishes. 

Finally, if k, = 1, the first term in Eq. (9-38) remains constant. All the other 
terms in the series go to zero, and the flux eventually reduces to the fundamental: 


фт — Acos Byx, (9-39) 


where A = Ajo. The reactor is now critical since a time-independent flux is 
maintained in the system by the fission chain reaction alone, unsupported by the 
presence of an extraneous neutron source. 

These conclusions are particularly important. To summarize: 


(i) If kı > 1, the reactor is supercritical, and the flux approaches the funda- 
mental which increases without limit once the chain reaction is initiated, whether or 
not there is an extraneous source in the system. 

(ii) If kı < 1 and a source is present, the flux approaches a steady-state dis- 
tribution which is the sum of harmonics. If no source is present, the flux goes to 
zero, ultimately in the fundamental mode; the reactor in this case is subcritical. 

(iii) If kı = 1, the reactor is critical, and the flux approaches the fundamental 
and maintains this steady-state distribution in the absence of sources, provided 
there is a flux in the system initially; if there are sources present, the flux ultimately 
increases linearly in the fundamental mode.* 


Although these conclusions have been derived for a slab reactor, they can be 
shown to be valid for any bare reactor. Incidentally, since the behavior of the 
reactor is determined only by the value of К}, it is evident that k, is actually the 
multiplication factor for the finite reactor. That this is indeed the case is shown 
in Section 9-4. 

It should be especially noted from the preceding discussion that the larger its 
index n is, the more rapidly a harmonic dies out in time. In particular, all of the 
higher harmonics die out faster than the fundamental. This important result is 


* It is interesting to note that in view of these conclusions virtually all so-called critical 
reactors are actually subcritical due to the fact that there are extraneous sources of 
neutrons in most reactors. These neutrons either appear as the result of spontaneous 
fission or are emitted from startup sources which are left in the reactor after it reaches 
power. If such a reactor were truly critical, its flux and power would slowly increase with 
time. As a practical matter, however, these reactors are so close to critical they can be 
treated as exactly critical. 


ыы машы a ааа 


9-2] THE ONE-REGION FINITE THERMAL REACTOR 291 


due to the following circumstances. It can easily be shown using the methods to 
be discussed in Section 9-4 that the leakage of neutrons from the surface of the 
reactor in the nth harmonic is proportional to B?. Since the parameters B? form 
a monotonically increasing set, it follows that the leakage of neutrons in these 
various modes increases with increasing n. Thus the higher harmonics die out 
faster than the fundamental simply because the neutrons which populate them 
escape more rapidly from the reactor. 

For reasons that will be apparent shortly, the square of the first eigenvalue, 
that is, 82, is known as the buckling of the system and the numerical subscript is 
omitted. The flux in the critical reactor then satisfies the equation 

2 
aoe + Br = 0. (9-40) 
This is often called the reactor equation—in this case, for the slab reactor. 
The origin of the term “buckling” can be seen by solving Eq. (9—40) for 82; thus 


В? = — — == (9-41) 


The right-hand side of this equation is proportional to the curvature of фт, so В? 
is therefore a measure of the curvature of the flux, or, in other words, the extent to 
which the flux “buckles.” In an infinite, uniform reactor, for example, the flux is 
independent of position, Eq. (9-41) gives B? = 0, and the flux does not “buckle.” 
With a finite slab reactor on the other hand, since B? = s?/a?, the buckling of 
the flux increases with decreasing size of the system. 

It may be noted that because Eq. (9-40) is homogeneous, any solution to the 
equation multiplied by a constant is also a solution. It follows that the reactor 
equation specifies the shape but not the magnitude of the flux. This is to be expected 
physically, for as shown in Section 8-3 the magnitude of the flux is determined by 
the operating power of the reactor and no mention was made of the reactor power 
in the arguments which led to Eq. (9-40). The shape of the flux in a critical reactor 
is the same whether the reactor is operating at one watt or one megawatt. This 
fact has a number of important practical consequences. In particular, it means that 
it is possible to determine experimentally the flux distribution in a reactor intended 
for operation at high power, by performing measurements in an assembly which 
duplicates the actual reactor but which operates at very low power. These measure- 
ments are discussed more fully in Section 10-7. 

In a uniform slab reactor according to Eq. (9-39), the flux is 


фт = А cos == (9–42) 
and the reactor power P per unit area of the slab is given by 


P = v8, ("^ фт) de. (9-43) 


—a[2 
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Here 7 is the recoverable energy per fission and 3, is the thermal average macro- 
scopic fission cross section. Inserting Eq. (9-42) into Eq. (9-43) and solving for 
A gives 

___тРр 

У 2272; i 
so that 


фт = Iss cos = ‘ (9-44) 
Equation (9-44) shows that the flux at any point is proportional to the reactor 
power, a conclusion that is entirely reasonable physically. 
Returning to Eq. (9-27) it will be noted that if the reactor is critical, and no 
extraneous sources are present (S = 0), all functions A,(f) except the first vanish 
with time and the slowing-down density reduces to 


q(x, Tr) 2 Fete Ae~®*"rcos Bx. (9-45) 


In view of Eq. (9-39), it follows that 


a(x rr) = ED eren). | 046) 


According to Eq. (9-46) the flux and slowing-down density are proportional 
everywhere in the reactor. Although this result has been obtained for a slab 
reactor using age theory, it is a general theorem valid for any one region reactor 
and is independent of the way in which neutrons slow down, that is, whether age 
theory is valid or not. It does not hold, however, for multiregion reactors, as will 
be seen in Chapter 10. 


9-3 Criticality for Other Reactor Geometries 
It is not difficult to generalize the results of the preceding section to any one- 


region thermal reactor. The more general diffusion and age equations are then, 
respectively, 


д 
ући) — 6r ) + È ать) = и 0 (9-47) 
апа 


aq(r, T; t) И (9-48) 


2 = 
У q(r, T, t) a дт 


These equations can be solved by a procedure analogous to that used earlier. 
Expansions are assumed for the flux and slowing-down densities of the form 


ér(r, 0) = У. An(Den(t) (9-49) 


and 


аб, 7,1) = У) Сабт, Des(r), (9—50) 
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where ¢,(r) are eigenfunctions appropriate to the geometry of the reactor and 
satisfy the equation 
V^e,(r) + Влра(т) = 0. (9-51) 


By proceeding as before, expressions for фт(г, t) and q(r, т, t) can be obtained 
which are identical with those for the slab reactor except that the slab eigenfunc- 
tions are everywhere replaced by ¢,(r). In this way all of the conclusions regarding 
the gross time behavior of the slab reactor discussed in Section 9—2 can be shown 
to apply to the more general system. In particular, any one-region thermal reactor 
will be critical provided kı = 1, where Кү is defined by Eq. (9-29). With no 
extraneous sources present, the thermal flux ultimately takes on the shape of the 
fundamental eigenfunction which, according to Eq. (9-51), is determined by 
the equation 


угфе(т) + B'or(r) = 0. (9–52) 


This is the reactor equation for the more general reactor. The first eigenvalue 
of the equation, В?, is again called the buckling. 
Finally, the magnitude of the flux is determined by the reactor power. As 
in Eq. (9-43), 
Р = v3; /, ér(r) dV, (9-53) 


where the integral is now over the reactor volume. When the fundamental eigen- 
function is known, Eq. (9-53) can be used to find the magnitude of ¢r. 
These results will now be applied to several important reactor geometries. 


Rectangular parallelepiped. This reactor has extrapolated dimensions 
a, b, and c, as shown in Fig. 9-2. The reactor equation is 
or 
Ox? 


or , or 2, _ 
and since the flux must vanish at every point on the extrapolated surface, the 
boundary conditions are 


өт (+ 5,2) = өт (x, = 5,2) = өт (х» f) = 0. 


Equation (9-54) can be solved by the method of separation of variables.* Thus 
a solution is assumed of the form 


фт(х, у, 2) = X(x)YO)Z@), (9-55) 


where the three functions X, Y, and Z must be determined. Substituting this 


2 


* The solution to Eq. (9-54) can also be obtained by expanding фт directly in a triple 
eigenfunction series. However, since the method of separation of variables is needed later 
in this chapter, it is instructive to illustrate this procedure at this point. 
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expression into Eq. (9-54) and dividing by фт gives 


l X, 1Y . 1422 2 
X dà Рафа +2 45 + 3 = 0. (9-56) 


` The first three terms in this equation are functions of only x, y, and z, respectively, 


and their sum is equal to a constant. This is possible only if each term is itself a 
constant, that is, if 


2 
1 d?X 
Yd" —d, (9-57) 
1 Уу 
Y a = — 8°, (9-58) 
147 
7 dz = —y?, (9—59) c 


where from Eq. (9-56) 
o? + 8? + Y? = B?. (9-60) 


The solution to Eq. (9-57) is X(x) = 
А cos ax + Csin ax, but in view of the 
symmetry of the problem, C must be 
taken to be zero, since sin ox is an odd 
function. To satisfy the boundary condi- 


tions at x = +a/2, a must take on the Fig. 9-2. Rectangular parallelepiped re- 
familiar values actor of extrapolated dimensions a, b, 


and c. 


a= =, 1 = 1,3,5,.... (9-61) 


There is, therefore, an infinite set of functions satisfying Eq. (9-57) of the form 


X(x) = Arcos TZ, [= 1,3,5,..., (9-62) 
where А; are arbitrary constants. 
In a similar way, the separation constants in Eqs. (9-58) and (9-59) are given by 


mr пт 
Bm = -— and еч m,n-1,53,95,...5 


b 


and the admissible functions Y(y) and Z(z) are 


Ү„(у) = АҺ cos 77 >  2,(2) = А! cos 


nte; 
c 
where A’, and А// are constants. In view of Eq. (9—55), a solution for фт is 


$Timn = Ата COS ex cos a cos = , (9-63) 
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where А »л is a new constant: Aimn = ArAmAnr. The function in Eq. (9-63) with 
the lowest indices, that is, / = m = n = 1, is evidently the fundamental, and the 
other functions are higher harmonics. With the critical reactor, as shown in 
Section 9-2, these harmonics die out in time and the steady-state flux reduces to 


фт = Acos = cos = cos = . (9-64) 


From Eq. (9-60) the buckling of the system is then 


2 (5 ^ (т 2 (ту 
B" = =) + 7) + (2) à (9-65) 
Finally, from Eq. (9-53) the constant A in Eq. (9-64) is easily found to be 


= т°Р 9 
122» f 


(9-66) 


where V = abc is the reactor volume. 


Sphere. Consider next a bare spherical reactor of extrapolated radius R. In 
this system the flux is a function only of r and the reactor equation is 


14 абёт gus 
Ad d + Вфт = 0. (9-67) 
By substitution of фт = w/r, as in Section 5-9, the general solution to this 
equation is seen to be 

un + С cos, Br (9-68) 


фт = А 


The second term becomes infinite as r goes to zero and С must be taken to be 
zero. Therefore фт is given by 


or = ASE. (9-69) 


The boundary condition ¢7(R) = 0 can be satisfied by requiring that BR = nr, 
where п is any integer. With n = 1, the buckling is 


2 
2 ass — 
В? = ( z) (9-70) 
and the flux in a critical spherical reactor is then 
M sin (er/R) А (9-71) 


Also, from Eq. (9-53), the constant A is 


Р 
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Infinite cylinder. For an infinitely long, bare cylinder of extrapolated 
radius R, the flux is again a function only of r, and using the form of the Laplacian 
given in Eq. (5—46), the reactor equation is 


“T + В?фт = 0. (9-73) 
In addition, фт must satisfy the boundary condition $7(R) = 0. Equation (9-73) 
is the ordinary Bessel equation (cf. Appendix II) whose general solution is 

or = AJo(Br) + CYo(Br). 


The function Yo (Br) is singular if r = 0, however, and so С = 0. Thus, фт 
is given by 
фт = AJo(Br). (9-74) 


As discussed in Appendix II, the function Jo(x) has an infinite number of zeros 
| at x = хі, хә, Х3,..., that is, Jo(x1) = Jo(x2) = (хз) = '•• = 0, Тће 

boundary condition at r = R will therefore be satisfied provided that B takes on 
the values of B,R = Xn, where x, is any of the zeros. Thus the reactor equation 
has the following solutions: 


фта = Ando (P) (9-75) 


The smallest value of x, is x; = 2.405. Therefore, the buckling for the infinite 


cylinder is 
2 
В? = (20) ; (9-76) 


and the Вих in the critical reactor is 


у | (9-77) 


фт = Ato ( R 


The constant A is again found from Eq. (9-53). Using the formula for the integral 
of Bessel functions given in Appendix II [cf. Eq. (II-52)], it is found that 


2.405P _ 0.738P | 


0 9-78 
^ 27215,70. 405) . RN, ( ) 


Here, P is the power per unit length of the reactor. 


Finite cylinder. Finally, consider a bare cylinder of extrapolated radius R 
and extrapolated height H, as shown in Fig. 9-3. The flux in this reactor depends 
upon both r and z, and the reactor equation is now [cf. Eq. (5-46)] 


p Êr д? д фт 


> PES * 
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With the origin of the coordinate system 
located at the center of the cylinder, as shown 
in the figure, the boundary conditions are 


Н 
Фт(К, 2) = фт (% + н) = 0. 
Using the separation of variables again, let 


фт = X(r)ZG). (9-80) 


Substituting this expression into Eq. (9-79) 
and dividing by ¢7, as in the earlier example, 
yields 


1 d 4х 122 + B? = 0. (9-81) Fig. 9-3. Bare cylindrical reactor of 


Xr a! ar Z dz extrapolated radius R and extrap- 
olated height Н. 


The first and second terms depend only on r 
and z, respectively, and these can be placed equal to constants; that is, 


1 d?z 
Z dz? = =a" (9-82) 
and . 
1 d dX 
Xr dr — 8?, (9-83) 
where 
В? = а? + 8%. (9-84) 


In view of the boundary conditions at z = +H/2, the separation constant in 
Eq. (9-82) must be 


Cm = F’ m= 1,3,5,..., (9-85) 
and Z(z) has the solutions 
2,(2) = Ал COS (У . (9-86) 
Also, as in the previous case, Bp is 
Bn = 2, (9-87) 


where x, is the nth zero of Jo(x), and X(r) is 
Хе) = Ando (5). (9-88) 


By using the lowest values of m and n, the buckling is 


Ж es 
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Table 9-1 
Bucklings and Fluxes of Critical Bare Reactors (All Dimensions Are Extrapolated)* 


Geometry Dimensions Buckling 


Infinite slab Thickness a 


Rectangular 
parallelepiped 
Infinite 
cylinder 
Finite Radius R 
cylinder Height H 


axbxc 


Radius R 


Sphere Radius R 


0 
0 0.2 0.4 0.6 0.8 1.0 


Fig. 9-4. Neutron fluxes for the infinite slab, infinite cylinder, and sphere as a function 
of the fractional distance from their center to the surface. The fluxes are normalized to 
unity at the center. 
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and the flux in the critical system is 


2.405r 2 
ér(r,z) = AJo ( B ) cos (5) (9-90) 
Finally, the constant A is found to be 
PS 2.405тР _ 3.63P (9—91) 


— 4р75,7,0.405) | РУБ 


where У = rR?H is the volume of the reactor. 

The bucklings and fluxes of the various reactors considered in this section are 
summarized in Table 9-1. The fluxes are also shown in Fig. 9—4 for the infinite 
slab, infinite cylindrical, and spherical reactors. These fluxes are normalized to 
unity at the center of each reactor and are plotted as a function of the fraction of 
the distance from the center to the surface of the reactor. It will be observed that 
all of these functions have approximately the same shape. However, it should be 
noted that the slope of the flux at the reactor surface is somewhat greater for the 
slab than for the cylinder, while it is greater for the cylinder than for the sphere. 
Since the neutron leakage is proportional to the (negative) slope, it follows that, 
other things being equal, the leakage of neutrons per unit area of the reactor surface 
is greater for the slab than for the cylinder, and greater for the cylinder than for 
the sphere. 


9-4 The Critical Equation 


According to the results of Section 9—2, it is necessary that Кү = 1 in order fora 
bare reactor to be critical. From Eq. (9-29) this means that the following equation 


must be satisfied: 
kae PT 


= — = l. (9—92) 
1 + AU 


kı 


This expression is known as the critical equation, and is valid for any bare, homo- 
geneous, thermal reactor provided that the slowing down of the neutrons is ade- 
quately described by Fermi age theory. Equation (9-92) is a generalization of 
the criticality condition which was obtained in Section 9-1 for the infinite reactor, 
namely, ka = 1. The additional factors multiplying Ко in Eq. (9-92) are due to 
the leakage of neutrons from the surface of the reactor, as will now be shown. 

The total number of thermal neutrons which escape from the surface of the 
reactor per second is f. A J:ndA, where J is the thermal neutron current, n is a unit 
vector normal to the surface at dA, and the integral is over the entire surface A 
of the reactor. From Fick's law and the divergence theorem, 


[3044 - [div Sav = -D [Ут d, 


where V is the reactor volume. In view of the reactor equation (Eq. 9-52), the 
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total number of thermal neutrons leaking from the reactor is therefore* 


-D f, Vio, dV = DB? Í, or dV. 


The total number of thermal neutrons absorbed per second in the reactor is equal 
to Ју афт dV, and since the reactor properties have been assumed to be uniform, 
this can also be written as 5, frer dV. 

Now it will be obvious that thermal neutrons in a reactor eventually either leak 
from the system or are absorbed somewhere in it; there is no other possibility. f 
The probability Pp that a thermal neutron is absorbed, or, in other words, that it 
does not leak from the system, is simply the number which is absorbed per second 
divided by the number which is absorbed plus the number which leaks per second, 
namely, 


2, | or dV 


^r Гатар + DP [ета 


The integrals are all identical and may be cancelled. Then, dividing by За, this 
expression reduces to | 


1 
[S as (9-93) 
Т 14 ваја 


which is one of the factors in Eq. (9-92). The quantity Pr is called the thermal 
nonleakage probability. For an infinite uniform reactor, В = 0 and Pr = 1, as 
would be expected since in such a system there can be no leakage of thermal 
neutrons. 

Consider next the escape of neutrons as they slow down from fission energies. 
The total number of fast neutrons produced in the reactor per second is 
(Keoa/P) ју фт dV. Of these, the number which thermalize per second in the 
system in the absence of resonance capture is Svar dV, where qr is the thermal 
slowing-down density. However, in view of Eq. (9-46), gr and фт are proportional, 


and so 
kaSae PT | 
dV = 22 dV. 
|| qT p , $T 


The relative probability Pr that a fast neutron does not escape while slowing down 


* It may be noted that this expression gives the leakage from the fundamental mode only. 
The leakage associated with the nth harmonic in a noncritical reactor can be found by 
replacing $7 by the nth eigenfunction and then proceeding as before. The leakage from the 
nth harmonic is then evidently proportional to B;. 

+ Neutrons can undergo radioactive decay, of course, but this is a negligible effect in view 
of the lifetimes involved. 
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is equal to the ratio of the number which slow down to the original number 


produced; thus 
/ qT dV 
У —В?тт 


Рр =—————— = е ; (9—94) 
(к/р), | $r aV 
| y 
which is the second factor in Eq. (9-92). Again, if the reactor is infinite, B = 0 
and Pp = 1, as required. 
With these results, the critical equation can be written as 


k,PpPp = 1. (9-95) 


For an infinite system Pr = Pp = 1, and Eq. (9-95) properly reduces to the critical 
condition for the infinite reactor, that is, ke = 1. The physical meaning of the 
critical equation can now be seen from Eq. (9-95). In any critical reactor whether 
it is finite or infinite, the ratio of the number of fissions in succeeding generations 
of the chain reaction must be equal to unity. In the infinite system this ratio is 
just Кы. For the finite system, however, only those neutrons that are retained 
within the reactor are able to contribute to the continuation of the chain reaction, 
and this effectively reduces the multiplication factor of a finite reactor from ke to 
КоРтРр. Thus as mentioned earlier, kı is the multiplication factor for the finite 
system, and in the future k, will be denoted simply as k. The critical equation 
is then 

k = kaPrPp = 1. (9-96) 


9-5 Large Reactors 


With a great many reactors, particularly large reactors, the slowing-down length 
М/тт is much smaller than the dimensions of the reactor. In this case, since В? 
depends inversely on the reactor size, the quantity В?тт is much less than unity 
and exp (В?тт) = 1+ В?тт. The critical equation can therefore be written as 


ku Ко 
_ 14 BL (1+ ВЕЗИ + 8277) 
пили er 
^ 1 + BUS + тт) 
The quantity 12 + rr in Eq. (9-97) is known as the thermal migration area, 


and is denoted by М?, that is, | 
М? = 13 + тт. (9-98) 


(9-97) 


With this definition, Eq. (9-97) becomes 


k 
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As will be seen in the next section, this critical equation is much easier to use than 
Eq. (9-92) in certain problems of reactor criticality, since Eq. (9-99) is not tran- 
scendental in B?. For reasons that will be discussed in Chapter 10, Eq. (9-99) 
is sometimes referred to as the critical equation of modified one-group theory. 

The migration area has the following interesting interpretation. It will be re- 
called that тт is equal to one-sixth the average square of the crow-flight distance 
from the point where a fast neutron first appears to the point where it slows down 
to thermal energies. Similarly, L7 is one-sixth the average square of the crow-flight 
distance from the point where a neutron becomes thermal to the point where it is 
finally absorbed. It follows, therefore, that М? is equal to one-sixth the average 
crow-flight distance from the point where a fast neutron is born to the point where 
it is absorbed as a thermal neutron. 


9-6 Practical Applications of the Critical Equation 


Problems of reactor criticality that are met in practice are usually of two types. 
Either the dimensions of the reactor are specified and the designer must include 
enough fuel to assure criticality (and also provide for fuel burnup) or the reactor 
composition is given and the designer must determine the dimensions of the 
system which are required for criticality. Both of these problems will be con- 
sidered in the present section. Since the theory developed in this chapter pertains 
only to one-region homogeneous reactors, the discussion will be limited to systems 
of this type. 

In Cases I and II below, it will be assumed that the reactor contains no resonance 
absorbers and no nuclei such as U?38 which undergo fast fission only. For these 
cases p = € = 1. Reactors with resonance absorption and fast fission are con- 
sidered in Case III. : 


Case I—determining the critical composition when size is 
given. In order to make use of the critical equation (Eq. 9-92), it is first necessary 
to compute the parameters B?, ke, Tr, and L2. To begin with, if the size and shape 
of a bare reactor have been specified, B? can be computed immediately from the 
appropriate formula derived in Section 9-3. For example, if the reactor is a sphere 
with a diameter of 100 ст, then B? = (т/50)2 = 39.5 X 10-*cm >. The 
parameters Кы, Tr, and LẸ that satisfy the critical equation with this value of В? 
must now be found. 

The infinite multiplication factor with p = € = 1 is simply Ко = nrf. The 
constant тү is determined by the nature of the fuel, and the thermal utilization f 
is given by (cf. Eq. 9-2) 

LaF 
f Žar + Lom oe 
where Бар and Ў.м are the macroscopic thermal absorption cross sections of fuel 
and moderator, respectively. Since the critical composition is not known at this 
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point, the absolute values of Žar and Хам cannot be computed and it is convenient 
to introduce the quantity 


= Зав 
2 = ar (9-101) 
Equation (9-100) then becomes 
Z 
PEZ. CRR 


Calculations of homogeneous reactors not containing structural material or 
resonance absorbers are greatly simplified by the fact that the age of the fission 
neutrons can be taken to be the age for the moderator alone. This is because the 
concentration of fuel in such systems is always too small to affect significantly 
the slowing down of the neutrons. Thus in homogeneous aqueous reactors, for 
example, тт is simply the average age of fission neutrons in water. 

Finally, LŽ is given by Eq. (8-73), where the absorption of neutrons in both fuel 
and moderator must be included, i.e., 


mdr an 
Žar + Хам 


је = (9-103) 


Since very little fuel is necessary to make this type of reactor critical, D can be 
taken to be the diffusion coefficient of the moderator. Thus dividing numerator 


and denominator of Eq. (9-103) by Zam gives 


12 = Мм_ — (ү — pri, (9-104) 


where L2 is the thermal diffusion area of the moderator. 
With these results, the critical equation becomes 


—В?тт —В?тт 
Lr жн = „чис с = 1 (9-105) 
1+ BL? 1+2+8В ти 
Solving this equation for Z, it follows that 
2р2 
2 = A+ BLTM , (9-106) 


тте Ват — 1 


All of the parameters on the right-hand side of this equation are known апа 2 

can be computed directly. Once Z has been obtained, the critical composition is 

known through Eq. (9-101). Finally, in view of the definition of Z, the critical 
mass of fuel, mr, is 

M FÜaM 

= Zmy — 7 = > 9-107 

тү M Mur ( ) 

where my is the total mass of the moderator in the reactor, My and My are the 

molecular weights of fuel and moderator, respectively, and бар and б„м are their 
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average thermal absorption cross sections. The assumption can usually be made 
in using Eq. (9-107) that the volume of fuel in the system is essentially zero; m m is 
then just the normal density of the moderator multiplied by the reactor volume. 

To illustrate this procedure, consider the problem of finding the critical mass 
of a spherical reactor of extrapolated radius 50 ст, consisting of an aqueous 
solution of highly enriched uranyl sulfate (02350 80 4). The thermal absorption 
cross section of oxygen is essentially zero. For sulfur, да = 0.5 barns, while 
са = 678 barns Гог U??5, Thus since there is only one atom of sulfur per atom of 
uranium in the solution, the presence of the sulfur has negligible effect on the system 
and can be ignored. As already noted, the buckling is В? = 39.5 x 10~*cm7?, 
and from Tables 8-2, 8-3, and 8-6, пр = 2.07, тг ~ 27 cm? and Liy = 
8.1 cm?. From Eq. (9-106), Z = 1.21, and the ratio of the number of molecules 
of UO5SO, to molecules of water is therefore 20 а /ба25 = 1/850, where бод and 
0,25 are the microscopic absorption cross sections of water and U???, respec- 
tively. Since there are about 5.2 X 105 gm of water in the reactor, the critical 
mass of 1235 is found from Eq. (9-107) to be 8.0 kg. 

It is interesting to establish the fate of the fission neutrons in this system. The 
fast nonleakage probability is Pr = exp (— Вётт) = 0.896, so that about 10% 
of the neutrons escape from the system while slowing down. The diffusion area 
in the critical reactor is L2 = L?y;/(1 + Z) = 3.69 cm?, and the thermal non- 
leakage probability is therefore Pr = 1/(1 + B?L7) = 0.985. Thus only about 
1.5% of the neutrons which reach thermal energies subsequently escape from the 
reactor. The thermal utilization is f = Z/(1 + Z) = 0.545, which means that 
54.5% of the thermal neutrons that are captured in the reactor are absorbed by 
235, Finally, k, = 2.07 X 0.545 = 1.13,andk = k.PrPr = 1.13 X 0.896 X 
0.985 = 1.00, as required for criticality. 


Case II—determining critical size from given composition. 
When the composition of a reactor is specified, it is a simple matter to obtain the 
nuclear parameters Ка, тт, and 17, and the problem reduces to one of finding В?. 
The critical equation, however, is transcendental in B? and must be solved by nu- 
merical methods. The solution can be simplified by writing В?тт = x; then 
Eq. (9-92) becomes 
2 
kee? = 1+ (E x. (9-108) 
TT 
The quantity L2/rz is a dimensionless number and x can be found without diffi- 
culty. Once B? is known, the dimensions of the reactor can be computed provided 
that the shape is given. If the reactor is a sphere, for instance, the radius is de- 
termined directly from the buckling. 
With a large reactor, it is usually easier to use Eq. (9-99) than Eq. (9-92). The 
buckling is then given simply by 


(9-109) 
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Equation (9-109) often gives a good estimate of B? to begin an iterative solution 
of Eq. (9-108). 

As an illustration of this method, consider the reverse of the example in Case I. 
Let the concentration of 00,50, be 24 gm/liter (which corresponds to a water- 
fuel molecular ratio of 850). It is then easy to obtain ke = 1.13 and 14/т7 = 0.138, 
and from Eq. (9-108), x — 0.105. If the reactor is known to be spherical, the 
extrapolated radius is then R = т/В = ту/тт/х = 50 ст. 


Case III—reactors with resonance absorption and/or fast 
fission. In Cases I and II, resonance absorption and fast fission were not con- 
sidered. The infinite multiplication factor then was ke = nyf, and since f obviously 
increases monotonically with increasing fuel concentration, ke does also. In this 
case, there is only one fuel concentration which will give the value of ke necessary 
to achieve criticality in a reactor of a given size. The inclusion of e in the calcula- 
tion of ke does not alter this general conclusion, since the fast-fission factor also 
increases monotonically with fuel concentration (cf. Fig. 7-4). However, when 
resonance absorbers are present, the situation is somewhat more involved. It will 
be recalled from Section 7-7 that the resonance escape probability decreases with 


an 
22204 
ШИШИШИ 
ИГ 
РРА АЦЕ 
COCO 


0 0.4 0.8 12 1,6 2.0 24 2.8 32 


Fig. 9-5. The factors Ко, e, f, and p for a homogeneous mixture of 2%-enriched ura- 


nium and water as a function of x = (atom density of uranium) + (molecular density of 
water). 
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increasing fuel concentration. Thus as f and е increase, р decreases, with the result 
that kə passes through a maximum. As a consequence, there may be two different 
fuel concentrations which will give a critical system. 

This situation is illustrated in Fig. 9-5 where ke is shown for a homogeneous 
mixture of 2% enriched uranium and H,O. As indicated in the figure, ke = 1 for 
x = Nos/Nw = 0.070 and 2.5, and infinite reactors would be critical at these 
fuel concentrations. Finite reactors would require somewhat larger values of ke 
due to neutron leakage. Indeed, if the leakage of neutrons is too great it may not 
be possible to achieve criticality at all, since according to Fig. 9-5, К is never larger 
than about 1.27. 

The critical composition or compositions of a finite reactor of specified buckling 
can be found by plotting k versus composition, much as was done in Fig. 9-5 for 
the infinite reactor. The resulting curve differs slightly from Fig. 9-5 owing to the 
variation of the thermal nonleakage probability with fuel concentration. On 
the other hand, if the composition is given, all factors in the critical equation 
except B? are determined, and in this situation, B? and the critical dimensions can 
be found as in Case II above. 

As a general rule reactors are designed with the fuel concentration which gives 
the largest value of Ка, or close to it. The computation of this optimum fuel con- 
centration can be speeded somewhat by placing the derivative of k» equal to zero. 
Consider, for example, the 2%-uranium-H 2O system discussed above. The value 
of пр at this enrichment as calculated from Eq. (8-65) is 1.744 and is, of course, 
independent of the concentration of the fuel. Then using Eq. (9-2) for f, Eq. (7-70) 
for р, and Eq. (7-79) for є, ke may be written as 


ks = nrfpe 
ee Мозбаг5 + Мәвбаов 25 (- Nesl ) 
Могбаг + Мовбагв + Мубам EN wow 
1 + 0.690(М28/ N w) | 


XOU C19 
where according to Eq. (7-71) and Table 7-2, 
кшз 
І = 2.73 (у= . 
Nog 
Introducing the parameters 8, Y, and x defined by 
_ Nas8a25, _ azs, _ Na, 
d NosGa28 me n х= Му 
and using Е = 0.920 and ow ~ 44.8 b, Eq. (9-110) reduces to 
_ nn XX8 + 1)_ - 0.514) 1 + 0.690x , -111 
ko aoe ТОР ОНА тар oa Y ) 
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Fig. 9-6. The right-hand side (RHS) and left-hand side (LHS) of Eq. (9-113). 


Taking logarithms preliminary to differentiating gives 


Ink, = In nr + In x + In Y(8 + 1) — In [xvY(8 + 1) + 1] — 0.422x 9 514 
+ In (1 + 0.690x) — In (1 + 0.563x). (9-112) 


Placing the derivative of Eq. (9-112) equal to zero yields the following transcen- 
dental equation for the fuel concentration at which Кы is a maximum: 
1 *(8 + 1) 0.690 0.563 


meee АРА е РИ НЕ = = —0.486 2 
x GE Dri ge 059 Toscan BO) 


The value of x satisfying Eq. (9-113) may easily be found by plotting the two sides 
of the equation versus x, as shown in Fig. 9-6. For this purpose it is convenient 
to use a log—log plot, since the right-hand side of the equation is then a straight line. 
The left-hand side is a smoothly varying function which is easily computed. As 
indicated in the figure, the intersection of the curves occurs at x = 0.36. This is 
the fuel concentration which gives the largest value of ke, as may be verified 
from Fig. 9-5. ` 


9-7 Dependence of Critical Mass on Size and Composition 


It is of interest to consider how the critical mass of a bare thermal reactor depends 
upon its size and composition. Figure 9-7 shows the critical composition and 
critical mass of a bare spherical reactor fueled with 0235 and moderated by 
beryllium, as a function of the radius. These curves were computed using 


308 FERMI THEORY OF THE BARE THERMAL REACTOR [СНАР. 9 


Critical fuel concentration (No5/N pe) X 104 
Critical mass, kg 


Core radius, cm 


Fig. 9-7. Critical fuel concentration and critical mass of a bare spherical reactor fueled 
with U?35 and moderated by beryllium as a function of its radius. 


Eq. (9-92)* It will be observed that at fuel-to-moderator ratios less than 
Nos/Npe = 1.35 X 1075, it is not possible to construct a critical system. This 
is the minimum fuel density for criticality and corresponds to the infinite reactor. 
With finite reactors, the critical fuel concentration increases with decreasing radius, 
due to the increasing leakage of neutrons. If the radius becomes too small, however, 
the necessary fuel density becomes so large that the system ceases to be a thermal 
reactor and the critical equation derived in this chapter is no longer valid. This 
is the reason why the curves do not extend to very small radii. 

Although the critical composition decreases monotonically with increasing re- 
actor radius, the critical mass at first decreases and then increases, passing through 
a minimum at about r = 50cm. The existence of this minimum critical mass is 
due to the following circumstances. With a small reactor there is a considerable 
leakage of neutrons from the system and the critical composition and mass are 
both high. As the radius increases, the leakage decreases and as a result the 
critical fuel-to-moderator ratio also decreases. However, it is easily shown that at 
small radii the fuel-to-moderator ratio decreases more rapidly than the volume 
increases, and the net effect is that the critical mass decreases. Beyond a certain 
point, this decreasing leakage of neutrons ceases to be as important as the increasing 


* Neutron production via the Be?(n, 2n) reaction was not included in these calculations. 
These reactions can be taken into account by introducing a factor e similar in all respects 
to the fast-fission factor defined in Section 7-9. For pure beryllium this factor has a value 
of approximately 1.078 (cf. ANL-5800, Second Edition, p. 153). 
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volume of the reactor; the situation is reversed, and the critical mass now in- 
creases. As the reactor becomes very large the critical composition approaches 
that of the infinite system (only the fission neutrons near the surface can know 
that the system is finite rather than infinite) and the volume, and therefore critical 
mass, increases as r°. 

Although these conclusions pertain specifically to bare reactors and the compu- 
tations are based on age theory, curves similar to those of Fig. 9-7 are found for 
all reactors, reflected and bare, and independent of the manner in which the 
neutrons slow down. 


9-8 Optimum Reactor Shapes 


It was shown in Section 9-3 that a reactor of specified composition will be critical 
if its dimensions give the required value of 82. However, while В? is uniquely 
determined by the dimensions of a reactor, the reverse is not necessarily true. 
That is, a given value of В? does not always determine the dimensions of the 
reactor. Of course, with a spherical reactor, since B? = z?/R?, B? does determine 
R, but with a cylindrical reactor 
з _ (2.405\? LAW 

BY = e) + (5) , (9-89) 
and any combination of values of R and H that gives the required value of B? 
will result in a critical system. Since different values of R and H give different 
reactor volumes, it is reasonable to ask which choice of R and H leads to the 
reactor of least volume. 

This, incidentally, is an important question in the design of many reactors. 
With a specified composition the amount of each material required in a reactor is 
roughly proportional to its volume. All other things being equal, therefore, the 
costs of materials tend to be minimized when the volume of the reactor is as small 
as possible. 

To find the minimum critical volume of a cylindrical reactor, Eq. (9-89) is first 
solved for R?: 


ка = Q4) . 
= BP — т?/Н? 
Substituting this into the formula for the volume of the cylinder yields 
_ pip 70405 H 
И = ТК Н = ү — 2 / FR 


Differentiating with respect to H and placing the result equal to zero gives 
Н = wV/3/B апі R = (2.405/B)/3/2 for the optimum dimensions. The 
minimum volume is then 


2 2 
Vein = = т2(2.405)2 _ 148, (9-114) 
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The ratio of the height to the radius of the reactor of minimum volume is 


Thus the minimum volume of a cylindrical reactor is obtained when its diameter is 
approximately equal to its height. Although this conclusion is strictly valid only for 
a bare cylinder, the minimum volume reactor is usually assumed to have these 
dimensions, even when the reactor has a reflector, and the majority of cylindrical 
reactors are constructed in this shape. Cylinders of this type, with square cross 
sections in the axial plane, are known as square cylinders. 


Table 9-2 
Reactors with Minimum Critical Volume 


Geometry Optimum dimensions Minimum volume 


Parallelepiped 


Cylinder 


Sphere 


The optimum dimensions of a parallelepiped will not be derived here. However, 
it is easy to show (cf. Prob. 9-18) that the optimum shape is that of a cube, as might 
be expected. In this case the volume is given by 


ЗУЗ тё _ 161 
Vmin = -p = а (9–115) 

The minimum volumes of the parallelepiped and cylinder reactors are given in 
Table 9-2 along with the volume of the spherical reactor of the same buckling. It 
will be observed that the sphere has the least volume of the three reactors. This is 
not surprising in view of the well-known fact that the sphere has the smallest 
surface-to-volume ratio of any solid. Thus the leakage of neutrons from the 
surface per volume of fissionable material is least for the sphere, and it follows 


that this reactor has the smallest critical volume. 


9-9 Quasi-Homogeneous Reactors 


Up to this point it has been assumed that reactors are homogeneous mixtures of 
fuel and moderator, whereas actually very few reactors are of this type. In most 
reactors the fuel is dispersed in some sort of structural material to form solid fuel 
elements which are arranged in a (usually) uniform lattice. 
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It is important to distinguish between two classes of reactors of this type. If 
the mean free path of neutrons at any energy is comparable to, or less than, the 
thickness of a fuel element, the reactor is said to be heterogeneous. The analysis 
of this kind of reactor is rather complicated (to put it mildly) and will be deferred 
until Chapter 11. 

On the other hand, if the neutron mean free path at all energies is large compared 
with the thickness of the fuel element, the reactor is called quasi-homogeneous. 
Although a reactor of this kind is structurally heterogeneous, it is clearly homoge- 
neous so far as the neutrons are concerned. Criticality calculations for a quasi- 
homogeneous reactor can therefore be made using the methods described in 
Section 9—6 for the equivalent homogeneous reactor. However, in these calculations 
it is usually necessary to find the number of fuel elements or the concentration of 
fuel in the elements required for criticality, rather than simply the fuel concentra- 
tion in the moderator, as was the case with homogeneous reactors. 

For this purpose it is convenient to introduce the following two quantities: 


„У 


ag (9-116) 


where Vg and Vy are the total volumes of the fuel elements and moderator in the 
reactor, respectively, and 
s= Zar , (9-117) 
Žas 

where Зав and Зав аге the thermal absorption cross sections of the fuel and struc- 
ture, respectively, within a single fuel element. The parameters Y and s are called, 
respectively, the metal-to-moderator ratio and the fuel-to-structure ratio. 

As a simple example of a calculation involving a quasi-homogeneous reactor, 
consider a system in which there is no resonance absorption and no fast fission. 
The multiplication factor for the equivalent homogeneous reactor is then 


Зав) 
hos mue EA сте 9-118 
ESSE Ga) Fea SESS 
in which пр refers to the fissile isotope and (Zar), (Zam), and (2) are the thermal 
macroscopic cross sections of fuel, moderator, and structure averaged over the 
reactor volume. Specifically, if there is a total of mp atoms of fuel in the reactor 
volume V, then 


(Sar) = (=) бав, (9-119) 


where Far is the thermal averaged microscopic cross section of the fuel. In terms 
of the parameters Y and s, Eq. (9-118) can be written as 


fuiste e Me o 9-120 
IG F D+ Ga/Sa) gre 
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where Бом /Sas is the ratio of the macroscopic absorption cross sections of moder- 
ator and structural material computed at their normal densities. 

Other reactor parameters can be computed for a quasi-homogeneous reactor 
in a similar manner. Thus the macroscopic absorption cross section averaged over 
the entire reactor (Ža) is easily seen to be given by the formula 


EM __ Dam Žas " RN 
(Ја) = 1 Y | + 76 + 1) 2) (9-121) 
and the average diffusion coefficient for the system is 
1 1 1 Y 
(D) zs * x]: ee 


where Dy and Ds are the diffusion coefficients of moderator and structure, re- 
spectively, computed at the normal densities of these materials. There is usually 
enough structural material in a quasi-homogeneous reactor to affect the neutron 
age substantially. The value of 77 must therefore be found as a function of Y from 
numerical computations, as shown in Fig. 6-14, or from experimental data. 

The volume-averaged parameters given in Eqs. (9-120) through (9-122) are 
to be used in precisely the same way as the parameters for a homogeneous reactor, 
and once these are known as functions of Y and s, the conditions required for 
criticality can readily be determined. If the composition is given, for instance, 
these parameters are calculated using the above formulas and the critical size is 
found by the procedure given in Case II of Section 9-6. On the other hand, if the 
size of the system is given, k must be plotted as a function of Y or s, whichever is 
the variable parameter and the value (or values) of Y or s for which k — 1 can 
be read from the graph. 
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Problems 


[Note: Except where otherwise stated, take the temperature in all problems to be room 
temperature. ] 


9-1. Show that the ratio of the slowing down time to the diffusion time in an infinite 
thermal reactor is given approximately by 


where (t,/ta)u is this ratio for moderator alone, and f is the thermal utilization. 


9-2. Compute and compare the maximum to average thermal fluxes for the three 
principal bare reactor geometries: 


(a) sphere (b) cube (c) finite cylinder 


9—3. (a) Show that a solution to the equation 


sinax  cosax 


ii (ax)? ^ — ex 
(b) Using this result, find an expression for the buckling of a bare, homogeneous reactor 
having the shape of a hemisphere. [Hint: Use separation of variables in spherical co- 
ordinates, and try cos 2 as a solution to the 2 equation.] 
9-4. Consider the split, finite-cylindrical reactor shown in 
Fig. 9-8. (a) With the origin of coordinates at the center of 
the flat face of the reactor, show that the thermal flux is 
given by 


$r(r,9,z) = АЛ (z) sin 3 cos (=) А 


where х = 3.84 is the first zero of J1(x), that is, J1(x1) = 
0. (b) Show that the buckling is 


2 2 У 
2 x т 
(a) + м 


(с) Determine the constant A in terms of the reactor power. (d) What fraction of the 
thermal neutrons leaking from the reactor pass through the flat face? 

9—5. A nonuniform distribution of thermal neutron sources (г) is placed in an otherwise 
uniform bare subcritical thermal reactor. If s(r) is the first eigenfunction of the equation 


V?s(r) + B?s(r) = 0, 


show that the equilibrium thermal flux consists only of the fundamental of the reactor 
equation. 
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9-6. Recalling that div J dV is equal to the net leakage of neutrons from dV/sec (cf. 
Section 5-3): (a) show that there is a net leakage of thermal neutrons from every volume 
element in a uniform, critical, bare, thermal reactor which is equal to В?фт(т) dV 
neutrons/sec, where dV is located at r; (b) show that the probability that a neutron does 
not leak from a volume element is independent of the location or size of the element 
and is given by 1/(1 + B?L2); (c) interpret this last result in terms of leakage from 
the reactor as a whole. 

9-7. Compute the minimum critical concentrations at room temperature of U?33, 
(235, and Pu?3? in the following moderators. 


(a) H20 (b) D20 (c) Be (d) Graphite 


9-8. A bare spherical reactor 100 cm in diameter is to be constructed of a homogeneous 
mixture of рО апа 17235. The reactor is to be operated at a power of 10 MW(th) at 
100°C. (a) Find the critical mass of the reactor. (b) Find the thermal flux throughout 
the reactor. (c) Find the slowing down density throughout the reactor in the proper 
units. (d) Find the probability that a neutron leaks from the system while slowing down 
and at thermal energies. (e) At what гаје is the 0235 consumed? (f) How many thermal 
neutrons are there in the entire reactor? (g) If the radius of the reactor were reduced 
would the critical mass of the system increase or decrease? 

9-9. A bare reactor in the form of a square cylinder 2 ft high contains a uniform mix- 
ture of U235 and Be and operates a power of 20 MW(th) at an average temperature of 
500°C. (a) Find the critical mass (ignore the Be?(n, 2n) reaction). (b) What fraction 
of the fission neutrons leak out while slowing down? (c) What is.the probability that a 
neutron leaks from the system at thermal energies? (d) What is the maximum value of 
the thermal flux in the system? (e) Determine the effect of the Be(n, 2n) reaction on 
the critical mass of this reactor by using an equivalent fast fission factor e — 1.078. 
(f) Compute the average diffusion time in the reactor and compare this with the slowing 
down time. 

9-10. At a fuel-processing plant, aqueous solutions of fully-enriched uranyl sulfate are 
to be carried through and/or stored in cylindrical pipes. If the maximum concentration 
of the uranyl sulfate is expected to be 100 gm/liter, what is the maximum size of pipe 
which can safely be used if an accidental criticality incident is to be averted? 


9-11. It is costly to remove the power generated in a large research reactor. One measure 
of the merit of a research reactor used to produce thermal neutrons is, therefore, the ratio 
of the average thermal flux to the power. If a proposed (homogeneous) reactor is to be 
fueled with U235, which of the four common moderators, H20, D20, Be, or graphite, 
should be used to maximize this ratio? Assume, for simplicity, that the reactor is bare. 


9-12. A large graphite reactor is constructed in the form of a bare cube and is fueled with 
lumps of natural uranium. The reactor has the following parameters: Ко = 1.0735, 
f = 0.8964, p = 0.8843, тт == 396 cm?, and L} == 325 ст“. When operating at a 
power of 25 MW(th) the maximum thermal flux is 5 X 101? neutrons/cm?-sec. (а) De- 
termine the critical size of the reactor. (b) How much 0235 is present in the reactor? 
(с) If the natural uranium were replaced by рше U??3, what would be the new critical 
mass of the reactor? (d) What is the maximum value of the thermal flux in part (c) 
when the reactor operates at 25 MW(th)? 

9-13. (a) Show that for a natural uranium-fueled reactor the conversion ratio C, i.e., 
the number of atoms of U238 converted to Pu?39 per atom of U?35 consumed (cf. 
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Section 4-3), is given by 


Za 
C= = + emr25(1 — p)Pr, 


а25 
where Pr is the fast nonleakage probability and the other symbols have their usual 
meanings. (b) Compute C for the reactor described in Problem 9-12. (c) Compute the 
rate of production of Pu??? when that reactor is operated at a power of 25 MW(th). 
(d) What fraction of the Pu?39 production is due to thermal neutron absorption? 
9-14. Determine the maximum value of Ко for a homogeneous mixture of natural uranium 
and 
(а) H20 (b) D20 (c) Be (d) Graphite 


[Note: Except for H20, take e = 1.] 


9-15. Calculate the minimum enrichment of uranium necessary to achieve criticality 
with a homogeneous mixture of uranium and 


(а) H20 (b) Be (c) BeO (d) Graphite 


[Note: Except for H20, take є = 1.] 

9-16. Determine the minimum concentration of D20 in H20 necessary to obtain criti- 
cality with natural uranium, if the fuel is uniformly dispersed in the system. [Hint: Use 
the results of Problem 7-16.] 

9-17. Compute and plot the critical mass and the fast and slow nonleakage probabilities 
for a spherical assembly of 1235 and moderator as a function of the radius of the assembly 
for the following moderators. 


(a) H30 (b) D20 (c) Be (d) Graphite 


Determine the minimum critical mass in each case. 

9—18. (a) Show that the critical mass of a uniform, bare, rectangular parallelepiped 
reactor of specified composition is a minimum when the reactor is a cube. (b) What 
is the reactor volume in this case? [Hint: Lagrange multipliers are useful in this problem 
(see any book on advanced calculus).] 

9-19. Give a quantitative, physical explanation for the fact that the optimum finite bare 
cylindrical reactor is not precisely square. 

9-20. The fuel elements of a certain reactor consist of thin fuel "sandwiches" as shown 
in Fig. 9-9. The “meat” is a uranium-aluminum alloy, 15% uranium by weight, with 
a density of approximately 3.1 gm/cm?. The uranium is enriched to 90 atom % in 
U?35, 'These fuel elements are arranged in a regular array in a bare, square-cylindrical 


Meat 


0.021 in. 1 іп. a 


m say, Aluminum 
0.020 in. = in z cladding 
7—4 Figure 9-9 
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tank containing H2O moderator-coolant of unit density. The ratio of the total fuel 
element volume to H2O volume is 0.73. (a) Compute the thickness of the meat in thermal 
neutron mean free paths. (b) Compute kae, L%, the critical dimensions, and the critical 
mass of the reactor. (Determine тт from Fig. 6-14.) [Note: The fuel elements and reactor 
in question are similar to those of the Materials Testing Reactor (MTR) at Arco, Idaho.] 


9-21. An isotropic point source emitting S fast neutrons/sec is placed at the center of a 
bare cylindrical subcritical assembly of radius R and height H. (a) Using age theory, 
show that the thermal flux at any point in the assembly is given by 


2pS Кл ___ y (Xar ne 
(nz) = á (557) cos (252). 
а TON о> O Бок) КЕ “ 


nodd 


where У is the volume of the cylinder, x, is the mth zero of Jo(x), 


—B2 атт 2 2 

SEES mt (G+) 
1 + В„„Іт 

(b) Compute the maximum flux in the assembly if Н = 2R = 51,5 = 107 neutrons/ 
sec, К, = 0.980, р = 0.83, rr = 31.2 ст“, 1% = 2.8 ст“, and Ў, = 0.16ст-!. 
[Hint: Use the results of Problem 6-23.] 
9-22. If the source in Problem 9-21 were moved along the axis to the point (0, zo), 
show that the flux becomes 


2pS Y kun  Jo(xmr/R) E Qn — 1)т , Qn — Drzo 


kmn 


$r(r, 2) = 


VE, 90 т, п 1 = Kmn Л(хь) Н Н 
. 2пт2 , 2пт20 
+ sin > sin H | 


9—23. If the slowing down distance is small compared with the dimensions of the assembly 
in Problem 9-21, Кл can be written as 
Ко 


14 BM? 


mn 


where M? is the migration area. In this case, show that there is a region along the axis 
of the assembly, not near the center or the top of the tank, where the thermal flux varies as 


фт ~ е. 
Here А is given by 
2 = (2405) Es 
where 
Ву = М? 


is called the materials buckling. (A comparison of the formula for В, and Eq. (9—109) 
shows that an assembly with parameters k,, and M 2 will be critical provided B2, = B?, 
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where 82, the buckling, is the first eigenfunction of the reaction equation. In view of the 
above results, measurements of the thermal flux along the axis of the assembly give B?, 
directly, and this, in turn, can be used to determine the dimensions of the critical system, 
if a system of this composition can indeed be made critical. Such measurements are 
known as exponential experiments.) Hint: Note that the sum 


пт2 
25 C, cos (же) 
n odd H 


appearing in Problem 9-21 can be approximated in the limit of large H, by treating 
пт/ Н = tasa continuous variable. Then 


пт2 
Ў, C4 COS (222) ~ | C(£) cos 2 46. 


n odd 
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Multiregion Reactors—the Group 
Diffusion Method 


The discussion of reactor criticality in the preceding chapter was limited to one- 
region bare reactors, and the neutron moderation was treated by Fermi age 
theory. Most reactors, however, are not bare; almost all have reflectors to reduce 
neutron leakage, and many have additional regions of fertile material. Since age 
theory cannot be used to describe the slowing down of neutrons in such multi- 
region systems, due to certain mathematical difficulties, it is necessary to turn to 
other methods of computation. 

One of the most powerful ways of treating multiregion reactors is by the group 
diffusion method. In this method the energies of all the neutrons are divided into 
a number of energy groups. The neutrons within each group are then lumped 
together and their diffusion, scattering, absorption, and other interactions are 
described in terms of suitably averaged diffusion coefficients and cross sections, 
which are collectively known as group constants. An example of this procedure 
was encountered in Chapter 8 in connection with the diffusion of thermal neutrons. 
There it was shown how average diffusion coefficients, absorption cross sections, 
etc., can be computed for the thermal neutrons, and the diffusion equation for these 
neutrons was derived and applied to specific problems in Chapter 9. 

The time behavior of multiregion reactors will not be considered in the present 
chapter, since the results derived in Chapter 9 for the bare reactor can be shown to 
apply with little modification in the multiregion case. Thus when the flux is found 
as a function of space and time for a multiregion reactor, a series of eigenfunctions 
is obtained similar to Eq. (9-38), each term of which is multiplied by an exponential 
function of time. In the absence of an extraneous neutron source, the flux will 
remain constant, that is, the reactor will be critical, only if the amplitude of the 
fundamental eigenfunction is independent of time. When this is the case, the 
higher harmonics in the series rapidly die out in time. The behavior of the multi- 
region reactor is therefore completely analogous to that of the bare reactor. With 
these results in mind, the present chapter is confined to the consideration of critical 
reactors only. 
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10-1 One Group of Neutrons 


The simplest group diffusion problem involves only one group of neutrons, and for 
the purpose of illustration it will be assumed that these neutrons are all thermal 
neutrons. Thus the fact that fission neutrons actually appear in a reactor at high 
energies will be ignored and it will be assumed that they are emitted at thermal 
energies. 


Fig. 10-1. The reflected slab reactor. 


Consider now an infinite slab reactor of thickness a surrounded on both sides 
by a reflector of extrapolated thickness b, as shown in Fig. 10-1. The central 
region contains a homogeneous mixture of fuel and moderator, while the reflector 
consists of moderator alone. The center region corresponds to the core of a real 
reactor and its properties will be denoted by the subscript c. The reflector will be 
indicated by the subscript r. 

Since it has been assumed that the reactor is critical and operating in a steady 
state, the flux is independent of time, and the diffusion equation for the neutrons 
in the core is 


з афт, 
De dx? 


un ZacbTc + їт®аксФфТс = 0. (10-1) 


Here фт, is the thermal flux, За; is the thermal absorption cross section of the fuel- 
moderator mixture, Зоре is the thermal absorption cross section of the fuel alone, 
and D, is the thermal diffusion coefficient, all for the core (cf. Section 8-5). The 
term ут ағефте in Eq. (10-1) is the number of fission neutrons produced per 
cm?/sec in the core. Resonance absorption and fast fission can be ignored, since 
by hypothesis all neutrons in the system are thermal. It follows from the discussion 
in Section 9-1 that nrŽare = птј ас = Кога and Eq. (10-1) becomes 


d 


2 
Б, A + (ke — Dacre = 0. (10-2) 


This equation can be put in the more convenient form 


афт. 
AT + Вефте = 0, (10-3) 
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where B? is defined by 
В? = 1, (10-4) 
Тс 


and Г.т, is the thermal diffusion length in the core. 

The parameter B2 defined by Eq. (10-4) is called the buckling of the core, and 
is analogous to the buckling of a bare reactor discussed in Section 9-2. Again, 
B? is a measure of the curvature or “buckling” of the flux, but in this case, only 
in the core of the reactor. 

With a little rearrangement, Eq. (10-4) can be written as 


Ке --L (10-5) 
1 + BAILA. 


This equation is the critical equation for the system according to the one-group 
model. It is analogous to the critical equation for the bare reactor (cf. Eq. 9-92), 
and in fact can be obtained from Eq. (9-92) by placing тт = 0. The critical value 
of the buckling must again be found by solving the diffusion equation as in 
Chapter 9. 

The diffusion equation for the reflector is somewhat simpler than for the core, 
since the reflector is not a multiplying medium. The equation is 


2 
йе ы a Ry (10-6) 


where фт, and Lr, are, respectively, the thermal flux and thermal diffusion length 
in the reflector. 

In order to determine the critical buckling and the flux in the reactor, it is neces- 
sary to solve Eqs. (10-3) and (10-6) subject to the usual boundary conditions. 
Equation (10-3) has the general solution 


ore = А соз Bex + Csin B.x, 


but in view of the symmetry of the system, it is evident that фт, must be an even 
function, so that C — 0. The flux in the core is therefore 


фтс = А cos Bx. (10-7) 


Consider next the reflector equation. The solution to Eq. (10-6) for positive 
values of x, which is zero at the extrapolated edge of the reflector, ie,atx = 
a/2 + Б, is 


7 (а/2) + b — xY. 
фт, = A’ sinh (e24 ) 


Because of the symmetry of the system, the solution which is valid for both positive 
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and negative values of x can be obtained by replacing x by the absolute value of x; 
that is, 


r = A’ sinh 
фт ( Е. 


Since the flux must be continuous at the core-reflector interface, i.e., at |х| = а/2, 
it follows that 


B.a : b 
А cos 7 = A’ sinh I (10-9) 
Similarly, the continuity of current at |x| — a/2 gives 
= . Ba_ D, „ b 
D.B. A sin 2 I A cosh 7 — . (10-10) 


When Eq. (10-10) is divided by Eq. (10-9), the constants A and A’ cancel and the 
following equation is obtained: 


ы Ва D, Ь 
D.B, tan 2 c coth Т. 


(10-11) 


Equation (10-11) gives a relation between the buckling and the slab thickness 
which must be satisfied if the reactor is to be critical. Suppose, for example, that 
the properties and thickness of the reflector are specified. If the properties of the 
core are also given, 82 is known from Eq. (10-4), and the critical core thickness 
can be found by solving Eq. (10-11) directly for a. On the other hand, if a is given, 
B2 must be found by solving Eq. (10-11) numerically or graphically. Before 
plotting this equation, it is convenient to multiply both sides by a/2 and divide 
by D,; this gives 

B.a B.a D,a 


—— tan = 
2 2 20217, 


coth (10-12) 


Іт, 


The two sides of Eq. (10-12) are shown in Fig. 10-2 as functions of В,а/2. The 
right-hand side (RHS) of the equation is independent of B., and since а is given, 
the RHS appears as a horizontal line. The left-hand side (LHS) varies with 
В,а/2 as shown. Negative values of В,а/2 are not of interest, for a is always posi- 
tive, апа В, cannot be negative (cf. Eq. 10-4). 

It will be observed from Fig. 10-2 that there are an infinite number of solutions 
to Eq. (10-12), one occurring at each intersection of the curves. Each of these 
intersections corresponds to one of the eigenvalues of the problem. However, all 
eigenvalues above the first are associated with harmonics of the flux which die 
out in a critical reactor, and it is only the first intersection of the curves that has 
a bearing on the criticality of the system. 

It should also be noted in Fig. 10-2 that the first eigenvalue is found at a value 
of В,а/2 somewhat less than т/2. Had the reactor been bare, it will be recalled 
from Chapter 9 that the critical eigenvalue would occur when B,a/2 is exactly 
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Fig. 10-2. The left-hand side (LHS) and right-hand side (RHS) of the one-group critical 
equation for the reflected slab reactor. 


equal to 7/2. Physically, this means that with a given core composition, i.e., a 
given value of В,, the reflected reactor becomes critical with a smaller core than does 
the corresponding bare reactor. This, of course, is the reason why reactors have 
reflectors in the first place. In the limit as the thickness of the reflector goes to 
zero, that is, as the reactor approaches the bare system, the right-hand side of 
Eq. (10-12) becomes infinite. The horizontal line in Fig. 10-2 therefore rises and 
the first intersection is then at В,а/2 = -/2. On the other hand, as the thickness 
of the reflector increases, the right-hand side of Eq. (10-12) decreases, the hori- 
zontal line in Fig. 10-2 moves downward and the first eigenvalue occurs at 
smaller and smaller values of B,a/2. In the limit as the reflector becomes infinitely 
thick, that is, b >> Lr,, the right-hand side of Eq. (10-12) goes to the constant 
D,a/2D_Lr,. This limiting case gives the smallest core that will go critical with 
the specified composition and the given reflector material. 

It will be recalled that in deriving Eq. (10-12) the constants A and A’ cancel, 
and it is therefore not possible to determine the absolute value of the flux. This 
could hardly have been expected since, as discussed in Chapter 9, the magnitude 
of the flux depends upon the operating power of the reactor. It is possible to find 
A’ in terms of A, however, so that the shape of the flux is known throughout the 
entire reactor. Thus from Eq. (10-9), 

A = д £98 (В,а/2) ; 
sinh (b/Lr,) 
and the flux is then 


cos Bex, |x| < a/2, 


_ 2) = A 4 сов (B.a/2) sinh [(a/2 + b — [уут] (10-13) 
аф) Ма ал. 


The constant A can be found in terms of the reactor power as in Section 9-2 
by integrating фт(х) over the power-producing region of the reactor, in this case, 
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the core. Thus, if P is the power per unit area of the reactor, Y is the recoverable 
energy per fission, and $, is the average thermal fission cross section in the core, 
then 


P 


за а/2 " a/2 
72: | Or (x) ах = 72 А | cos B,x dx 
—a[2 —a/2 


_ 27214 sin (B,a/2) | 
ge (10-14) 
Therefore, A is given by 
РВ, 


А = = · 
272), sin (B.a/2) 


(10-15) 


It may be mentioned at this point that the one-group critical equation (Eq. 10-5) 

becomes identical with the critical equation for large bare reactors given in Sec- 
tion 9-5 if L2, in Eq. (10-5) is replaced by the migration area M?. The one-group 
model can thus be used for computations of large reactors by simply substituting 
M? for L?. It is for this reason that Eq. (9-99) was called the critical equation 
of “modified one-group theory." 
. The one-group model can also be used to make rough estimates of the critical ` 
size or composition of fast reactors. It will be recalled that in such systems the 
neutrons slow down to energies of the order of only 100 keV before inducing 
fissions. At these energies the fission and other cross sections vary smoothly with 
energy and it is possible to obtain useful estimates of the critical mass or dimen- 
sions by using only one group of neutrons. The necessary group constants can be 
computed as averages over the energy-dependent flux in exactly the same way 
as they were in the thermal case. However, instead of assuming that $(£) is similar 
to a Maxwellian as in Section 8-5, another, more appropriate function must be 
used for Ф(Е). 


10-2 Two-Group Method 


The one-group method is obviously limited by the fact that all neutrons are 
lumped together into only one group. A more accurate procedure, particularly 
for thermal reactors, is to split the neutrons into two groups. In this case the ther- 
mal neutrons are included in one group called the thermal or slow group, and all 
other neutrons are included in the fast group. The energy separating the two 
groups is thus of the order of 5KT, as discussed in Chapter 8. 


Two-group constants. The constants describing the thermal neutrons have 
already been derived in Chapter 8 and need no further elaboration. It is con- 
venient at this point, however, to introduce a new notation. The thermal flux, 
which heretofore has been denoted by фт, will now be written as $5, where the 
subscript refers to the “second” or thermal neutron group.* From Eq. (8-20) 


* It is the usual practice to denote by ascending numbers neutron groups of decreasing 
energy. 
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фо(т) is given by ee 
~5 
фә(т) = фт(г) = f é(r, E) dE. (10-16) 


In the present discussion the average thermal diffusion coefficient which was 
derived in Section 8-5 will be denoted by Dg, that is, 


р» = D = T(m + 2) Р(Е)) (5). (10-17) 


where m is the parameter related to the energy dependence of the scattering cross 
section at thermal energies (cf. Eq. 8-74), D(Eo) is the diffusion coefficient at 
0.0253 eV, Те = 293.61? К, and T is the neutron temperature. Similarly, the 
average thermal macroscopic absorption cross section will be denoted by 2; 
(cf. Eq. 8-40): 

5 _ Мт 


TU? 
Хз = За = -5 SalT)Za(Eo) (2) › (10-18) 


where g,(7) is the non-1/v factor, and the other symbols have the same mean- 
ing as above. 
The fast flux ф (г) is defined by the integral 


éi(r) = || *  e(r, E) dE, (10-19) 
-5kT 
and the fast-diffusion coefficient D, is defined as 
Ј_ р(Е)т?ф(, E) dE 
-5kT . 


Dı == = 
f V?e(r, E) dE 
~5kT 


(10-20) 


According to Eq. (10-20), D, will, in general, be a function of r unless ¢(r, E) 
can be written as a separable function of r and E, namely, as the product of a func- 
tion of r times a function of E, that is, g(r, E) = f(r)&(E). This is never strictly 
true, but it must be assumed in order to carry out a two-group calculation. This 
being the case, Eq. (10-20) becomes 


Ј_ DEWE) dE 
~5kT Я 


Dı = = 
|| Ф(Е) dE 
~5kT 


(10-21) 


where ¢(£) is the energy-dependent flux. 

The function ¢(£) to be used in Eq. (10-21) is rarely known exactly at the start 
of a two-group calculation, and it is a common practice to use the expression for 
Ф(Е) which was derived in Chapter 6 for an infinite system. In Section 6-5 it was 
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Table 10-1 


Fast-Group Constants for Various Moderators 


Moderator Dı, cm 21, ст“! 


H20 1.13 0.0419 


D20 1.29 0.00985 
Be 0.562 0.00551 
С 1.016 0.00276 


shown that in the asymptotic region 
constant 
ФЕ) = a 


KEY EE. (АЈ 


Since Z,(E) and (Е) are often constant over much of the slowing-down region, 
it is frequently possible to write Ф(Ё) = constant/E in Eq. (10-21), and then 


| "T D(E)dE/E 
D: ВАТ м; (10-23) 


nkT 
Í dE/E 

~5kT 
n а large number. Values of D, for several moderators are given in Table 10-1. 

In the absence of resonance capture, neutrons are not ordinarily absorbed in 
the fast group, since the absorption cross section is so low at high energies. How- 
ever, they can be lost from the fast group when, as the result of elastic and inelastic 
collisions, their energy falls into the thermal region. This disappearance of neutrons 
from the fast group is described in terms of a fictitious absorption cross section 
denoted by 2 1. This is defined such that 2 1ф | (г) is equal to the number of neutrons 
which slow down out of the fast group per cm?/sec at the point г. 

To see the physical significance of 21, consider the diffusion of fast neutrons 
emitted from a point source in an infinite, homogeneous moderator. These 
neutrons are described by a diffusion equation in which the rate of "absorption" 
at any point is given by 2,¢;. Except at the source itself, therefore, the fast flux 
is determined by 

DiV^$, — Ziói = 0. (10-24) 


Equation (10-24) is identical in form with the equation describing the diffusion of 
monoenergetic neutrons emitted from a point source, which was discussed in detail 
in Chapter 5. It will be recalled from that discussion that the quantity L? = D/Z, 
is equal to one-sixth the average of the square of the crow-flight distance from the 
point where a neutron is emitted to the point where it is finally absorbed. By 
analogy, the quantity D,/Z, in Eq. (10-24) must be equal to one-sixth the average 
of the square of the crow-flight distance from the source to the point where a 
neutron finally leaves the fast group, that is, to the point where the neutrons slow 
down into the thermal group. This, however, is precisely the definition of the 
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neutron age, so it must be concluded that 


=1 = Tr, (10-25) 


where тт is the age to thermal of the fast neutrons. 

The numerical value of the cross section 21 Гог a two-group calculation is 
usually computed from Eq. (10-25). It will be recalled from Chapter 6 that 77 
can be determined either by experiment or by numerical methods, and the value 
of тт is therefore usually known. At the same time, D, can easily be computed 
from Ед. (10-23), since D(E) is not usually a rapidly varying function of energy. 
The value of £, is then simply 

Di 


2 
1 Tr 


(10-26) 
Values of тт and Z; are also given in Table 10-1 

According to the above discussion, 2,6, neutrons slow down into the thermal 
group per cm?/sec in the absence of resonance absorption. Thus in this case 
Бф, is equal to the thermal slowing-down density. When resonance absorbers 
are present, it follows from Section 7-8 that the slowing-down density is given by 


qr = P2191, (10-27) 


where p is the resonance escape probability. 


Two-group equations. Consider a two-region thermal reactor consisting 
of a homogeneous multiplying core surrounded by a nonmultiplying reflector. 
For the moment the discussion will be limited to reactors in which the flux is a 
function of only one spatial variable. These reactors include the infinite slab, the 
infinite cylinder, and the sphere, all of which have reflectors whose thickness 15 
either finite or infinite. | 

In a thermal reactor, neutrons appear in the fast group as the result of fissions 
induced by thermal neutrons. Thus, at the point г, 7762 2ғсф2(г) fast neutrons аге 
produced per cm/sec, where Dor: is the average thermal absorption cross section 
of the fuel in the core. At the same time, neutrons are lost from the fast group by 
slowing down as explained above. In the steady state, the diffusion equation for 
the fast neutrons in the core is therefore 


Di Nore те ZicPic + NTEZLOF H2¢ = 0. (10-28) 


From the definition of the infinite multiplication factor (cf. Section 9-1), nr€Zerc = 
(Кы/р)®о‹, where Za, is the slow-group absorption cross section of the fuel- 
moderator mixture, and p, is the resonance escape probability. Equation (10-28) 
can then be written as 


Ко 
DiV 16 == ZicP1¢ + Г? Z2c02c xa 0. (10-29) 
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Consider now the slow group. Neutrons enter this group as the result of slow- 
ing down out of the fast group, and the thermal slowing-down density there- 
fore appears as the source term in the thermal diffusion equation. Thus in view of 
Eq. (10-27) the slow flux in the core is described by the equation 


Роу фуг EU Z2c2c + реса 1 сф1е = 0. (10-30) 


By hypothesis, there is no fuel in the reflector, and consequently no source term 
appears in the diffusion equation for the fast neutrons in this region. This is then 
simply 

рру фу — Ў.ф, = 0. (10-31) 


It will be evident that all of the fast neutrons present in the reflector originate in 
leakage from the core. Many fast neutrons slow down in the reflector, however, 
and these give rise to a source term in the equation for the slow flux; namely, 


Ру фо — офу, + Хуф, = 0, (10-32) 


where it has been assumed that there are no resonance absorbers in the reflector. 


Solving the two-group equations. To find the fast and slow fluxes 
and the condition for criticality of the reactor, it is necessary to solve the two- 
group equations for the core and the reflector. Beginning with the core, it will 
be noted that Eqs. (10-29) and (10-30) are coupled second-order differential equa- 
tions, that is, $» appears іп the equation for $, and, conversely, фу appears in 
the equation for фз. These equations can be decoupled by first solving Eq. (10-29) 
for фог: 


фә = ER (— Руф + Z141.). 


By substitution of this expression into Eq. (10-30), a fourth-order equation is 
obtained for ф;, alone, namely, 


т 127 У pie ж (T. + 12уу?ф;, = (ka Em 1). = 0, (10-33) 
where 
Te = Dy/Zyc and L? = Da/Zs. 


A fourth-order differential equation with constant coefficients such as Eq. (10–33) 
can be solved by factoring the equation. Thus Eq. (10-33) is written as 


(V? + иу“ — Мао = 0, (10-34) 


where и? and A? are constants to be determined.* The reason for the choice of 
signs in Eq. (10-34) will be clear presently. Upon expanding Eq. (10-34) and 


* Equation (10—34) cannot be factored further since V? is not the square of an operator; 
it is not (grad)? but rather div grad. 
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comparing the result with Eq. (10-33), it is found that и? and A? must satisfy the 
relations 


SM = n (10-35) 
Tc € 
and 
№ — џ? = + T (10-36) 


Next, solving Eq. (10-36) for \? and inserting this into Eq. (10-35) yields a 
quadratic equation for u?. In a similar way, Eq. (10-36) can be solved for и, and 
substituting this into Eq. (10-35) yields a quadratic equation for ^2. This pair of 
quadratic equations has only two different solutions, namely, 


и? = : |-c. + 1?) + (Te+ Ly + 4(k. — T (10-37) 


2T. 2 


‘and 


M = 1 R + 15) + Ут, + L? + (s — Ti (10738) 


27,12 


Since ke must be greater than unity for a critical reactor, both и? and A? are posi- 
tive and u and ^ are therefore real. It was the desire to have the constants и and à 
real that dictated the choice of signs in Eq. (10-34). It may be mentioned at this 
point that the computation of u from Eq. (10-37) is sometimes complicated by the 
fact that и? is equal to the difference of two very nearly equal numbers. In this 
case it is expedient to first compute A? from Eq. (10-38) and then compute и? 
from Eq. (10-35). 
Equation (10—34) is equivalent to the two equations 


(V? + их = 0 (10-39) 
and 
(v? — A2)Y = 0, | (10-40) 


and the general solution for фу, is then the sum of the solutions for X and Y. 
Since Eqs. (10-39) and (10-40) are both second order, the solutions X and Y each 
consist of two independent functions. However, because of symmetry or other 
requirements, only one solution from each of the equations can ordinarily be used, 
and the general solution for $,. is simply 


dic = AX + CY, | (10-41) 


where only the two constants A and С must be determined. For example, consider 
the uniform infinite slab reactor of thickness a surrounded by a reflector of thick- 
ness b which was treated by one-group theory in Section 10-1. Equation (10-39) 


then becomes 
d? $ 
фати јен 
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Table 10-2 


Two-Group Core Functions for Various Geometries 


Geometry X 


Infinite slab COS px 


Infinite cylinder Jo(ur) 
sin ur 


Sphere P 


which has as solutions cos ux and sin ux. In view of the symmetry of the reactor, 
the sine function clearly cannot be used. Similarly, Eq. (10-40) has the solutions 
cosh Ах and sinh Ах. Here the sinh function is odd and cannot be used. The fast 
flux in the core is therefore given by the expression 


фіс = Acos ux + C cosh Ax. (10-42) 


In the case of the infinite cylindrical reactor, Eq. (10-39) and Eq. (10—40) are, 
respectively, 


14 dX 

gE a ЕХ = (10-43) 
and 

l а dY 

ie cee TANE . (10-44) 


The two solutions to Eq. (10-43) аге Jo(ur) and Yo(ur), while the solutions to 
Eq. (10-44) are ГО“) and Ко). However, both the functions Y o(ur) and 
Ко(м) are singular at r = 0 and cannot be used. For this problem the fast flux 
in the core is therefore 

bic = AJo(ur) + CIo(Ar). 


Appropriate solutions to Eqs. (10-39) and (10-40) are summarized in Table 10-2 
for the three most widely encountered reactor geometries. 

With the fast flux in the core having been determined, the slow flux can now 
be found by assuming a solution of the form 


фә = АХ + C'Y. (10-45) 


When this solution and Eq. (10-41) are substituted into Eq. (10–30), the following 
expression is obtained: 


— (Dau? р Zec)A’X Е рХ1сАХ + (Dach? = ос Y + PeX1eC Y = 0, 
(10-46) 


where it has been noted that Х and Y satisfy Eq. (10-39) and Eq. (10-40), re- 
spectively. Since X and Y are independent functions, Eq. (10-46) will not be 
satisfied unless the constants multiplying X and Y are identically zero. This leads 
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to the following relations between A and A’ and Сапа С”: 


, , 
4 - Ршы, Go Ша. (10-47) 
The slow flux can now be written as 
фәс = ASX + CS;Y, (10-48) 
where S, and S; are constants defined by 
= р‹®1‹/®эс, з= PeD1e/D2e , (10-49) 
1 + ple 1— XL 


The quantities $ and S; are frequently called the coupling coefficients for the fast 
and slow fluxes.* 

Turning now to the reflector equations, Eqs. (10-31) and (10-32) may be written 
respectively as 


Vio. — кафу = 0 (10-50) 
and 
Zi 
V bor == ка фог + D. фи = 0, (10-51) 
where 
2 _ 1 2 _ 1. 
ог а т? (10—52) 


The solution to Eq. (10—50) which properly vanishes at the extrapolated surface 
of the reflector can always be.expressed in terms of only one function and one un- 
known constant. For example, it may readily be verified that for a slab reactor of 
core width a and reflector thickness b, $1, is 


фи = Fsinh ky, (8 phs м) (10-53) 
where F is а constant. This function satisfies Eq. (10-50) and is zero at 
| = = + b. 
In general, the solution to Eq. (10-50) will be indicated by 


dir = FZ. (10-54) 


* Many workers prefer to have the coupling coefficients appear in the fast flux rather than 
the slow flux, and so write 


фы = А51Х + CS2Y, фә. = AX + CY. 


_The coefficients S1 and 55 are then the reciprocals of those given in Eqs. (10-49). 
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Table 10-3 


Two-Group Reflector Functions for Various Geometries 


Z (reflector 
Geometry Z (reflector thickness 5) thickness 
infinite) 


Infinite slab sinh x G + Б – Ixl) 


Infinite cylinder Iolkr)Kolk(R + Ь)] — Iolk(R + 6)]Ko(xr) 


sinh (R + b — r) 


Sphere а 


Finally, the slow flux in the reflector can be found by assuming a solution to 
Eq. (10-51) of the form 
фә, = фі. + 025. (10-55) 


Here, 53 is another coupling constant, С is a constant, and 2» is a solution to 
the equation 
у22, — к5,25 = 0, (10-56) 


which also is zero at the extrapolated surface of the reflector. By substituting 
Eq. (10-55) into Eq. (10-51) it is easy to show that the differential equation is 
indeed satisfied, provided that S3 has the value 


Zi/ Ds, Dir/Zar ` 
ба = EL ee 10—57 
к n-B ven 


For the reflected slab reactor the slow flux in the reflector is therefore 

фә, = Ез sinh kj, (3 +b- м) + G sinh кә, (s + Б – м) . (10-58) 
Table 10-3 lists the Z-functions for other geometries. 
The critical determinant. Both the slow and fast fluxes and the slow and 


fast currents must be continuous at the core-reflector interface. Specifically, 
the following conditions must be satisfied: 


bic = Фа» (10-59) 
Die = Dy, (10-60) 
фәс = dar, (10-61) 


Росфос = Dorbdr. (10-62) 
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In these equations all of the functions and their derivatives (indicated by primes) 

are evaluated at the core-reflector interface. 
Inserting the solutions for the fluxes, namely, Eqs. (10-41), (10-48), (10-54), 

and (10-55), into Eqs. (10-59) through (10-62) gives the following set of equations: 


AX + CY = Е21, (10-63) 

AD,,X' + ср, Y’ = FD1,Z\, (10-64) 
AS, X + СУ = FS3Z, + 622, (10-65) 
Ар,,8,Х' + Срб; Y! = FDorS3Z4 + 60225. (10-66) 


All of the quantities in these equations are known in terms of reactor parameters 
except the constants A, C, F, and G. Therefore Eqs. (10-63) through (10-66) can 
be viewed as a set of four linear algebraic equations with these constants as un- 
knowns. Written in a more standard way, these equations are 


AX + CY — FZ, = 0, | (10—67) 
АРыХ' + CD,,Y! — FD,,Z4 = 0, (10-68) 
AS,X + CS Y == 25321 = 022 = 0, (10—69) 


40,8. X! + CD3,S5 Y' — ЕЮ».5321 — GDs,Z$ = 0. (10-70) 


In this form it is recognized that all the equations are homogeneous; that is, the 
right-hand side of each is zero. However, in view of Cramer's rule regarding linear, 
homogeneous algebraic equations,* Eqs. (10-67) through (10-70) can have no 
other solutions than A = C = F = 6 = 0, unless the determinant of the co- 
efficients multiplying these unknowns is zero. Thus in order that the flux in the 
reactor be nonzero, it is necessary that 


X Y _Z, 0 
D,X | роу —ру2\ о | 
Six S ize, Sze = (10-71) 


DoeS1X' 02.53 Ү! — Ррэ.8321 — D»Z5 


Equation (10-71) provides а relation, admittedly a somewhat complicated one, 
which must be satisfied if the reactor is to be critical. For this reason the left-hand 
side of the equation is known as the two-group critical determinant. Criticality 
can be obtained by adjusting either the physical properties or the size of the re- 
actor in such a way that the critical determinant is precisely zero. 


Calculations of criticality. Computations using the critical determinant 
can be simplified somewhat by dividing the first column by X, and the second 
by У, and so on, and multiplying the third and fourth columns by —1. Equation 


* See any text on advanced calculus. 


10-2] 


Geometry 


Infinite slab 
of thickness a 


Infinite 
cylinder of 
radius R 


Sphere of 
radius R 


Geometry 
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Table 10-4 


Functions for Critical Determinant 
Y'/Y 
Ла 
A tanh э 


DAR) 
ТК) 


1 
À (сов AR — va) 


Z'/Z (infinite 


7 fl hick b 
Z'/Z (reflector thickness 5) reflector) 
Infinite slab 


— x coth xb — 
of thickness a * s 


Infinite 
cylinder of 
radius R 


Sphere of 
radius R 


| Г(кК)Ко(к(К + b) + Tolk(R + 5)1Ki(kR) 
Io(«R)Ko[«CR + 5)] — Io[«CR + БуКо(кК) 


ет Ki(«R) 
Ko(xR) 


1 1 
-«(4 + coth Э - (2 + ) 


(10-71) then becomes 
1 1 1 
7 , ГА 
Dic Dé Jw 
d A 2 =0 (10-72) 
Si So S3 1 d 
X' Y' Zi Z5 
DoeSi у Рг Y D2rS3 Z Dor = Z, 


The determinant can now be expanded by minors and with a little algebra the 
following equation is obtained: 
x 2 Y 21 


+ (DizDa,S5 — DieDerS3) => YZ, 


x’ 
y= | рр; = 5) у 


Zi 2; Y' 
+ DaDa(Si — 52) 7- = t4 + LEX — 51) Y 
Zi 25 
+ (DiDs,S, — Di;Dz53) 77 + D,-De(S3 — A 6 (10-73) 


For additional ease in computation it is usually a good idea to multiply both 
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sides of Eq. (10—73) by the core radius for a cylindrical or spherical reactor, or by 
the half-thickness for a slab reactor. Both sides of the equation are then dimension- 
less (see the example later in this chapter). 

The reason for writing Eq. (10-73) in the form above is that, in the usual case, 
the left-hand side of the equation is a rather rapidly varying and discontinuous 
function of the core composition and size, while the right-hand side is a more 
slowly varying function of these parameters. The composition or size required for 
criticality can then easily be obtained by plotting the two sides of the equation and 
finding the intersection of these curves. This procedure will be illustrated in an 
example later in this section. The functions 


X'/X, Y'/Y, and Z'/Z 
are listed in Table 10-4. | 


Determining the fluxes. To find the fast and slow fluxes it is necessary to 
determine the constants A, C, F, and G. It is not possible, however, to find the 
absolute values of all of these constants, since it can be shown that if the de- 
terminant of the coefficients in Eqs. (10-67) through (10-70) is zero, as it must 
be for criticality, then these four equations are no longer independent. Therefore 
it is possible to determine only three of the constants in terms of A, for instance, 
but A itself will remain unknown. Thus the absolute value of the flux cannot be 
found from these equations. This is the same situation which was met previously 
in connection with the bare reactor in Chapter 9, and the one-group model of 
reflected reactors in Section 10-1. While it is possible to specify the shape of the 
flux in a critical reactor, its magnitude depends upon the operating power of the 
system and is not determined by the group equations. 

To compute C, F, and G in terms of A, Eqs. (10-67) through (10-69) are written 
as inhomogeneous equations, viz., 


CY — FZ, = —АХ, | (10–74) 
ср;„У' — Ер,,.21 = —AD,-X'; (10-75) 
CS2Y — FS3Z, — 62; = —AS,X. (10-76) 


Then using Cramer’s rule, it is found that 


1 (Д 

C= 4X (p,.% - Di 3), (10-77) 
/ 7 

p= Ax СЕЕ id (10-78) 


AX zi 
С = SZ; ах Dis: = ү => e D,(S3 — SS Р + Dots 2). 


(10-79) 
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where 8 is a constant defined as 
21 rt 
Pe cie y? (10-80) 
All of the functions appearing in these equations are evaluated, of course, at the 
core-reflector interface. 

To find the constant 1 it is necessary to compute the reactor power. Since only 
thermal fissions have been assumed to occur in the system and since there are no 
fissions in the reflector, the power is determined only by the function фә. Thus 
as in Eq. (10-14), 

P = ул, [ daclt) dV, (10-81) 


where Ху, is the thermal fission cross section and the integration is carried out 
over the reactor core. With the infinite slab reactor, for instance, 


$2c = A cos их + (©) cosh x] , (10-82) 


where (C/A) is given by the Eq. (10-77), and so Eq. (10-81) gives 


— oe ee E 
Ба А ah cu 
27Baye|+ sin + 1 (©) sinh У 


Example. As ап illustration of the application of two-group theory, consider the 
problem of determining the critical radius of a spherical reactor at room tempera- 
ture which is fueled with 0235 and moderated by ordinary water. The reactor will 
be assumed to have ал infinite water reflector. (An infinite reflector is one whose 
thickness is much larger than both the slowing-down and diffusion lengths in the 
reflector. Virtually all reactors have reflectors of this type.) The ratio of atoms of 
0235 to molecules of water in the core will be taken to be 


This is a somewhat higher fuel density than the 1/1120 ratio required for the 
criticality of an infinite system of this type. The critical core radius, critical mass, 
and expressions for the fast and slow fluxes must be found. 

Since the density of fuel in the core is so small, the 0285 can be viewed as merely 
an impurity in the water. The age of neutrons in the core is therefore the age in 
pure water, that is, about 27 cm?, Furthermore, there is no fast fission and no 
resonance absorption. The constants and functions required for the computation 
are then as follows. (АШ numbers except ka have been rounded off to three sig- 
nificant digits. However, during the course of a two-group calculation, it is wise 
to retain several additional digits and round off the numbers only at the end of 


the computation.) 
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Core 
Molecular density HzO (X 107—2): Nw = 105023 = 0.0335 
Atom density 0235 (x 10724): Nes = sto X 0.0335 = 6.70 X 107" 


Caw = 2024 = 2 X 0.332 = 0.664 barns т, = 27cm? 
1 


Сао5 = 678 barns 21 = 0.0419 ст 
Dj, = 1.13 ст Ds, = 0.16 cm 
= 0.886(No50a25 + Nwoaw) = 0.060 cm =l 
12 = Daw/Za. = 2.67 cm? ш = 0.113 
тт = 2.07 \ = 0.651 
f = Na50a25/(N250a25 + Nwoaw) = 0.671 Sı = 0.676 
Кы = orf = 1.390 55 = —5.26 
ү = sin ur 


Х' | 1 
у (evaluated at core radius) = џи (cor uR — +) 


Y= sinh Ar 
ү! ; 1 
Y (evaluated at core radius) = А (coth AR — se) 
Reflector 
Dı; = 1.13 ст 12 = Da/Zs, = 8.12 cm? 
т, = 27cm? Kip = 1/V7, = 0.192 ст“! 
21, = 0.0419 ст" Kor = 1/L, = 0.351 cm! 
Do, = 0.16 cm S3 = 3.04 


· 2» = 0.886Nwoaw = 0.0197 cm ^! 


Ку 


Zw 


2' t 1 
> (evaluated at core radius) = к ( + x) 


Before using the critical equation, Eq. (10-73), it is convenient to multiply both 
sides by R. The two sides of the equation are now (the D's cancel in RHS): 


1 
LHS = -uR (cot ur — Д), 
2315 22 – 8.30 y 21 + 5.93 322 
RHS = RX 2 2 
593 5 + 2372: — $30 2 


21 
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Fig. 10-3. Тһе left-hand side (LHS) and right-hand side (RHS) of the two-group critical 
equation. 


The functions LHS and RHS are plotted in Fig. 10-3 as a function of uR. It will 
be observed that RHS is a much smoother function than LHS, and is, in fact, 
linear in wR over the range of values of uR shown in the figure. Unfortunately, 
this linearity is not a general property of the right-hand side of the critical equation. 

The first positive intersection of the curves in Fig. 10-3 occurs at uR = 2.47, 
which gives a critical radius А = 2.47/u = 21.9 ст. The other intersections at 
larger values of uR correspond to harmonics that are not present if the reactor is 
critical and operating in the steady state. The similarity between Figs. 10-3 and 
10-2 should be noted. 

The critical mass тә» of U??? is 


where mw is the mass of water in the core, M55 and Mw are the molecular weights 
of U??5 and water, respectively, and 


With R = 21.9 cm, 


mw = $«R? = 41.6kg and mes = 1.15 kg. 
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Fig. 10-4. The two-group fluxes for a water-moderated, water-reflected, U235-fueled 
spherical reactor. 


The constants in the expressions for the core and reflector fluxes Eqs. (10-41), 
(10-48), (10-54), and (10-55) are found from Eqs. (10-77) through (10-80). 
These fluxes are 


Hees = — 4.67 x 107? sinh 0.6517) 

Ф, = 0.6764 (meuz 0 anh 0681) 
edi. 

фәт = T Е — 210 | 


These fluxes, normalized to фә = 1 at the origin, are plotted in Fig. 10-4. As 
shown in the figure, the fast flux is larger than the thermal flux over the bulk of 
the core. This is due to the fact that the core material of this reactor is more 
effective in absorbing thermal neutrons than in moderating neutrons out of the 
fast group. To show this analytically, it is first noted that over most of the core 
the second terms in the expressions for the core fluxes are small compared with the 
first terms, so that the fluxes can be written approximately as $1. ~ AX and 
do, ~ AS,X. The ratio of fast flux to slow flux is therefore 


фы 1 lc) Ex. 


2c Ё 51 7 PeX1c/L2e ~ Lie 


© 
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Inserting numerical values gives 
dic _ 0.06 


which is about the ratio of the fluxes indicated in the figure. 

It will also be observed in Fig. 10-4 that there is a small peak in the thermal flux 
in the reflector. This is one of the most striking results of two-group theory; no 
such phenomenon is predicted from one-group theory. The peaking of the thermal 
flux arises from the slowing down in the reflector of fast neutrons which escape 
from the core. Since the absorption cross section of the reflector is small, the 
thermalized neutrons accumulate in this region until they eventually diffuse back 
into the core, escape from the outer surface of the reflector, or are captured. Inci- 
dentally, the flux peak in the reflector is much more pronounced in many reactors 
than that indicated in Fig. 10-4. 


Partially reflected reactors. The preceding calculations have been 
limited to reactors in which the flux is a function of only one spatial variable. 
The two-group method can be extended in a straightforward way to a few more 
complicated systems. These include the parallelepiped reactor reflected on two 
opposite faces, and the finite cylindrical reactor which is either reflected on the 
ends and bare on the side or reflected on the side and bare on the ends. Reactors 
of this type are called partially reflected and are shown in Fig. 10-5. Unfortunately, 
the mathematical problems associated with the fully reflected parallelepiped or 
finite cylinder (the two most commonly constructed reactors) are very difficult, 
and these reactors must be treated by special methods discussed in Section 10-6. 

To illustrate the manner in which criticality calculations are carried out for 
partially refiected systems, consider a finite cylindrical reactor having an infinitely 
thick reflector on the side but bare on top and bottom (this reactor is like the one 
shown in Fig. 10–5(с), except that the reflector is infinite). The radius of the core 
is R and the extrapolated height is H. The center of coordinates will be taken to 
be at the center of the reactor. The two-group equations in the core are then 
the same as they were earlier [cf. Eqs. (10-29) and (10-30)], and the procedure for 


(a) (b) (с) 


Fig. 10-5. Partially reflected reactors. The reflectors in each case may be infinite. 
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decoupling the equations is also unchanged. The fast and slow fluxes in the core 
can therefore be written as | 
$1, = AX + CY, (10-84) 


фәс А5,Х + С85 Ү, (10-85) 


where S, and 5 are given in Eqs. (10-49). The functions X and Y are still de- 
termined by Eqs. (10-39) and (10-40), but now both X and Y are functions of 
the two variables r and z. By inserting the Laplacian in cylindrical coordinates, 
Eqs. (10-39) and (10-40) become 


2 
r+ 554+ WX = 0 (10-86) 
and 
— MY = 0. (10-87) 


The parameters u and ^ are again found from Eqs. (10-37) and (10-38). 

Equations (10-86) and (10-87) can be solved by the method of separation of 
variables which was introduced in Chapter 9. Thus letting Xr, 2) = f(rg(2) 
and substituting into Eq. (10-86) yields 


d? 
= + ag = 0 (10-88) 
and 
1d d 
T1 оу = 0 | c- 


where o, and аз are the separation constants and are related by 
а? + 23 = ш. (10-90) 
The solution to Eq. (10-88) which is symmetric about the midplane of the 


cylinder is 
| g = COS 212, (10-91) 


and, since both фу and $5, must vanish on the extrapolated bare ends of the 
reactor, it is evident that 


a= ре (10-92) 
The nonsingular solution to Eq. (10-89) is 
f = Joar), (10-93) 


and therefore 


X = Jo(asr) cos (5) j (10-94) 
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By a similar argument, it is easy to show that the second flux function Y is given by 


Y = lo(agr) cos (5): (10-95) 
where 
2 
а = № + (2) (10-96) 


Consider next the fluxes in the reflector; Eqs. (10-31) and (10-32) still hold and 
the solutions are again of the form given in Eqs. (10—54) and (10-55), that is 


dir = FZ, (10-97) 
and 
фә, = S3¢1r + 02, (10-98) 


where 53 is given by Eq. (10-57), and F and С are constants. By following essen- 
tially the same procedure as with the core, the functions Z, and 2» are found to be 


21 = Ko(61r) cos (=) | (10-99) 
and 
Z = Ko(Ber) cos (5). (10-100) 
where 81 and 8» are defined by 
Bi = кї, + OE (10-101) 
82 = ка, + OE (10-102) 


The parameters Kır and кг, are given in Eqs. (10-52). 

The boundary conditions at the core-reflector interface, namely, the continuity 
of fast and slow fluxes and currents, lead again to a set of four homogeneous alge- 
braic equations of the same form as Eqs. (10-67) through (10-70), in which all 
functions of r are evaluated atr = R. However, the function cos (т:/ Н) appears 
in every term and therefore cancels from all the equations. Thus a critical equation 
is obtained which is identical with Eq. (10-72) and its equivalent Eq. (10-73), 
except that u, A, Kı, and кә are replaced by a», «з, 81, and 85, respectively. From 
this equation, the critical composition or size of the reactor and the fluxes can be 
found as in the example given earlier. 

This procedure for handling the partially reflected cylinder can be extended 
without difficulty to other partially reflected reactors. These are discussed in the 
problems at the end of the chapter. 


Applications of two-group method. It must be emphasized that the 
two-group method is not an exact technique for making reactor criticality cal- 
culations. Nevertheless, it does provide a relatively simple way of obtaining 
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reasonable estimates of critical mass or size, flux distributions, and so on. Two- 
group calculations are generally far more realistic than one-group calculations, 
particularly for thermal reactors. By contrast, the same degree of improvement 
is not obtained by going to two groups in the case of fast reactors, and first-order 
calculations of these systems can as well be made with one group as with two 
groups. Although two-group computations tend to be time consuming when done 
by hand, they can be carried out very rapidly on a computer. For this reason, 
the two-group method has been widely used for parametric studies of the gross 
characteristics of reactor systems. 

It should be noted that the formulas developed in this section apply only to uni- 
form reactors. As will be shown in the next section, however, even a reactor that 
is constructed in a uniform way becomes nonuniform soon after it is put into 

„operation. It must be concluded, therefore, that the analytical formulation of 
two-group theory given in the present section is limited to newly assembled reactors, 
that is, to clean reactors. 

It may also be mentioned at this point that reactors are never fueled with the 
minimum amount of fissile material required for criticality. This is for the obvious 
reason that once an atom of fuel has been consumed, such a system would no 
longer have the required critical mass, and it would fall subcritical. It is necessary, 
therefore, at the time a reactor is constructed to include more than the minimum 
fuel necessary for it to become critical. This excess fuel is compensated for by 
inserting nonfissionable neutron absorbers (control rods) into the reactor. As the 
fuel is consumed, the system is kept critical by removing the rods. These matters 
will be considered in detail in Chapters 13 and 14. 


10-3 Two-Group Calculations of Nonuniform Reactors 


It was possible to obtain analytical solutions to the two-group equations in the 
preceding section because all the nuclear parameters were assumed to be inde- 
pendent of position in the core and reflector. If, on the contrary, the parameters 
are not constants, then these solutions are no longer valid. Since reactors having 
nonuniform properties are frequently met in practice, it is necessary to consider 
how the criticality and the fluxes of such systems can be determined. 

Reactors may be nonuniform for a number of reasons. For instance, they are 
sometimes deliberately constructed with nonuniform properties in an effort to 
obtain a more uniform power distribution within the core. Thus it can be shown 
that a uniform power density, or flat power as it is usually called, can be obtained 
by distributing the fuel, moderator, or absorbing poisons in an appropriate 
manner throughout the core. Reactors of this type operate more efficiently than 
ordinary uniform reactors, are more easily cooled, and usually have a longer 
useful life. 

Even if a reactor is initially constructed with a uniform core, however, it will 
eventually become nonuniform as the result of nonuniform consumption of the 
fuel and the accompanying nonuniform accumulation of fission products (and 
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perhaps also the nonuniform conversion of fertile material). This, in turn, is due 
to the fact that at any point in the reactor the fuel is consumed at a rate of Х еф» 
atoms per ст? /ѕес, where Zor is the macroscopic absorption cross section of the 
fuel. Since фә» is higher near the center of the reactor, the fuel is consumed more 
rapidly in that region. 

Although two-group calculations of nonuniform reactors cannot ordinarily 
be performed analytically, they can easily be carried out numerically. The following 
iterative scheme is widely used in practice. For simplicity, the discussion will be 
confined to the infinite slab reactor having a nonuniform core but with a uniform 
reflector; the method can easily be generalized to reactors of other geometries. 
Resonance capture and fast fission will also be ignored. Because the diffusion co- 
efficients may be functions of position in a nonuniform reactor the two-group 
equations must be written in the form given in Eq. (5—43), that is, 


d афу, 
4 (n. ане) == Ў 1сфіс + "TZ овсфос = 0 (10–103) 
and 
d dé». 
4 (Da У — Lochec + Zichie = 0. (10–104) 


In these equations, any or all of the nuclear parameters may be functions of posi- 
tion in the core. Since the reflector is uniform, the usual equations hold, namely, 


42 
Ру, SE — Brr = 0 (10-105) 
and 
а фу, 
Dor dx? — фор T Zirhir = 0. (10-106) 


To begin the computations, it is necessary to specify both the size and composi- 
tion of the reactor. Since these are never known at the start of the problem, edu- 
cated guesses must be made wherever appropriate. For example, if the composition 
of the system is given, a guess must be made of its critical size. Contrariwise, if 
the size of the reactor is known, a guess must be made of the reactor’s composition. 
Naturally, these guesses will not correspond to an exactly critical system, and the 
assumed reactor is therefore either subcritical or supercritical. 

Next, arbitrary values are assigned to one of the fluxes throughout the entire 
reactor. For instance, фә» can be taken to be a constant in the core and zero in the 
reflector. This assumed function, which will be denoted by $$, is now introduced 
into Eq. (10-103), which can be written as 


d аф, 
(n. de) — Zichic = — qrZor oO) (10-107) 


This is a relatively simple inhomogeneous equation for фу, but since Dic, 216 
and Ye, may be functions of position, it must be solved by numerical integration, 
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preferably on an electronic computer. At the core-reflector interface the solution 
is continued into the reflector by numerically integrating Eq. (10-105). This can 
be done in such a way that both the fast flux and fast current are continuous at 
that boundary. The result of these computations is a first estimate of the fast flux 
which will be denoted by e". | 

In the next step, the function фу is inserted into Eqs. (10-104) and (10-106), 
and these equations are solved numerically, yielding an estimate of the thermal 
flux of. This, in turn, is inserted into Eqs. (10-103) and (10-105), giving another 
estimate of the fast flux ${2, and so on. 

As these computations are repeated, an interesting and important phenomenon 
is observed. It is found, usually after only a few iterations, that although the 
magnitudes of the various fluxes change with each iteration, the ratio of either the 
fast or slow fluxes in successive iterations, for example, GOFU GN, rapidly ap- 
proaches a constant, independent of position. In other words, the spatial dependence 
of successive flux iterates becomes identical. 

The origin of this behavior lies in the fact that each iteration in the calculation 
is actually equivalent to one cycle of the chain reaction. Thus the flux Ф{0), as- 
sumed at the beginning of the calculation, corresponds to a possible set of initial 
conditions in the reactor, that is, to the introduction of a specified distribution 
of thermal neutrons into the reactor at time £ = 0. These thermal neutrons give 
rise to a fast flux via Eq. (10-103), and so on. Eventually, however, as shown in 
Chapter 9, the flux in the reactor approaches the fundamental eigenfunction, re- 
gardless of the initial state of the system, owing to the fact that the higher harmonics 
die out. The remaining fundamental then increases or decreases with time or re- 
mains constant, depending upon whether the system is supercritical, subcritical, or 
critical. Hence, the point in the calculation where the ratio C, = GFT) фи) 
becomes independent of position corresponds to a time when the harmonics of 
the flux have died out in the reactor. Furthermore, the quantity С, is clearly a 
measure of the criticality of the system. If C, is greater than unity, for instance, 
the system is evidently supercritical; if С, is less than unity, the system is subcritical. 

For the sake of the discussion, suppose that after several iterations С, turns 
out to be greater than unity. Physically this means that the size and composition 
of the reactor assumed at the beginning of the calculation have led to a super- 
critical system. If the size of the core is specified in the problem, it is necessary 
to reduce the fuel concentration. On the other hand, if the composition is specified 
initially, then the assumed core radius is too large and must be reduced. In either 
case, the calculations are repeated with new parameters and a new value of С, 
is obtained. This procedure is continued and the resulting values of С, are plotted 
as a function of the reactor size or composition. The critical size or composition 
then corresponds to the point where C, = 1.* 


* The time-consuming process of plotting C, can be avoided by having the computer itself 
adjust the reactor size or composition after each iteration. The output of the calculation 
is then only the required conditions for criticality and a tabulation of the fluxes. 
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iterative two-group computation 
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example in Section 10-2. (Cour- 

tesy R. Poggi, Nuclear Technology | P 9 
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As a practical matter it is not necessary in computations of this kind to examine 
the spatial dependence of C,, since this parameter ultimately converges to the 
multiplication factor of the system at any point in the reactor. Frequently, in 
order to improve the convergence of the calculations the quantity 


~ Ју (т) dv 
soa) aV 


is computed rather than the ratio of flux iterates at a single point. 

The iterative technique can obviously be used for calculations of uniform as 
well as of nonuniform reactors. Figures 10-6 and 10-7 show the results of cal- 
culations of this type for the (uniform) U??5-water reactor which was discussed 
in the example in Section 10-2. In Fig. 10-6 computed values of C, are plotted 


Neutron flux 


Distance from center of reactor, cm 


Fig. 10-7. Successive flux iterates and final fluxes from an iterative two-group computa- 
tion of the reactor described in the example in Section 10-2. (Courtesy R. Poggi; Nuclear 
Technology Corporation.) 
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versus the core radius, and it is evident that the reactor is supercritical for 
R > 21.9 cm and subcritical for R < 21.9 cm. In other words, the critical radius 
is 21.9cm. The sequence of flux iterates (normalized to unit slow flux at 7 = 0) 
is shown in Fig. 10-7 for the critical reactor. As indicated in the figure, the initial 
slow flux was taken to be unity in the core and zero in the reflector. It should be 
particularly noted how quickly the flux approaches the fundamental. 


10-4 The Multigroup Method 


Calculations of reactor criticality can be greatly improved by the obvious device · 
of increasing the number of neutron groups. In this way, the slowing down of 
fast neutrons in thermal reactors can be treated in a far more realistic fashion 

than in two-group theory. With fast and intermediate reactors, on the other hand, 

since it is the faster neutrons that cause the bulk of the fissions, a more detailed 

understanding of the behavior of these neutrons is of central importance in pre- 

dicting criticality and other reactor properties. Multigroup calculations are there- 

fore essential for the proper design of these reactors. 


Multigroup constants. As the first step in a multigroup calculation, the 
entire range of neutron lethargy* in the reactor is divided into N groups, which 
may or may not be of equal size (cf. Fig. 10-8). The flux ¢,(r) of neutrons in the 
gth group is then defined by the integral 


oe) = f" Ф060) й, (40-108) u = ep ——— 


Ug—1 и, -—— Group 1 
where и; and u, ; аге the upper and lower uy = == 
lethargies of the group, respectively, and ф(г, и) 
is the lethargy-dependent flux at the point r. 
The diffusion of neutrons within each group Wo 


is described by an average diffusion coefficient 


defined as 
/ “о D(u)V g(r, и) du Ü Gro 
р, = C — — —-. (10-109) MES T 
f ° Y elr, и) du 
Ug-1 
If it is assumed again, as in Section 10-2, that ux — 
the flux can be written as a separable function Uy «— Group № 
of space and lethargy, Eq. (10-109) becomes rr ИВРЕНИНЕНЕЕНЕ 
1 “g Fig. 10-8. The lethargy groups for 
D, = тя Р(и)ф(и) du, (10-110) а multigroup calculation. 
g /Uug—1 


* In multigroup calculations it is somewhat more convenient to use the lethargy variable 
rather than energy. 
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where ф(и) is the lethargy-dependent part of ¢(r, и) and ф, is the constant 


$ = || “о p(w) du. (10-111) 
Ug—1 
To evaluate the integral in Eq. (10-110) it is necessary to assume an appro- 
priate form for ¢(u). For thermal reactors this is often chosen to be ¢(u) = 
constant/£(u)2,(u), which is the lethargy-dependent flux in an infinite medium 
containing uniformly distributed sources (cf. Eq. 6-42). In many cases E(u) and 
У (и) are essentially constant within each group and it is then possible to take 


Ф(и) = constant. (10-112) 


For simplicity this form for ф(и) will be assumed in the present discussion. If the 
constant in Eq. (10-112) is denoted by A, then from Eq. (10-111), ¢, = AU,, 
where U, is the width in lethargy of the gth group. From Eq. (10-110), D, is 
therefore 

Ug 


D, = i D(u) du. (10-113) 


9 ~ Ugal 
If D(u) is approximately constant over the lethargy interval U,, then D, is simply 
the value of D at any lethargy within the group. 

As in two-group theory, neutrons may disappear from a group either in an 
absorption interaction or as the result of elastic or inelastic scattering which 
increases their lethargy to that of another group. The true absorption within the 
gth group is described by the group absorption cross section Zag: 

Ug 


х= | хф) du. (10-114) 


Ё Фо и0—1 
If it is assumed again that ¢(u) is constant, Eq. (10-114) becomes 


Ug 
Lag = Es Zalu) du. (10-115) 

g ug—1 . 
Similarly, the average elastic scattering cross section for the gth group is 


defined as 


ug 
х= | хии) и, (10-116) 
Р Фо ug—i 
which becomes 
Ug 
5ga т х,(и) du. (10-117) 
[ДК РАИ 


Frequently, 2, is constant in the group and Z,, is then the actual macroscopic 
scattering cross section at any lethargy within the group. 

The transfer of neutrons by scattering from one group to another is described 
by the group transfer cross sections, which are denoted by Z(g — Л). These are 
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defined so that Z(g — /)ф,(г) is equal to the number of neutrons which аге 
transferred from the gth to the Ath group per cm?/sec at the point r. Transfer 
cross sections can be written as the sum of two parts: the elastic transfer cross 
section Z,(g — h) and the inelastic transfer cross section Z;(g — h). 

Consider first the evaluation of Z,(g — A). The value of these constants depends 
on both the nuclear properties of the materials in the reactor and the number of 
groups used in the calculation. In particular, if the maximum increase in lethargy 
of a neutron undergoing an elastic collision is Jess than the width of every group, 
neutrons from one group can be elastically scattered only into the adjacent group; 
i.e., they cannot skip groups. In this case, Z,(g — h) is zero unless Л = g + 1, 
and the groups are said to be directly coupled, at least as far as elastic scattering 
is concerned. As shown in Chapter 6, the minimum energy of a neutron after an 
elastic collision is o times its initial energy, and this is equivalent to an increase 
in lethargy of In (1/a). The condition for direct coupling by elastic scattering 
is therefore 

in (9 eu (10-118) 
for all groups. 

The constants Z,(g — g + 1) can be computed for the directly coupled situation 
in the following way. From Eq. (10-116) the total number of scattering colli- 
sions рег cm?/sec in the gth group is Уфу. If £j is the average lethargy increase in 
an elastic collision in the gth group (it must be remembered that, in general, £ is 
a function of energy; hence the subscript on £j, cf. Section 6-7), it follows that 
neutrons require U,/£, collisions оп the average in order to traverse that group. 
If there are фу collisions per cm?/sec in the gth group, there must be Lag¢y + 
U,/£, = EZ,40,/U, neutrons scattered out of the gth group per cm?/sec. Since 
these neutrons necessarily must enter the (g + 1)th group in the directly coupled 
case, Z,(g — g + 1) is given by 


(2—2 + 1) = End (10-119) 


The calculation of the transfer cross sections in the nondirectly coupled case'is 
straightforward in principle, but the results are more complicated than in the 
directly coupled situation. The simplest example of a calculation of this kind is 
that for a hydrogen moderator. A single collision with this nucleus can reduce the 
energy of a neutron to zero, so that neutrons can be scattered from any group to 
all groups at lower energy. Only the cross section Z,(g — g + 1) will be derived 
here; the other cross sections for hydrogen are discussed in the problems. 

Consider now the lethargy interval du’ in the (g + 1)th group. Since neutrons 
can be scattered into du’ as the result of collisions at any lethargy in the gth group, 
the number arriving per cm?/sec in du’ from this group is 


Ug 


number scattered into du’ = du’ | ®„(и)ф(и)Р(и — u’) ди, 


Ug-1 
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where Р(и — и”) is the probability distribution function for elastically scattered 
neutrons. The total number of neutrons transferred from the gth group to the 
(g + i)th group is therefore 


Ugtl 
number transferred = || >.(и)ф(и)Р(и — u’) ди аи. 
—u—i 


u’ —ug 


In view of the definition of Z,(g — g + 1), this number is equal to Z,(g — g + 1)d,, 
and it follows that 


Vgl 


Z.(g—g1)-2- | 2 (ијф(и)Р(и — и) du du’. (10-120) 
u’ =ч, UEU (у... | 
If ф(и) is again taken to be a constant and if, in addition, 2,(u) is reasonably 
constant in the lethargy interval defined by the gth group, then Eq. (10—120) can 
be written as 


Ug+ı 
> (г—=+1)= E: |» P(u — и’) du dw. (10-121) 
g u’ Ug YUU) 
For hydrogen (cf. Prob. 6-4) 
Р(и = ш) =e, (10-122) 


and there is finally obtained 


2(2—= + 1) 


2s Чо — p4g—l ЧӨ L o` "+ 
U, (e e Xe e ) 


= (1 е1 — е0), (10-123) 
g 


The group transfer cross sections for inelastic scattering can be computed in 
much the same manner as for elastic scattering except, of course, that the inelastic 
probability distribution function (cf. Eq. 6-123) must be used in the above integrals. 
Since neutrons can lose such a large fraction of their energy in an inelastic inter- 
action, the inelastic transfer cross sections frequently involve the coupling of 
several groups. 

It is also necessary to define an average fission cross section for each group, 
and for the gth group this is 


ug 
See x,(uyé(u) du 
bg Ug—1 
1 |" 
"E хи) du, (10-124) 
U, v Wg—1 


where ф(и) is taken to be constant. It will be recalled from Chapter 3 that the 
prompt fission neutrons are emitted with a continuous energy spectrum (cf. 
Eq. 3-14). It is convenient to introduce the quantity X, equal to the fraction of 


350 MULTIREGION REACTORS—THE GROUP DIFFUSION METHOD [СНАР. 10 


these neutrons appearing in the gth group. Specifically, this is given by 


Ug 
Xg = | x(u) du, (10–125) 
Ug—-1 
where Х(и) is the fission spectrum normalized to one emitted neutron. Finally, it is 
necessary to take into account the fact that the average number of neutrons emitted 
per fission depends upon the energy of the incident neutron. For fissions induced 
by neutrons of the gth group, the average value of v, denoted by vg, is 


u 


„= 2) оњ) аи 
9 ~ Ug-1 
E = lau: (10-126) 
9 ~ Upg-1 


Multigroup equations. With the various constants derived above, it is 
now possible to write diffusion equations describing the behavior of the neutrons 
within each group. In a region containing fuel, the equation for the first group, 
corresponding to the most energetic neutrons, is 


N N 
> 21 > $| éi(r) + X >, >һ®уһФМк) = 0. 
h=1 


ћ==2 


р,уфуи(г) — апфит) — | 
(10-127) 


The second term gives the loss of neutrons due to absorption and the third term 
gives the loss of neutrons as the result of scattering from the first group to all 
other groups. The last term is equal to the total number of fission neutrons appear- 
ing in the first group as the result of fissions occurring in all other groups. 
The diffusion equation for the gth group is evidently 
N 9—1 
Роу oot) — Хафт) — [уэ z(g 2 p(t) + 2) Zh — Boalt) 
h=1 


h>g 


N 
+ х, >, >һ®уһфМт) = 0. (10-128) 


h=1 


Here again the second term represents the true absorption in the gth group; the 
third term gives the number of neutrons scattered from the gth group to all higher- 
numbered (lower-energy) groups; the fourth term is equal to the number of neu- 
trons scattered into the gth group from all lower-numbered (higher-energy) 
groups; and the last term gives the number of fission neutrons produced in the gth 
group from fissions in all other groups. The group equations for regions that do 
not contain fuel are identical to Eq. (10-128) except that the last term does 
not appear. 
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Bare reactor calculations. Equation (10-128) represents a set of N- 
coupled partial differential equations; there is one such set for each region of the 
reactor. The numerical solution of these equations for a multiregion reactor must 
be carried out on an electronic computer. This problem will be considered later 
in this section. However, in one important case, namely the uniform bare reactor, 
the multigroup equations can be solved by hand in an hour or so using a desk 
calculator. 

To proceed with the calculations it is necessary to assume that the extrapolation 
distance at the surface of the reactor is independent of energy and hence is the 
same for all groups, The reader will recall that this assumption was also necessary 
in Chapter 9 in order to treat the bare reactor by Fermi age theory. If this assump- 
tion is valid, it is easily shown that all group fluxes have the same spatial dependence. 
It is then possible to write 


фит) = ФЕ), (10-129) 
where ф, is the magnitude of the gth flux, and F(r) satisfies the equation 
V?F(r) + B?F(r) = 0, (10-130) 


in which B? is the buckling of each flux. Upon substituting Eq. (10-129) into 
Eq. (10-128) and noting Eq. (10-130), there is obtained 


N g—1 N 
px |», + За + У 2g J Ф + >. 28 — g) Ф + х, >, vina = 0. 


h>g hel ћ==] 


(10-131) 


This is a set of N linear homogeneous equations in the N unknowns $1, фо, . .. „Фу. 
By Cramer’s rule such a homogeneous set can have no solution other than 
ф = фә = б = фу = 0 unless the determinant of the coefficients is zero. The 
critical size or composition of the reactor can therefore be determined by adjusting 
either the size or composition to give a zero value of the determinant, as was done 
in the two-group problem. 

As a practical matter, it is not easy to handle a determinant of large order, and 
if more than three or four groups are involved, it is convenient to use the following 
iterative technique. To be specific, suppose that the reactor under study is a sphere 
of known properties and that it is required to find its critical radius R. As a first 
step, a guess is made of the value of R based either on experience or on other 
computations, for instance, a one-group calculation. In view of Eq. (10-130) 
and the discussion in Section 9-3, the fluxes have the shape F(r) = (sin Br)/r. 
It follows that B? = (x/R)?, and the assumed value of R gives a first estimate 
for B?. 

Next, a value is assigned to the quantity #_, Уа лљф, in Eq. (10-131). It is 
usual to take this to be unity. The first group equation now contains only the 
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unknown flux фу and can be solved directly giving 


Xi 
"c —————— — става 10-132 
|o DB) + За + 22.220] — A) | ! 


The second group equation, which involves only фу and фз, is next solved for $5 
using the computed value of $,; this gives 


Хә + 2] — 2)¢1 
А х + ZOU 2*1 ____. 10-133 
fa DaB? + Zaz + Уз 2(2 — h) i 


In the same manner, all the N fluxes can be determined. 

Once the fluxes have been found, they are used to compute the quantity 
У) иһХуһфь, Which was initially assumed to be unity. If its computed value is 
indeed unity, the problem has been solved, and the original guess for the critical 
radius is correct. If, however, У. Р„®уһфь is not unity, another value must be tried 
for B? and the computations repeated. This process is continued until a consistent 
set of fluxes is obtained. The convergence of the technique can be improved by 
plotting the computed values of $ >„®уһфһ versus B?. In the usual case, however, 
only two or three iterations are necessary. 


Multiregion reactors. If the reactor consists of more than one region, 
Eq. (10-128) and its counterparts for other regions must be solved numerically. 
These computations usually consist of an enlarged version of the iterative scheme 
discussed in Section 10-3 in connection with solving the two-group equations. As 
a first step, the dimensions of the reactor are assumed if the composition is given, 
or, conversely, the critical composition is assumed when the dimensions are given. 
As in the earlier discussion, this initial specification of the reactor will not corre- 
spond to a critical system. 

Arbitrary values of the fluxes, denoted by ф (r), are next selected and inserted 
into the fission term of Eq. (10-128) for the first group. As noted in the preceding 
discussion, this equation contains no transfer coupling terms from other groups 
and can be written in the form* 


N N 
Руу?фу — Zait: — p z(l- i| фу —Xi 2: Varro. (10-134) 


h=2 h=1 


Equation (10-134) is an inhomogeneous equation which can easily be solved on 
a computer using standard numerical techniques. Furthermore, this solution can 
be continued across boundaries in the reactor in such a way that continuity of flux 
and current is assured. This calculation yields a first estimate of #1, denoted by d. 

Attention is next turned to the equation for the second group which contains 


transfer terms from only the first group. The assumed fluxes $0) are again used in 


* From here on, the spatial dependence of the fluxes will be omitted. It is to be under- 
stood that $1 = ф1(т), etc. 
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this equation except that Ф” may be introduced for the first-group flux. The 
solution to this equation gives an estimate ф for фә. This procedure is continued 
until estimates have been found for all the fluxes. These are now used instead of 
the original ¢ in the fission term of the first-group equation and the calculations 
are repeated. This leads to new estimates of the fluxes Ф, and so on. 

Again, as in the two-group calculations discussed earlier, it is found that the 
ratio of successive iterates of any of the group fluxes soon approaches a constant. 
In other words, with increasing values of n, the ratio etn /4? takes on a con- 
stant value, independent of position and independent of g. Denoting this constant 
by C, and using the same argument given in Section 10-3, it follows that if C > 1, 
the dimensions or composition assumed at the start of the computation lead to a 
supercritical reactor, whereas if C « 1, the assumed system is subcritical. Either 
the size or composition is now altered and the entire computation is repeated, 
giving a new value of C. This process is continued until a size or composition is 
obtained for which C = 1. 


Multigroup calculations in practice. The accuracy of multigroup 
calculations naturally increases as the number of groups is increased, and computa- 
tions involving as many as 50 groups have been carried out routinely. However, 
such elaborate computations tend to be costly in computer time. In the initial 
stages of the design of a reactor, therefore, the computations are usually carried 
out with only a few groups. These are sufficient for providing information regard- 
ing the general properties of the system. More elegant multigroup calculations 
are performed in the later stages in the design where greater detail is required. 

Multigroup calculations involving many groups are also frequently performed 
for the sole purpose of providing values of the group constants for a few-group 
calculation. A 50-group computation, for example, gives a good estimate of the 
lethargy-dependent flux in a reactor, and few-group constants can be computed 
by averaging the relevant cross sections over this computed neutron spectrum. - 
This makes it possible to carry out reasonably accurate parametric studies of a 
reactor using only a few groups at a considerable saving in computation time. In 
this connection, it may be mentioned that multigroup techniques can also be 
applied to thermal neutrons to provide thermal group constants. Thus the thermal 
neutrons are divided into a number of groups, group constants are defined, and 
multigroup equations are obtained of the same form as Eq. (10-128). However, 
in these calculations, the group transfer cross sections must be computed using an 
appropriate scattering kernel of the type discussed in Section 8-1. 

Finally, it should be mentioned that although the multigroup equations derived 
in this section are based on diffusion theory, it is possible also to write multigroup 
equations in terms of transport theory. Needless to say, the resulting equations 
are more complicated than the ones discussed above, and they require considerably 
longer computation times. Nevertheless, the demand for increased precision in 
the design of reactors has led to the development of a number of transport- 
multigroup computer programs in recent years. 
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10-5 Reflector Savings 


The concept of reflector savings is an important aid in many reactor calculations. 
This is defined as the decrease in the critical core dimensions of a reactor when 
the core is surrounded by a reflector. If, for instance, the critical radius of a bare 
spherical reactor is Ro without a reflector and R with a reflector, the reflector 
savings is defined as 

5 = Ro — R. (10-135) 


The reflector savings can be determined by calculating the critical sizes of bare 
and reflected reactors of the same composition and then subtracting. Conversely, 
when 6 is known, the critical dimensions of a reflected reactor of specified composi- 
tion can be found by solving the bare reactor problem. The actual size of the 
reflected system is then the bare dimensions minus б. The usefulness of the re- 
flector savings lies in the fact that, as shown below, 6 is not a sensitive function of 
the properties of the reactor core. Values of ё computed for опе core composition 
can therefore be used for reactors with other, but similar, compositions. 

Obviously, the most accurate value of 6 is obtained when the calculations of the 
critical dimensions of the bare and reflected reactors are as accurate as possible. 
For this reason, reflector savings are often computed by the multigroup method. 
A qualitative understanding of reflector savings can be obtained, however, from 
simple one-group theory. Consider, for example, the slab thermal reactor discussed 
in Section 10-1. The critical thickness a of the reflected core is determined by the 
critical equation 


Ва _ De Р, (10-136) 


D сВ, їап 2 Lr. Lr. 


where b is the extrapolated thickness of the reflector. The critical thickness of the 
bare slab, on the other hand, is simply ао = т/В,. 
The reflector savings for the slab reactor is defined as 


5 = Жао — а). (10-137) 


The factor 4 appears in Eq. (10-137) due to the fact that there are two core-reflector 
interfaces. Solving Eq. (10-137) for a and substituting this into Eq. (10-136) 
results in 


D.B. tan В, (= — ) = Б, coth у= . (10-138) 


Since В,а0/2 = т/2, Eq. (10-138) becomes 


6 (10-139) 


D.B. cot В, = Lr, = 


Finally, inverting Eq. (10-139) gives the following formula for 8: 


5 = + tan"! (En tanh à) i (10-140) 
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Except for small reactors, В, is much less than unity, and in Eq. (10-139), 
cot B,ó ~ 1/B,6. The reflector savings is then independent of the buckling in the 
core and is given by 


335 De Lp, tanh 2. (10-141) 


D Lrr 


There are two limiting situations that can now be considered. First, if the 
reflector is very thin, that is, b << Lr, (a most uncommon situation), then 
tanh (b/Lr,) = b/Lr, and Eq. (10-141) becomes 


=) 


by (10-142) 


The reflector savings in this case is seen to be proportional to the thickness of 
the reflector. Оп the other hand, with a thick reflector, b >> Lr,, so that 
tanh (b/Lr,) = 1 and Eq. (10-141) reduces to the useful formula 


"e = TA (10-143) 


As a practical matter, the function tanh (b/Z7,) rises to its maximum value of 
unity very quickly with b/Lr. (e.g., tanh 1.5 = 0.90), and Eq. (10-143) is there- 
fore valid provided the reflector is only one or two diffusion lengths in thickness. 
The reflector is then effectively infinite and there is little advantage in using a 
reflector which is any thicker. Since the diffusion length varies inversely with the 
absorption cross section, it also follows from Eq. (10-143) that the reflector savings 
increases with decreasing absorption cross section of the reflector. The critical 
dimensions of the core thus tend to be smaller when the material used for the 
reflector has a low absorption cross section. However, the thickness of material 
required for the reflector to be considered “infinite” is necessarily larger. 

Similar one-group calculations of 6 can be carried out for reactors with other 
geometries. In all cases, the formulas for 6 reduce to Eqs. (10-141) through 
(10-143) provided the reactor cores are not too small. It may also be mentioned 
that the conclusions reached in this section which are based on one-group theory 
have somewhat wider applicability than might be expected. Thus more elegant 
multigroup calculations have been found to give approximately the same values of 
reflected savings, at least for thermal reactors. 


10-6 "Totally Reflected Reactors 


Virtually all reactors are built with reflectors on all sides. Unfortunately, as 
mentioned in Section 10-2, the group diffusion equations cannot be solved analyt- 
ically for two of the most important reactors of this type, namely, the totally 
reflected parallelepiped and finite cylinder. Fundamentally, this is due to the fact 
that separable solutions to the diffusion equation cannot be found which satisfy 
the boundary conditions at the core-reflector interfaces. This is true regardless 
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of the number of groups in the calculation. Satisfactory estimates of the critical 
composition or dimensions of these reactors can be obtained, however, from the 
following iterative scheme. 

Consider, for example, the problem of finding, by one-group theory, the critical 
composition of a thermal reactor whose core is a cylinder of height H and radius R, 
which is surrounded on all sides by a reflector of thickness b. The critical equation 
in one-group theory is (cf. Eq. 10-5) 


mu c 
1+ ВУД, C 
where В, is the buckling of the flux in the core. Since the dimensions of the reactor 
are given, the first problem is to find the value of B, for the reactor. When this 
has been found, the critical composition of the system can be determined from 
the critical equation as was done in Section 9-6 (Case 1). 

To start the calculation, a guess is made of the axial reflector savings à; arising 
from the reflectors on the ends of the reactor. The formula 
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с 
L 
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(cf. Eq. 10-143) is usually adequate for such a first guess. The actual reactor is 
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Fig. 10-9. Computation scheme for fully reflected cylindrical reactor. 
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now replaced by another reactor of the same radius but one which is bare on the 
ends and has a height H‘ = H + 26,. This procedure is shown schematically 
in Fig. 10-9 (a and b). 

The buckling of the new, partially reflected reactor can now be determined 
analytically by the procedure discussed in Section 10-2. Thus the diffusion equa- 
tions for the core and reflector are, respectively, 


1 ð dre | Әфте у ба, _ 

a held:  Бефтен 0 (10-144) 
and 

1 ô dor, , дфт 1 _ З 

M EE n фт, = 0. (10-145) 


Using the method of separation of variables in the usual way, it is easy to show 
that the thermal fluxes in the core and reflector are 


érc(r, 2) = AJo(ar) cos (5) , (10-146) 


фт, 2) = Словак + Ьу] — IBIR + b))Ko(Br)) cos (#3): (10-147) 


where 
2 
o? = B? — (zs) (10-148) 
1 2 
8? = ЕСЕ zm (zs) (10-149) 
Tr 


The equation giving the buckling for this reactor is obtained from the usual 
boundary conditions at the core-reflector interface at r — R. These conditions 
give the equation 


_ р OR) _ р hORKGG + Б) + IER + DIKER) 
Dea ак) 7 DP TBR)KSBGR + B] — IAR + OKER) (10-190 


In Eq. (10-150) all parameters are known except o, and this is found by solving 
the equation numerically. With o known, an estimate of B,, denoted as BY, 
is obtained from Eq. (10-148). The radius of the equivalent totally bare cylindrical 
reactor is next determined by noting that for such a reactor, the buckling, height, 
and radius are related by (cf. Section 9-3) 


2 _ (2.405 , (ту, 
В: = e + (2) (10–151) 


where in the present case B® is used for В, and H9 is used for H. This estimate 
of the radius of the bare reactor will be called R‘”. 
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The original reactor is now replaced by another reactor that is bare on the sides, 
having the radius RC, but which is reflected on the ends, as shown in Fig. 10-9(c). 
The buckling of this system can also be found analytically. The core and reflector 
equations are again given by Eqs. (10-144) and (10-145) and the fluxes are found 
to be 


фта(т,2) = 4% (2405) cos 72, (10-152) 
ér.(r, 2) = Co (2) sinh f é +b- н). (10-153) 
where 
2.405%2 
y? = В? — (205) | (10-154) 
1 2.405V? 
De 1 T (202) . (10-155) 


Satisfying boundary conditions at the interface at z = H/2 gives the equation 
D.Y tan e = D,t coth [b. (10-156) 


Equation (10-156) is next solved for *, and this value, together with Eq. (10-154), 
gives a new estimate B® for the buckling. Then from Eq. (10-151), a new value 
of the equivalent bare height Н“? of the system is obtained, and the calculations 
are repeated, starting with Н“? instead of H (0. These computations are continued 
until the value of the buckling no longer changes on successive iterations. Once 
B, is known, the critical composition of the core can be found by solving the critical 
equation as discussed earlier.* 

Iterative calculations of this type can be carried out with any number of groups. 
They tend to be rather time consuming, however, particularly when they involve 
more than a few groups. For this reason, multigroup calculations are often per- 
formed for the equivalent spherical reactor, that is, the spherical reactor having 
the same core volume. Most reactor cores are cylindrical, and most of these are 
square cylinders, i.e., Н = 2R, and the critical compositions of the equivalent 
spherical reactor and the actual reactor are very nearly the same. Incidentally, 
before lengthy iterative calculations of a totally reflected cylinder or parallelepiped 
are begun, it is wise to make calculations of the equivalent spherical reactor first. 
It is then possible to proceed with a good idea of what the result of the calculations 
should be. 


* It may be mentioned that it has not been established whether this iterative technique 
converges to the correct answer or not. 
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10-7 Experimental Determination of Critical Reactor 
Parameters 


The computational methods described in this chapter are capable of providing 
good estimates of the critical composition or dimensions of a reactor, as well as 
the neutron flux. Nevertheless, before a reactor is constructed it is the usual 
practice to measure these and other reactor characteristics experimentally, unless 
the reactor under consideration is only slightly different from an existing reactor 
whose characteristics are well known. While the details of such measurements lie 
outside of the scope of this book, two of the more important experimental tech- 
niques will now be considered briefly. 


Critical experiments. It has been pointed out repeatedly in this and the 
previous chapter that the critical mass and the shape of the fluxes are independent 
of the operating power of a reactor.* For this reason it is possible to determine 
these important reactor characteristics in an assembly which duplicates the essential 
properties of the actual reactor (including structural material, coolant channels, 
control rods, etc.), but which operates at essentially zero power. A device of this 
kind is known as a critical assembly, and measurements made with such an 
assembly are called critical experiments. Since this assembly is not operated at 
significant power levels, elaborate heavy cooling equipment and large amounts of 
shielding around the reactor are not required. These are costly items in the con- 
struction of a power reactor; thus a critical assembly is a far less expensive device. 

As an example of the use of a critical assembly, let it be supposed that the reactor 
being designed is to be moderated and reflected by normal-density water and 
fueled with rods of enriched uranium. In this case, the assembly is constructed in 
a tank large enough to accommodate both the core and the reflector. To hold the 
fuel rods in position, two or more grid plates, properly drilled with holes and 
aligned to provide the desired array of rods, are inserted into the tank. A small 
neutron source, one or more control rods, and a number of neutron detectors are 
also placed in the tank. 

Up to this point, there is neither fuel nor water in the tank. A number of fuel 
rods are now inserted in the grid, water is admitted to the tank, and the control rods 
are slowly withdrawn. Since the system is presumably subcritical, the flux eventu- 
ally becomes of the form (cf. Eq. 9-35) 

Kn 


ér(r) = constant X >, Ix 0. (10-157) 


* This is strictly true, of course, provided the properties of the reactor do not change 
substantially with power, due to accompanying changes in the temperature of the system. 
If the properties of the reactor are much different at the design power than at room 
temperature, the measurements discussed in this section should be performed at the 
appropriate elevated temperature, if possible. If this is not possible the data must be 
extrapolated to the operating temperature. 
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after the transients have died out. Although this formula was derived in Chapter 9 
for a bare reactor and is based on age theory, an equation of the same type can be 
shown to be valid for more general systems. It will be recalled that the parameter 
Ку = kis the multiplication factor of the assembly. From Eq. (10-157) it follows, 
therefore, that as the assembly approaches the critical state, that is, as k > 1, 
the first term in the equation dominates the series, and the flux increases without 
limit. 

With the first group of fuel rods in place, the flux is measured at one or more 
points in the system. The control rods are then reinserted, whereupon the flux 
falls rapidly to zero. More fuel rods are now inserted, the control rods are again 
withdrawn, and the flux is remeasured. In view of Eq. (10-157), the flux is now 
somewhat higher than in the first measurement, since the addition of fuel increases 
the multiplication factor of the system. This procedure is continued and at each 
step the reciprocal of the measured flux is plotted as a function of the number of 
fuel rods in the tank, as shown in Fig. 10-10. The number of rods which make the 
system critical is then found by extrapolating the curve, as indicated in the figure. 


Assembly 
critical 
ч. һеге 


Number of fuel rods or 
size of assembly 


Fig. 10-10. The determination of critical size in a critical experiment. 


Once the critical or near-critical state has been reached, the flux in the assembly 
will have the same shape as in the critical reactor and is measured throughout the 
system. Besides being used to determine the conditions for criticality and the flux 
distribution, critical experiments can also be used to measure a number of other 
important reactor properties such as control-rod effectiveness, conversion co- 
efficients, and so on. 


Pulsed-neutron measurements. In Section 9-2 it was shown that a 
flux is produced if a source is placed in a quiescent subcritical reactor, and when 
the source is removed, the flux decreases to zero, ultimately, in the fundamental 
mode. It is easy to show that the same situation can be obtained when a burst of 
neutrons is introduced into such an assembly. Thus from Eq. (9-38) the flux rises 
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and then ultimately decays as 
ér(t, t) > e'6,(r). (10-158) 


Here $, is the fundamental eigenfunction of the reactor, and the decay constant ^ 
is given by 


i= B: (10-159) 
where k is the multiplication factor 
ket t 
pa БЕ 
1 + BU 
and 
n= £ 
1 =— Иви. 
1+ BU; 


in which 1; is the mean diffusion time (cf. Eq. 8-82). By inserting the above 
formulas into Eq. (10-159), X can be written as 


_ 1+ BIR ke 


À 5 


(10-160) 
Equation (10-160) is a generalization of Eq. (8-132) which was derived for non- 
fueled assemblies. In particular, it will be noted that when К„ = 0, the decay 
constants in the two cases become identical. 

The above theoretical results form the basis of measurements of reactor prop- 
erties using pulsed-neutron techniques similar to those discussed in Section 8-9. 
Thus a pulse of neutrons is introduced into a subcritical assembly having the same 
composition as the reactor under consideration, and the thermal flux is measured 
as a function of time at one or more points. These measurements give one value 
of ^. The size of the assembly is now increased, the experiments are repeated, and 
a new value of Х is obtained. In this way, ^ is determined as a function of the size 
of the assembly and it is then plotted as a function of B?. The resulting curve is 
illustrated in Fig. 10-11. 

For large values of B?, that is, when the assembly is small, the term k» 
exp (— В?тт)1п Eq. (10-160) vanishes, and ^ is linear in B? as shown in the figure. 
This is the same behavior which was encountered in Section 8-9 for nonfueled 
assemblies. The intercepts of the extrapolated, linear portion of the curve with 
the \- and B?-axes therefore determine t; and L7. In the present case, of course, 
these parameters refer to the fuel-moderator mixture (and whatever else is in the 
assembly) and not to the moderator alone. 

As the assembly is made larger, B? decreases, the term ke exp( — В?тт) ceases 
to be negligible, and à departs from its original linear behavior. Since according 
to Eq. (10-159), А = 0 when К = 1, it follows that the assembly is critical when 
it is sufficiently large that А = 0. Thus by plotting \ versus В? and extrapolating 
the curve to zero, it is possible to determine the critical size of the reactor using 
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В? 


4 
/ | Fig. 10-11. The decay constant of the 
thermal flux in a fueled assembly as the 
function of the buckling. 


this technique. Furthermore, with many assemblies the factor exp(— В?тт) in 
Eq. (10-60) approaches a value near unity as the assembly approaches its critical 
size, owing to the fact that there is little leakage of fast neutrons from the critical 
system. In this case, \ varies as 


_1— ke + ELS 


(10–161) 
ta 


A 


which is again linear in B?. This explains the linear portion of the curve in Fig. 
10-11 at small values of B®. The intersection of this line with the -axis occurs at 
№ = —(k, — 1)/tg, so that by extrapolating this line as shown in the figure it is. 
possible to determine (ke — 1)/:. Since tq is already known from measurements 
with the smaller assemblies, this means that the value of К, is also determined. 
Again, as in the case of measurements of nonmultiplying media discussed in 

Chapter 8, it is clear that more data about the system can be obtained by the 
pulsed-neutron technique than in static experiments on the same assembly. In 
particular, besides the critical dimensions of the reactor and the shape of the flux, 
it is also possible to determine the infinite multiplication factor, the thermal 
diffusion area, and the thermal diffusion time. 
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Problems 


10-1. (a) Using one-group theory, compute the critical composition of an infinite slab 
reactor of core thickness 50 cm, which is fueled with a homogeneous mixture of 0235 
and H20 and has an infinite H20 reflector. (b) If the reactor operates at an average power 
density of 25 watts/cm? and at an average temperature of 60°C, determine the thermal 
flux as a function of position in the reactor. 

10-2. Using the one-group model, find the critical condition for the following thermal 
reactors. In each case, also find an expression for the flux throughout the reactor in terms 
of the reactor power. 

(a) Infinite cylinder, reflector thickness 5. 

(b) Infinite cylinder, infinitely thick reflector. 

(c) Sphere, reflector thickness 5. 

(d) Sphere, infinitely thick reflector. 

10-3. Consider a spherical thermal reactor with an infinite reflector. The core is a 
homogeneous mixture of U?35 and beryllium, and the reflector is also beryllium. Using 
one-group theory, compute and plot the critical 22535 concentration (М25/Мв,) and the 
critical mass as a function of the core radius. What is the minimum critical mass? Com- 
pare with Fig. 9-7. 

10-4. Using one-group theory, derive the critical equation for an infinite slab reactor 
consisting of three regions: 


Region 1 (core) |x| < а, Кы > 1; 
Region 2 (blanket) a< |x| «5 0< ke <1, 
Region 3 (reflector) b < |х|, Кы = 0. 
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10-5. The core of a spherical thermal reactor is 75 cm in radius and contains а uniform 
mixture of uranium, enriched to 2.5% U?35, and 0.745 density H2O. The reactor has 
an infinite H20 reflector. Operating at a power of 100 MW(th) the average temperature 
of the core material is 550°C. (a) Using modified one-group theory, determine the critical 
fuel concentration and the critical mass. (b) Determine the thermal flux in the core. 
(c) At what rate is Ри239 produced in the reactor? 

10-6. Using microscopic cross section data and experimental values of rr, compute the 
fast-group constants D; and 21 for the following moderators. 


(а) H20 (b) D20 (с) Ве (d) Graphite 


10-7. An isotropic point source emits S fast neutrons/sec in an infinite moderator. 
(a) Show that according to two-group theory the thermal flux (фә) is given by 


2 
SLT (6 "T - eg"! m, 


фи = — > 2 
4rrDə(Lr — тт) 


(b) Show that in the limit as rr — 0, this formula reduces to Eq. (5-64). (c) What is 
%2(0)2 (d) Compute and plot фг(г) for the case given in Problem 8-21(c) and compare 
with the results of that problem. 
10-8. Verify that there are only two independent solutions to Eqs. (10-35) and (10-36). 
10-9. An infinite planar source emitting S fast neutrons/cm?-sec is placed at the center 
of a bare slab subcritical assembly of thickness a. (a) Show that the two-group fluxes in 
the assembly are given by 

2 р5 kn 


= —L— ————— cos Вах, 
$i а2 око ч =. kn)Sin 
_ 2р5 Kn 
Өз rale 22i e Ee 


where B, = n/a, 
Ко 


Kn = ——————————— $ 
( + ВА + Barr) 
and 51, is the coupling coefficient for the nth mode (cf. Eq. 10-49): 


S. = p2i/Ze 
ЕИ 
1 + B,Lr 


(b) Compare фә computed in part (а) with the expression for фт given by Eq. (9-35) 
and interpret the similarity physically. [Note: Unfortunately, for reasons discussed in 
Chapter 15, the important problem of the reflected subcritical reactor cannot be handled 
by ordinary methods (cf. Prob. 15-22).] | 
10-10. Using the results of Problems 10-9 and 9-21, write down directly the two-group 
expression for the thermal fiux in a bare cylindrical subcritical reactor containing a point 
source of fast neutrons at its center. 

10-11. Verify the formulas for the two-group critical determinant (Eq. 10-73) and for 
the flux constants [Eqs. (10-77) through (10-80)]. 
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10-12. Consider a critical bare spherical thermal reactor of radius R consisting of a 
homogeneous mixture of fuel and moderator. (a) Using two-group theory, derive expres- 
sions for the fast and slow fluxes. (b) Show that the slowing-down density is proportional 
to the thermal flux everywhere in the reactor. [This is another instance of the result 
given in Eq. (9-46).] (c) Derive formulas for the fast and slow nonleakage probabilities. 
(d) Show that the critical equation for the reactor is 


Ко 

nora ep mM 

(1 + ВІТ) + Brr) 
where B? = (m/R)?. 
10-13. Consider an infinite slab reactor of core thickness a, surrounded on both sides 
by infinite reflectors. The diffusion coefficients of core and reflector are identical. (a) 
Show that if ^ >> p, as is usually the case, the right-hand side of Eq. (10-73) is linear in 
pa. (b) Find the slope of this line and the value of RHS when ua = 0. (c) Repeat the 
calculation for a spherical reactor of core radius R, also having an infinite reflector. 


10-14. Show that according to two-group theory, the fluxes in a bare cylindrical reactor 
of radius R and height H are given by 


2.405r TZ 
фу = an( R ) cos (22). 


фә = 


| 
~ 
an 
&` 
ч 
~ 
>| 
T 
ЛЕШ 
e 
o 
[72] 
ATAN 
ma 
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where 5 is the first coupling coefficient. 

10-15. A spherical reactor consists of a central core of radius a, containing a homogeneous 
mixture of a fissile isotope and moderator with an infinite multiplication constant 
Кос > 1, surrounded by a blanket of radius 5, containing a mixture of natural uranium 
and moderator with an infinite multiplication constant ko, < 1. Calculate the elements 
of the two-group critical determinant and expressions for the fluxes throughout the 
reactor. 

10-16. (a) Using two-group theory, find the critical core radius and critical mass of a 
spherical reactor fueled with U?35 and moderated and reflected with ordinary water if 
the fuel to moderator ratio is N25/Nw = 1/300. (b) Compute and plot the fast and 
thermal fluxes throughout the reactor. Take the reflector to be infinite. 

10-17. The core of an infinite thermal slab reactor 100 cm thick consists of a homo- 
geneous mixture of U??3 and D20. The reflector is graphite and it may be taken to be 
infinite in thickness. (a) Using two-group theory, find the critical concentration of the 
fuel in gm/liter. (b) Find expressions for the fast and slow fluxes normalized to unit 
power/cm? of the core. 

10-18. Which of the four common moderators, H20, D20, Be, or graphite, should 
be used if it is desired to obtain the highest fast flux per unit power output of a thermal 
reactor? The reactor is to be fueled with a homogeneous mixture of this moderator and 
a fissile isotope. For simplicity, assume that the reactor is bare. 

10-19. The core of a spherical reactor contains U?35-zirconium fuel elements with an 
atom ratio №,/ №5 = 200. Water of 0.80 density is both coolant and moderator in 
the core, and the metal-water volume ratio is 0.5. The reflector is unit density water and 
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may be considered infinite. The reactor operates at a power of 90 MW(th) at an average 
temperature of 550°C. (a) Using two-group theory, find the critical radius of the core 
and the critical mass. (b) Compute and plot the fluxes in the system. (c) What is the 
maximum to average thermal flux ? 

10-20. Using two-group theory, compute and plot as a function of the core radius the 
critical U235 concentration and critical mass of the reactor described in Problem 10-3. 
Compare with Fig. 9-7. What is the minimum critical mass? 

10-21. (a) Using two-group theory, determine the critical dimensions and critical mass 
of the reactor described in Problem 9-20, if the core tank is surrounded by an infinite 
beryllium reflector. For simplicity, make this calculation for the equivalent spherical 
reactor. (b) If the reactor operates at a power of 40 MW (th), compute the maximum and 
average thermal flux in the core. 

10-22. Consider a reactor having a cubical core of side a which is reflected on two opposite 
sides by infinite reflectors. With the center of coordinates at the center of the reactor, 
show that the two-group fluxes are given by the following expressions: 


(A cos aix + C cosh ох) cos (2) cos (2) А 


TZ 


фәс (451 cos a1x + CS2 cosh ax) cos (2) cos (2) , 


T. TZ 
dir = Fe PU"! cos (2) cos (2) , 


$2; = (FSse 9^! + Ge P2!*!) cos (2) COS (2) , 


а | 


Pic 


where 


2 
оё -xX (E) 
a 
TM 
В? = 4 + (5). i= 1,2. 


10-23. It is sometimes advantageous to have the thermal flux in a thermal reactor flat, 
i.e., constant in the fueled regions of the reactor. One way in which this can be done is 
by nonuniformly loading the fuel in an otherwise uniform reactor core. (a) Using the 
two-group model, show that the fuel distribution for flat thermal flux in a slab reactor 
of thickness а with an infinite reflector is given by 


Darkar(kir + ко) COS Yx Eome 
YT Kır sin (Ya/2) nr— 1 


Ler(x) = 


where Ser and Хәл, аге the macroscopic absorption cross sections of the fuel and 
moderator (in the core) respectively, 


y? ~ лт —1, 
Te 
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and the other symbols have their usual meanings. (b) Show that the critical thickness of 
the core is 


2 —1 | DicY NTT X2 cir Y | 
a = —cot — ——————————— |: 
Y Dirkir (nr — 1)Derker(kir + kar) 


(c) Using the formulas as derived in (a) and (b) plot the fuel distribution, the fast and 
slow fluxes, and the power density for a slab reactor having a graphite core and graphite 
reflector and fueled with 17235, (d) Compare the critical mass in (c) with that of a uniform 
slab reactor of the same thickness. [It can be shown that the reactor with flat thermal 
flux always has a smaller critical mass than the uniform reactor. This is known as 
Goertzel’s theorem; G. Goertzel, J. Nuclear Energy 2, 193 (1956).] 

10-24. Choose appropriately-sized groups and estimate the three-group elastic transfer 
cross sections for the following moderators. (These group constants are to be used for 
computations of a thermal reactor.) | 


(a) Graphite (b) Be (c) BeO (d) D20 


10-25. Show that if all groups are of the same width, U, in lethargy, the group transfer 
cross sections for hydrogen are given by 

АХ, . „у 

Silent I ‘ieee sinh? em P 


Z.(g =» h) = U 2 


10–26. Consider а nondirectly coupled multigroup calculation in which all groups аге 
of the same lethargy width, U, and in which neutrons can skip one (and only one) group. 
(a) Show that if the scattering is isotropic in the center-of-mass system the elastic transfer 
cross sections are given by 


Bg e+ = ы] 2 (1 -aU- 65 - g. 


U|1-a 
Zg — в + 2) = Х| 1! U = 
al, G +aU о +), 


Z(g>gth)=0, hk>2. 


(b) Compute Z,(g — 2), the cross section for a neutron interacting in and remaining 
within the gth group. (c) Compute and interpret the sum Z,(g — 2) + Z,(g > g + 1) + 
Z,(g  g + 2). 

10-27. (a) Using the group constants given in Table 10—5,* compute the critical radius 
and critical mass of a bare sphere of Ри239. (b) Make a histogram plot of the energy- 
dependent flux in the reactor. (c) Would you classify this as a fast, intermediate, or 
thermalreactor? [Hint: By anappropriate change of variables in the multigroup equations, 
it will be seen that it is not necessary to convert to macroscopic cross sections until the 
end of the computation.] 


10-28. A hypothetical fast reactor consists of a bare square-cylindrical tank, containing 
liquid sodium coolant and a uniform array of uranium fuel elements. The uranium is 
enriched to 25.6% in U?35, and the uranium-sodium volume ratio is 0.6. At the design 


* See next page. 
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Table 10-5 
Multigroup Constants for Pu??? (Microscopic Cross Sections in Barns)* 


0.20 | 0.27 


— | 0.18 


* From ANL-5800, First Edition, p. 420. 


Table 10-6 
Three-Group Constants (Microscopic Cross Sections in Barns)* 


U?35 


c(g > g + 2) 
0.575 1.29 | 0.08 | 4.5 | 0.50 


0.326 | 2.53 | 1.27 | 0.13 | 5.7 А — 
0.099 | 2.47 | 1.77 | 0.49 | 10.0 — 


or | o(g > eg + 1) | ог >g + 2) 


2.6 | 0.524 | 0.036 | 4.6 ; 0.64 
2.47 | 0.01 | 0.13 | 5.8 : = 
= — | 0.26 | 9.6 = 


Ма 
о(г — в + 1) | с(2г ә ғ + 2) 


0.06 


* From ANL-5800, Second Edition, p. 581. 


PROBLEMS 369 


power level of 300 MW(th) the average temperature of the sodium is 750°F and its density 
is 53 lb/ft? (0.85 gm/cm?). (a) Using the data in Table 10-6, compute the critical size 
and critical mass (U235) of the reactor. (b) Compute the three-group fluxes in the reactor. 
(c) What fraction of the power is due to fissions in 0238? (Assume that the recoverable 
energies/fission of 0235 and U?38 are both 200 MeV.) (d) At what rates аге 0235 
апа 0238 consumed? (e) What is the conversion ratio at startup of the reactor? (f) At 
what rate is Pu?3? produced in the entire reactor at startup? (g) Compute the saturation 
activity of the sodium [T1;2(Na?4) = 15hr] in curies/cm?. [Note: This reactor is 
similar to the core of the Fermi Fast Breeder Reactor (cf. Section 4—4).] 

10-29. The core of a spherical thermal reactor is 40 cm in radius and contains a uniform 
mixture of U?33 and H2O. Surrounding the core is an infinite H2O reflector. The system 
operates at a power of 25 MW (th) at 150°C. The reflector savings for the reactor is known 
to be 3.0 cm. (a) Using two-group theory, find the critical mass of U?35, (b) Estimate 
the maximum fast and thermal fluxes. 

10-30. Using one-group theory find an expression for the reflector savings of a reflected 
spherical reactor, and show that in the limit of infinite reflector thickness, ó goes to the 
planar value, provided the radius of the core is sufficiently large. 


10-31. Show that if the reflector savings is small compared with the dimensions of the 
reactor core, 6 is given approximately by the general formula 
D.L, ф,(а/1„) | 

D, o(a; L,) 


where ¢, is the flux in the reflector, a is the reactor radius, or half-thickness in the case 
of the slab reactor, and the other symbols have their usual meanings. 

10-32. Using one-group theory, find the critical mass of a square cylindrical reactor 
100 cm high containing a uniform mixture of beryllium and Џ235 which is surrounded 
on all sides by an infinite beryllium reflector. Compare your answer with the critical 
mass of a reflected spherical reactor of the same core volume. | 
10-33. Discuss the application of the pulsed-neutron technique to measurements of the 
properties of a subcritical assembly having К„ < 1. In particular, what does the curve of 
^ versus B? look like in this case? 


11 


Heterogeneous Reactors 


A reactor is said to be heterogeneous if the neutron mean free path at some energy 
is comparable to or less than the thickness of a fuel element. In this case, the flux 
distribution in the fuel may be substantially different from what it is in the modera- 
tor. This introduces complications into the analysis of a heterogeneous reactor 
which are not found in the analysis of homogeneous systems. A number of special 
methods have been developed for calculations of heterogeneous reactors, and 
some of the more elementary of these are considered in the present chapter. 
Ordinarily, only thermal reactors are heterogeneous and the discussion will be 
confined to these systems. 

A large variety of fuel elements have been used in heterogeneous reactors. 
These often consist of plates or rods of natural uranium or uranium enriched in 
U?35, which are wrapped in some sort of cladding material. On the other hand, 
they may be an alloy of uranium and some structural material. Sometimes, hollow 
tubes filled with pellets of uranium oxide (UO) are used. In any event, fuel 
elements generally consist of a mixture of fissile and nonfissile isotopes. Except 
for “clean” fuel elements, that is, fuel elements that have not been exposed to a 
neutron flux, various fission product poisons and newly produced isotopes such 
as 236 or Pu??? are also present. In discussing heterogeneous reactors, it will 
be convenient to refer to the entire fuel element as “fuel.” Thus for the fuel 
elements described above, the ‘‘fuel’’ includes both the fissile and nonfissile isotopes 
of uranium, the oxygen in the ПО», the structural materials, fission products, 
cladding,* etc. 

In many ways the analysis of a heterogeneous reactor is much like that of a 
homogeneous reactor. It is possible, for example, to define a multiplication factor 
for an infinite heterogeneous assembly as the number of fissions in one generation 
per fission in the preceding generation. Also, as in the homogeneous case, it is 
assumed that thermal neutron absorption, resonance absorption, and fast fission 
are processes which occur in more or less separate energy regions, so that it is 
possible to write ko = ттјре, where each of the four factors has essentially the 
same meaning as for a homogeneous reactor. However, these factors cannot be 


* In many treatments the cladding is handled separately (cf. Prob. 11-7). 
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computed from the formulas developed earlier for a homogeneous reactor, and 
much of the present chapter will be devoted to the derivation of new formulas 
appropriate for heterogeneous systems. 

Once an expression for Кы is known, the critical size or composition of a hetero- 
geneous reactor can be determined using one of the methods given in the pre- 
ceding two chapters. For instance, if age theory is valid and the reactor is bare 
(or if the reflector savings is included to obtain the equivalent bare reactor), the 


critical equation is 
—p? 
Ке“ T 


Amr mede = 1 
1 + BL? 


where appropriate values of тт and I3. for a heterogeneous system must be used. 
On the other hand, if the reactor is reflected or consists of a number of regions of 
different composition, the requirements for criticality can be found from two-group 
or multigroup calculations. 


11-1 Eta 


By definition, тт is equal to the average number of fission neutrons emitted per 
thermal neutron absorbed in fuel. Thus if the fuel consists of a mixture of fissile 
and nonfissile isotopes, n7 is given by 


лт = Узы, (11-1) 


where v, is the number of neutrons emitted per thermal fission in the nth isotope, 
Syn is the average thermal macroscopic fission cross section for this isotope, and 
Š, is the average thermal absorption cross section for the fuel mixture. As ex- 
plained in Chapter 8, the value of a thermal cross section depends upon the thermal 
neutron spectrum, and this spectrum must be known within the fuel in order to 
be able to calculate 77. It is somewhat more difficult to obtain the spectrum in this 
case, however, than for the homogeneous systems discussed in Chapter 8. This 
is true because the neutrons in a heterogeneous reactor thermalize primarily in 
the moderator and then pass into the fuel. As a result, the neutron spectrum varies 
with position within the fuel, and can only be determined by elaborate space- 
dependent thermalization calculations. These calculations are beyond the scope 
of this book, and it will be assumed in this chapter that the thermal neutron 
spectrum in the fuel is Maxwellian and independent of position. The cross sections 
in Eq. (11-1) are then given by Eqs. (8-40) and (8-42). 


11-2 Thermal Utilization 


The thermal utilization is defined as the fraction of the thermal neutrons which are 
absorbed by the fuel in an infinite lattice of fuel lumps and moderator. The product 
nrf, where тт is defined in the preceding section, is then equal to the average number 
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of fission neutrons produced in thermal fission per thermal neutron absorbed in 
the infinite reactor. It follows from its definition that f is given by 


[®вк(т)ф(т) dV 


= ey 11-2 
SZar(t) + ®ьм(т)]ф(т) dV ane 


where ¢(r) is the thermal* flux, Zar(r) and Х.м(г) are the thermal* macroscopic 
absorption cross sections of the fuel and moderator, respectively, and the integra- 
tions are carried out over the entire (infinite) reactor volume. Since in a hetero- 
genous reactor the fuel and moderator are separate, homogeneous regions, the 
quantities Хор and „м are constants in their respective regions and Eq. (11-2) 
becomes 


Ler f e(r) dV 
ыы et ene APER 
Lor / Фа) dV + Sam || o(r) dV 
Vr VM 


(11-3) 


where Vy and Vy are the volumes of the fuel and moderator, respectively. 
Equation (11-3) can be written more conveniently in terms of the average flux 
in the fuel, фр, and the average flux in the moderator, фм. These are defined as 


ae 7 | g(r) dV (11-4) 
FJVrF 
and 
ds > || g(r) dV. (11-5) 
М ЈУМ 


Inserting these quantities into Eq. (11-3) gives 


Lor V FOF 
ge m c E 0 сз, 11-6 
у ZarVrór + ХамУмфм ( ) 
or 
= акк Я 
ZarVp + ХомУм(Фм/фФе) 


If the average values of the flux in the fuel and moderator were identical, the 
ratio фм/фғ would be equal to unity and Eq. (11-7) would reduce to the thermal 
utilization of the equivalent homogeneous system.f Thermal neutrons are absorbed 
more strongly by the fuel than by the moderator, however, and the thermal flux 
is therefore depressed within the fuel as indicated in Fig. 11-1. As a result, фр 


f (11-7) 


* Throughout this section, the subscripts and bar averages denoting thermal values will 
be omitted. 

Т Note that Zarr and „мм are the total absorption cross sections of fuel and 
moderator, respectively. The thermal utilization for the equivalent homogeneous mixture 
is therefore ZarVr/(ZarVe + Хамм). 
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is always somewhat less than фм, the quantity фм/фғ is greater than unity, and 

from Eq. (11-7) it follows that the thermal utilization of a heterogeneous system is 

less than that of a homogeneous mixture of the same materials. For this reason, 

the ratio 

фм _ 

= = { (11-8) 
OF 

is known as the thermal disadvantage factor. 

This result can be viewed in another way. Since in a heterogeneous lattice the 
neutrons thermalize in the moderator and then pass into the fuel, the depression of 
the flux in the fuel is clearly caused by the absorption of some of the incoming 
neutrons by the nuclei near the surface of the lump. The nuclei in the interior 
regions of the lump are thus to some extent shielded by nuclei lying nearer to the 
surface. This phenomenon, which also has an important bearing on the resonance 
escape probability of a heterogeneous reactor, is called self-shielding. 


~ NN 


Fig. 11-1. Thermal neutron flux in and near a fuel rod. 


It will be evident from the above formulas that f can be calculated once the 
thermal flux is known throughout the fuel and the moderator. Unfortunately, the 
flux cannot be found exactly except by elaborate numerical computations. Several 
approximate analytical methods have been derived which provide some good 
estimates of f, and two of the more widely used of these methods will be considered. 


Method of diffusion theory. This is the oldest and probably one of the 
least reliable methods for computing the thermal utilization. The method is based 
on the assumption that diffusion theory is valid in the fuel as well as in the mod- 
erator. Several additional assumptions must be made in order to calculate f 
analytically, but these ordinarily introduce less error into the calculation than 
the use of diffusion theory in the fuel. 

The first of these additional assumptions is that the thermal slowing-down 
density, q, is zero within the fuel. This is reasonable, physically, for although heavy 
fuel nuclei can moderate neutrons at high energy by inelastic scattering, these 
nuclei are not effective in slowing down neutrons near thermal energies. 

It is also assumed that the thermal slowing-down density in the moderator is a 
constant, independent of position. The justification for this assumption lies in the 
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Total slowing-down density 


Slowing- down density from 
single fuel lumps 


Fig. 11-2. The slowing-down density from individual fuel lumps and the total slowing- 
down density in a heterogeneous lattice. 


fact that each fuel lump is the source of fast neutrons which slow down in the 
surrounding moderator. If age theory is valid, for instance, the thermal slowing- 
down distribution surrounding each lump is a Gaussian. Then if the distance 
between the centers of nearest lumps, which is called the lattice spacing, or lattice 
pitch, is small compared with the slowing-down distance ./tr these Gaussians 
overlap, as shown in Fig. 11-2, to produce a fairly constant value of g. (This 
assertion is discussed in Prob. 11-4.) 

Next, it is convenient to divide the fuel-moderator lattice into unit cells, each 
containing one fuel lump at its center. Figure 11-3 shows two of the most com- 
monly used lattices and the unit cells are indicated. Since all cells are identical in 


Equivalent 
cells 


Fuel 


Square lattice Hexagonal lattice 


Fig. 11-3. Two typical heterogeneous lattices and equivalent cells for each. 
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an infinite uniform lattice, there can be no net flow of neutrons from one cell to 
another. It follows that the current density is zero along the boundary of each cell. 

In order to calculate the flux within the cell it is necessary to replace the actual 
lattice cell by a cell having a somewhat more simple geometry. For instance, if 
the fuel lumps are in the form of cylinders, the actual cell is replaced by a cylindrical 
cell of the same volume as indicated in Fig. 11-3. Because there is no flow of thermal 
neutrons from one се! to another, the thermal neutron current may be taken to 
be zero on the surface of the equivalent cell. This procedure, of using an equivalent 
cell with a zero-current boundary condition, is known as the Wigner-Seitz method. 


Fig. 11-4. Cylindrical equivalent cell. 


With these assumptions the thermal flux throughout the equivalent cell can 
easily be computed by diffusion theory. Consider, for example, a cylindrical fuel 
rod of radius a in a cylindrical cell of radius b as shown in Fig. 11-4. The diffusion 
equations for the fluxes in the fuel and moderator are, respectively, 


Dg V? or — Zarr = 0, O<r<a, (1 1-9) 
and 
Руму фи — Хомфи + 4=0, a « r « b, (11-10) 


where Dy and Dy are the thermal diffusion coefficients for the fuel and moderator, 
Zar and Zam are the thermal absorption cross sections for the two regions, and q 
is the (constant) thermal slowing-down density in the moderator. 

Dividing Eq. (11-9) by Dy and Eq. (11-10) by Dy yields 


V^ég — к2фр = 0, Ocr«a (11-11) 
and 
Vida sek dae ss De =0, ас" <, (11–12) 


where кғ and км are the reciprocals of the thermal diffusion lengths of fuel and 
moderator, respectively. 

Because of the symmetry of the problem the fluxes are only a function of г, so 
that when the Laplacian is written in cylindrical coordinates Eqs. (11-11) and 
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(11-12) reduce to 


2 
ce d tgp себи Ор Sore (11-13) 
and 
doy 1 dom 2 q m 
dr? zo va кмфм + Du ^ 0 a<r<b. (11-14) 


Equation (11-13) will be recognized as the modified Bessel equation of zero 
order (cf. Appendix II), whose two independent solutions are 7 o(Krr) and Ко(крг). 
However, the function Ко(крт) is singular at r = 0, and since фр must remain 
finite as r approaches zero, the solution to Eq. (11-13) is taken to be 


or(r) = Aly(xgr, О Ст <a, (11-15) 
where A is a constant to be determined. 


Since Eq. (11-14) is inhomogeneous, фм is the sum of the solutions to the 
homogeneous equation plus a particular solution. The homogeneous equation 
has the solution 

A'lo(kmr) + С'Ко(кмт), 


and it is easy to see by direct substitution that the quantity q/Zom is a particular 
solution. Hence фм can be written as 


Фм) = 4А'1(кмг) + C'Ko(kur) + g9/Zam, a € r < b. (11-16) 


The values of the constants A, A’, and C’ can be found in the usual way from 
the boundary conditions. It is convenient first to satisfy the boundary condition 
at the edge of the cell, that is, atr = b. Since the current there is zero, Eq. (11—16) 
gives 


ФыФ) = 0 = км[4'76(кмЬ) + С'Ко(км0)). (11-17) 
With the identities (cf. Appendix П) 
I(x) = Һ(х), Ki) = —Ki (2), (11-18) 
Eq. (11-17) gives 
c _ „бабу, 
K, (kmb) 


By inserting this result into Eq. (11-16), ¢m(7) becomes 
u(r) = СПо(кмт Ки(кмђ) + Кө(кмг)1(кмЬ)] + 4/2ам (11-19) 


where the new constant 
С M M 
| _ Ki(kwb) 
has been introduced. 
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The two constants, A and C, remain undetermined and these can be found from 
the requirement that the flux and current be continuous at the fuel-moderator 
interface. Continuity of flux gives 


Alo(kpa) = СПо(кма)Ку(кмб) + Ко(кма)Һ(кмь)] + 4/®ом, (11-20) 
while continuity of current gives 
АПуке (кка) = CDykulIó(kwa)Ki(kub) + Кокмај (кмој, (11-21) 
which, by using again the identities in Eq. (11-18), may be written as 
АРукрђ (кра) = CDyku[fi(kua)Ki(kub) — Кү(кма)1,(кмЬ)]. (11-22) 


Equations (11-20) and (11-22) are a pair of linear algebraic equations which 
uniquely determine A and C. As it turns out, only one constant is needed to 
determine f and it is more convenient to compute A (or rather 1/A) than С. 
This is readily found to be 


Рукр! (крај о(кма)Ки(кмб) + Ко(кма)(кмь){ . 
Рики (кмајК (кмб) — Кикмај(кмб)] 
(11-23) 


1 Za 
rm m (пева) = 


The thermal utilization can now be calculated by noting that because there is 
no net flow of neutrons across the outer boundary of the cell, the number of 
neutrons slowing down within the cell per unit time must be equal to the number 
which are absorbed per unit time by the fuel and moderator in the cell. It follows 
that the thermal utilization is the ratio of the number of neutrons absorbed in the 
fuel to the number slowing down within the cell. The latter number can easily 
be computed since the slowing-down density has been assumed to be constant in 
the moderator and zero in the fuel. Thus, per unit length of the cell and per unit 
time, 

Number of neutrons slowing down in cell = z(b? — a?)g. (11-24) 


The number of neutrons absorbed per unit length of the fuel per unit time is 
given by the integral 


Number of neutrons absorbed in fuel = 2z7Z,r Í | $r(r)r dr. (11-25) 
0 
By introducing Eq. (11-15), this becomes 
Number of neutrons absorbed in fuel = 27 ,р4 || у То(кргјг dr 
0 
E erae 1.(кға), (11-26) 
where use has been made of the identity 


|, | Io(x)x dx = xh(x). 
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Table 11-1 
Lattice Functions for Planar and Spherical Geometry 


F E 


Geometry 


Planar* кра coth кра км(Ь — а) соїћ xy(b — a) 
2 2 3,,3 3 

Sphericalt кға tanh кка kulb — a) а. — кмбсоћ км(Р — а) | 
3 кка — tanh кра Зкма 1 — kab — км(Ь — а) coth км(Ь — a) 


* Slab fuel half-thickness а; slab cell half-thickness b. 
t Spherical fuel radius a; spherical cell radius 5. 


Table 11-2 
Thermal Diffusion Lengths of Fuels* 


Reference 


Eus density (gm/cm3) 


Natura] uranium 


U308 
Thorium. 
ThO2 


* Based on experiments performed in 1944 by R. S. Mulliken, et al., CL-697 (the “Chicago 
Handbook”). These measurements apparently have not been repeated since that time. 


If Eq. (11-26) is divided by Eq. (11-24), the thermal utilization is found to be 


_ 2X, pAali(Kra) | E 
f- "(b — a2)q (11-27) 


The ratio 4/9 is given by Eq. (11-23) so that f, or rather 1/f, becomes 


1 _ Замкеф“ — а?) (Локва) , Юккь[1о(кма)К(кмЬ) + кин Сб] 
f 22aFa 1(кға) ^— Юмкм[П(кмЬ)Ку(кма) — Ку(кмЬ)1(кма))] 
(11-28) 
By introducing the lattice functions defined by 
Riga) = ee, (11-29) 


21(кка) 


_ kulb? — a?) E (кма)Ку(кмЬ) + Ко(кма)Г el 
Ема, ub) = 775, БК мау = Живимо) 1730) 


and noting that the ratio of the volumes of moderator and fuel is 


Ум _ (b? — a?) Р Е 
рат (11-31) 
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Fig. 11-5. The lattice function К(кра) — 1 for cylindrical rods. [From The Reactor 
Handbook, Vol. 1, p. 517, U. S. Atomic Energy Commission Report AECD-3645 (1955).] 


Eq. (11-28) can be put in the following standard form: 


; = I Fikra) + Е(кма, куф). (11-32) 

Although the above derivation was carried out for cylindrical fuel rods, an 
expression of the same form as Eq. (11—32) is found to hold for other geometries. 
The lattice functions are different, of course, and these are given in Table 11-1 
for two other lattice geometries. It should be noted that in every case the F function 
depends only upon the diffusion length and the radius of the fuel, while E depends 
upon the diffusion length and the inner and outer radii of the moderator. Values 
of moderator diffusion lengths have been given in Table 8-3; those for the common 
fuels and breeding materials are given in Table 11-2. The F and Е functions for 
cylindrical geometry are also shown in Figs. 11-5 and 11-6. 

It is interesting to examine the physical significance of the lattice functions. 
The F function can readily be shown to be equal to the ratio of the flux at the surface 
of the fuel to the average value of the flux within the fuel. With cylindrical fuel 
rods, for example, the average flux фр is 


2х [° тА [° 24 
фе = zx ér(r)r dr = aa То(кетју dr = mm I,(kra). 
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Fig. 11-6. Contours of the lattice function Е(кма, kmb) — 1 for cylindrical rods. 
[From The Reactor Handbook, Vol. 1, p. 518, U. S. Atomic Energy Commission Report 


AECD-3645 (1955).] 


The ratio in question is therefore 


фк(а) _ крајо(кра) _ 
фи Ошу 6 


Since фр < фе(а), it follows that F is always greater than unity. 
The interpretation of the Е function is somewhat more complicated. It will be 
recalled that the total number of neutrons which are absorbed per second by the 
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Figure 11-6 (Continued) 
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fuel and moderator is equal to gV (cf. Eq. 11-24). Then since there is no net 
flow of neutrons across the cell boundary the number of neutrons absorbed by the 
moderator is gVy minus the number which flow into the fuel. Using Fick’s law, 
the latter number is 2таРмфи(а),“ so that дУм — таРмфм(а) neutrons аге 
absorbed per second in the moderator. If the flux throughout the moderator were 


equal to its value at the surface of the fuel, the absorption in the moderator would 


* There is no minus sign on this expression since this is the number of neutrons flowing 


in the negative r direction. 
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be УмХамфм(а). The number of neutrons actually absorbed in excess of the 
number which would be absorbed if the flux were equal to óy(a) is therefore 

Excess absorption in moderator = [gVy — та Dudu(a)) — Уџгомфи(а) 
Dividing by the number of neutrons absorbed in the fuel gives 


Excess absorption in moderator 


= d D: 2 
Absorption in fuel = –1| + Vulg — Х,мфм(а)] | 


2та Dy фм (а) 


When Ед. (11—19) is substituted into the second term of this expression, this term 
reduces to the Е function so that | 


Excess absorption in moderator 
Absorption in fuel = Ё — |. 


This is the interpretation of the E function: Per neutron absorbed by the fuel 
E — 115 equal to the number of neutrons absorbed in the moderator in PAM 
of the number which would be absorbed if the flux were constant and equal to 
its value at the fuel surface. As a rule, the flux does not vary rapidly with position 
in the moderator. Consequently, E — 1 is generally small, and E is only slightly 
greater than unity. By contrast, the flux may dip substantially within the fuel and 
F may be much greater than unity. In the usual case, therefore, it is the F function 
and not the Е function which is responsible for the decrease in the thermal utiliza- 
tion of a heterogeneous system. 

Because of the usual limitations of diffusion calcul 
from the above formulas can be substantially in error. 1n particular, exact numer- 
ical calculations show, and experimental measurements confirm that diffusion 
theory underestimates the depression of the flux in the fuel. Thus the values of F 
computed from diffusion theory formulas tend to be too small which leads to an 
overestimate of f. Nevertheless, the diffusion theory method has bee 
particularly in calculations of f for natural uranium-graphite re 


ations, the value of f computed 


n widely used, 
actors. 


The method of Amouyal, Benoist, and Horowitz. The thermal 
utilization can be calculated with good accuracy using a technique developed by 
Amouyal, Benoist, and Horowitz (see the references at the end of the chapter) 
hereinafter denoted as ABH. Many of the same simplifying assumptions are used 
in this method as in the diffusion method. Thus the calculations are carried out 
only for the equivalent cell, and the current is taken to be zero at the outer surface 
of this cell. Furthermore, the thermal slowing-down density is taken to be con- 
stant in the moderator and zero in the fuel. For reasons that will be clear in a 
moment, it is also necessary to assume that all the thermal neutrons in the cell 
have the same energy. However, diffusion theory is not assumed to be valid. at 
least not in the fuel. | 
To begin the calculation, let G(r, r’) be the one velocity tarr due to i: unit 
source at r'; that is, G(r, r’) is the exact kernel or Green's function describing the 
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transport of neutrons within the cell. Now let r and r’ be points which lie in the 
fuel and moderator, respectively. With the (constant) slowing-down density q 
treated as a source term in the usual way, the flux ¢(r) at the point r in the fuel 
due to the neutrons which thermalize throughout the moderator in the cell is 


Ф(г) = 4 f, G(r, r^) dV’. 
M 


The total number of neutrons absorbed per second in the fuel is 


Зав | Ф) dV = Зара ], av f G(r, г”) dV’, 
Ур Ур УМ 


and the thermal utilization is this number divided by gVy, the total number of 
neutrons slowing down per second in the cell: 


Zar | av | G(r, г") dV". (11-33) 
Ум Јур Vw 


Equation (11-33), which is exact, is now transformed using the reciprocity 
theorem (cf. Section 5-12). It will be recalled that according to this theorem, the 
one-velocity flux at r due to a unit source at r’ is identical with the one-velocity 
flux produced at r’ when the source is moved to r. In symbols, the reciprocity 
theorem is 


f= 


G(r,r) = бб, r). (11-34) 


It must be emphasized that this theorem is exact and does not depend upon the 
validity of diffusion theory. 

Inserting Eq. (11-34) into Eq. (11-33) and changing the order of integration 
yields 


x J dy / G(r’, r) dV. (11-35) 
м J Vy Vp 


Since the second variable in G(r’, r) represents the source point, it will be observed 
that f is now written in terms of an integral over sources within the fuel. Thus the 
original problem in which the neutrons flow from the moderator into the fuel 
has been replaced by a more convenient problem in which the neutrons originate 
in the fuel and are absorbed in the moderator. 

The integral 


f= 


|| G(r', r) dV 
Vr 


in Eq. (11-35) is by definition equal to the flux at r’ in the moderator produced by 
uniformly distributed unit sources in the fuel, and the expression 


F 


Р = ue f dy' | G(r’, r) dV (11-36) 
Ум Vy 
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is the probability that a neutron produced by such sources will ultimately be 
absorbed in the moderator. Since a neutron must escape from the fuel before it 
can be captured in the moderator, it is reasonable to assume that P is proportional 
to the probability, Pr, that a neutron, uniformly produced within the fuel, will - 
escape from the fuel without being absorbed. Hence P is written as 


Р = PP (11-37) 


where P’ is the probability that, once having escaped from the fuel, a neutron will 
ultimately be absorbed in the moderator and not return to and be absorbed in 
the fuel. 

Combining the last three equations gives 


Za. | 
f = yy PR (11-38) 


which with a little manipulation can be put in the form 


1_у5мУм1,1-/-—Ё, 
/ Zar Vr Pr f 

This expression is to be compared with the standard form of the thermal utilization 

given in Eq. (11-32), which may be written as 


(11-39) 


1 Zam Vu 
—— 1===-Е-ЉЕ— 1, 11-40 
f ZarVr ( ) 


where F and E are the lattice functions. It will be recalled from the preceding 
discussion that in most cases E is approximately unity so that E — 1 ~ 0, and 
the E function has little influence on the value of f. On the other hand, fis sensitive 
to the value of the F function. The same situation holds in the present case; thus 
f is not sensitive to the value of P' but is sensitive to Pr. As a consequence, P’ 
need not be calculated so accurately as Pr. 

For the evaluation of P' it is assumed that the fuel is a strong absorber which 
does not scatter neutrons, and whose absorption mean free path is small compared 
to its physical dimensions. In this case every neutron which passes from the 
moderator into the fuel is absorbed there, and the fuel is said to be black to 
neutrons. Now let Py be the probability that a neutron born uniformly and iso- 
tropically in the moderator crosses the surface between the fuel and moderator. 
If all neutrons entering the fuel were actually absorbed there, the fraction of the 
neutrons born in the moderator which are absorbed in the fuel would be equal 
to Py. Since this is also the definition of the thermal utilization, it follows that in 
this situation Рм = f, and from Eq. (11-38), 


_ Хав/Е p p T 
Ри = Sony PP. (11-41) 
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For a strongly absorbing body and, in particular, one whose dimensions are 
large compared with an absorption mean free path, it can be shown that the escape 
probability Pp is given by* 


S 
PF (black fuel lump) = Wed , (11-42) 


where Sy is the surface area of the fuel. Substituting Eq. (11-42) into Eq. (11-41) 
and solving for P’ gives 


4Z,MVyP 
, _ амумРмо " 
eee (11-43) 
Equation (11-39) can now be written as 
І р. Zom 1 , 1— Рм _ 4®мУм 
f Жк Pr Рм Sr Оа) 


Equation (11—44) is the starting point for a calculation of the thermal utilization 
by the ABH method. It must be emphasized, however, that the last two terms in 
this equation are not exact since they were computed on the assumption that the 
fuel lump absorbs all neutrons incident upon it. As pointed out above, this is 
reasonable only because these terms do not contribute significantly to the value 
of f. In order to use Eq. (11-44), the quantities Рр and Py must be computed. 


Calculation of Ру. The calculation of Py, the probability that neutrons 
produced uniformly within the fuel lump ultimately escape from the lump, is 
complicated by the fact that a neutron may be scattered several times within the 
fuel before escaping. In order to calculate Pr, it is necessary, therefore, to deter- 
mine first the probabilities Pro, Pri, 
Pyo,..., Ppa, that a neutron will escape 
without a collision, after one collision, 
after two collisions, etc. 

To compute Pyro, let dV and dA be 
volume and surface elements of the fuel 
lump located at r and r', respectively, 
and let dQ be the solid angle subtended 
by dA at dV (cf. Fig. 11-7). If the uni- 
form source density in the fuel is de- 
noted by s, the number of neutrons 
produced per second in dV moving into 
dQ is 


ES dV dQ Fig. 11-7. Diagram for computing the 
4r | escape probability from a lump of fuel. 


* The proof of Eq. (11-42) is somewhat lengthy. See Weinberg and Wigner, The Physical 
Theory of Neutron Chain Reactors. Chicago: University of Chicago Press, 1958, pp. 707- 
716; or Case, de Hoffmann, and Placzek, “Introduction to the Theory of Neutron Diffu- 
sion,” U.S. Government Printing Office, Washington, D.C., 1953, Section 10. 
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For a strongly absorbing body and, in particular, one whose dimensions are 
large compared with an absorption mean free path, it can be shown that the escape 
probability Pp is given by* 

"M 
PF (black fuel lump) = 4V rnr (11-42) 
where Sy is the surface area of the fuel. Substituting Eq. (11-42) into Eq. (11-41) 
and solving for P’ gives 
_ 4ХамИмРм | 


Р са (11-43) 
Equation (11-39) can now be written as 
1 ЗамУм 1 l — Рм _ 42amVu 
re Р 1а Е a ES = 
5 Zar Pr’ Pu Sr ык) 


Equation (11—44) is the starting point for a calculation of the thermal utilization 
by the ABH method. It must be emphasized, however, that the last two terms in 
this equation are not exact since they were computed on the assumption that the 
fuel lump absorbs all neutrons incident upon it. As pointed out above, this is 
reasonable only because these terms do not contribute significantly to the value 
of f. In order to use Eq. (11—44), the quantities Pp and Py must be computed. 


Calculation of Py. The calculation of Рр, the probability that neutrons 
produced uniformly within the fuel lump ultimately escape from the lump, is 
complicated by the fact that a neutron may be scattered several times within the 
fuel before escaping. In order to calculate Py, it is necessary, therefore, to deter- 
mine first the probabilities Pro, Pri, 
Pyo,..., Pg, that a neutron will escape 
without a collision, after one collision, 
after two collisions, etc. 

To compute Pro, let dV and dA be 
volume and surface elements of the fuel 
lump located at r and r’, respectively, 
and let dQ be the solid angle subtended 
by dA at dV (cf. Fig. 11-7). If the uni- 
form source density in the fuel is de- 
noted by s, the number of neutrons 
produced per second in dV moving into 
dQ is 


5 waa Fig. 11-7. Diagram for computing the 
4r à escape probability from a lump of fuel. 


* The proof of Eq. (11-42) is somewhat lengthy. See Weinberg and Wigner, The Physical 
Theory of Neutron Chain Reactors. Chicago: University of Chicago Press, 1958, pp. 707- 
716; or Case, de Hoffmann, and Placzek, “Introduction to the Theory of Neutron Diffu- 
sion," U.S. Government Printing Office, Washington, D.C., 1953, Section 10. 


388 HETEROGENEOUS REACTORS [СНАР. 1] 


Calculation of Py. The quantity Py, the probability that a neutron born 
uniformly and isotropically in the moderator moves into the fuel lump which is 
assumed to be black to neutrons, could easily be computed if diffusion theory were 
valid. It would merely be necessary to compute, using Fick’s law, the number of 
neutrons flowing into the fuel per neutron slowing down in the moderator. Dif- 
fusion theory is not valid, of course, particularly near the fuel since this has been 
assumed to be such a strong neutron absorber. This difficulty can be circum- 
vented by using a boundary condition at the fuel surface, which, together with 
diffusion theory, gives the correct, or nearly correct, flux in the interior of the 
moderator. This is entirely analogous to the procedure for handling diffusion 
problems at a free surface which led to the concept of the extrapolation distance 
in Section 5-8. 

In the present case, the boundary condition is written as 

1 dé 1 , 


Pi а (11-48) 


where a is the physical radius of the rod. The quantity d, which has dimensions of 
length, must be found from elaborate transport theory calculations. For purely 
absorbing cylindrical rods, d is only a function of the radius of the rod and the 
transport mean free path of the neutrons in the surrounding moderator, and is 
shown in Fig. 11-10. It is interesting to note that in the limit as the radius of the 
rod becomes large compared with м the rod effectively becomes a slab, and d 
approaches the value 0.71м;. It will be recalled that this is the value of ¢’/¢ 
at a planar free surface, which is evidently black to neutrons (of all energy) since 
no neutrons return through such a surface. In this case, it follows that d can be 
interpreted as an extrapolation length and the boundary condition, Eq. (11-48), 
- is equivalent to assuming that ¢ vanishes at r = a — d. This, of course, makes 
little sense when d is comparable in size to a. As also indicated in Fig. 11-10, 
d approaches the value 24, as a approaches zero. This result is discussed in 
Prob. 11-11. 

The solution to the diffusion equation satisfying Eq. (11-48) at r — a and the 
Wigner-Seitz condition at r — b can be found in a straightforward way. With the 
flux in the moderator known, Py is determined by the formula 


_ 2таРмфм(а). 


Р 
i 4м 


The final expression for Py, or better, for 1/Рм is 


l = ма + Е(кма, кмб), (1 1-49) 


Рм — 2VgLÀ 


where Е(кма, км) is the lattice function defined in the preceding section (cf. 
Eq. 11-30). 
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Fig. 11-10. The parameter d (in units of Ма, the transport mean free path of the sur- 
rounding medium) as a function of the radius (also in units of ^r) of a purely absorbing 
cylinder. [Based on B. Davison, Proceedings of the Physical Society, London, A64, 
881 (1951); and D. F. Zaretsky, Proceedings of the International Conference at Geneva 5, 
529 (1955).] | 


When Eqs. (11-46) and (11-49) are substituted into Eq. (11-44), the following 
formula for the thermal utilization in cylindrical geometry is obtained: 


1 = Замри | | (2) (22) || 
f | XagVr Rar Zap aes Za TB Zur 


+ (ж — 19 Pu + E(kwa, kmb). (11-50) 
2L Кт 


Calculations of f based оп Eq. (11—50) have been found to give remarkably accurate 
results and this method is widely used for computations of thermal utilization. 


Numerical methods. The thermal utilization can also be computed by 
solving the transport equation in the unit cell. These calculations cannot be 
carried out analytically, but they can be performed numerically with an electronic 
computer. It is also possible using numerical methods to determine the thermal 
neutron spectrum as a function of position in the cell. The dependence of the 
spectrum with position was specifically omitted in the analytical methods discussed 
above, since those methods were inherently one-velocity calculations. Ordinarily, 
however, the value of f is not particularly sensitive to the thermal spectrum. 
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11-3 Resonance Escape Probability 


It was shown in the preceding section that the thermal utilization of a heterogeneous 
lattice is somewhat smaller than that of the equivalent homogeneous system, since 
the fuel nuclei near the surface of a fuel lump tend to shield the nuclei in the interior 
of the lump from the neutron flux of the surrounding moderator. Essentially the 
same phenomenon occurs for resonance neutrons, that is, neutrons having energies 
within the resonance region of the fuel. These neutrons are strongly absorbed by 
the nuclei near the surface of a fuel lump with the result that the nuclei in the 
interior of the fuel see a substantially smaller flux than they would otherwise see in 
a homogeneous system. The relative probability that a neutron will be captured 
in the resonances of the fuel is therefore Jess when the fuel is lumped than in the 
corresponding homogeneous sytem. This, in turn, means that the resonance escape 
probability is greater for a heterogeneous lattice than for the equivalent homogeneous 
system. 

Lumping of the fuel also increases the resonance escape probability for another, 
purely geometrical, reason. With the fuel in the form of discrete lumps, some 
neutrons may slow down in the moderator to energies below the resonance region 
without ever encountering the fuel at resonance energies. However, the increase 
in p due to this effect is generally small compared with that caused by the drop in 
the flux of resonance neutrons in the fuel. In natural uranium-graphite reactors 
this effect has been found to increase p by only a few percent; with the more tightly 
packed lattices found in modern power reactors the effect is entirely negligible. 

In recent years, it has become possible to compute p for a heterogeneous lattice 
with reasonably good accuracy. One of several computational procedures which 
have been developed will now be considered. 


The integral equation. An exact equation was derived in Section 7-6 for 
determining the energy-dependent flux in a homogeneous mixture of moderator and 
resonance absorbers containing uniformly distributed sources of fast neutrons. 
By setting up a neutron balance in the energy interval dE at E it was easy to show 
that Ф(Е) satisfied the following integral equation: 


1 aoe dE' 
> (Е(Е) = NERA | Za (EAE) "gr 
Elay 
1 Karpa ЧЕ, z 
+ eis. У,м(Е')Ф(Е') E (11-51) 


where the subscripts M and A refer to the moderator and absorber,* respectively, 
and the other symbols have their usual meanings. Using standard numerical 
techniques, Ф(Е) can be evaluated from Eq. (11-51) with the aid of an electronic 
computer. The resonance integral is then given by Eq. (7-69). 


* In Eq. (11-51) and the following discussion, it is assumed for simplicity that the absorber 
(=fuel) and moderator are both single-nuclide materials. 
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The situation is obviously much more complicated in a heterogeneous lattice, 
for the flux is now a function of space as well as energy. To simplify the analysis, 
it will be assumed for the moment that neutrons at resonance energies cannot pass 
from one lump to another without having their energy drop to below the resonance 
region as the result of collisions in the intervening moderator. In this case, it is 
possible to treat each lattice cell separately and the lumps are said to be isolated. 
If, on the contrary, a resonance neutron can pass from one lump to another within 
the resonance region, the lumps are said to interact. Interacting fuel lumps are 
discussed later in this section. 

It will be assumed that one fast neutron is emitted isotropically per cm?/sec 
throughout the equivalent cell. As usual, the calculation of p then reduces to the 
problem of finding how many of these source neutrons escape capture in slowing 
down in the cell. For this purpose, it is necessary to set up neutron balance equa- 
tions in both the fuel and moderator. 


Fuel Moderator 


dE’ dE’ 


dE dE 


Fig. 11-11. Diagram for deriving the fuel-moderator balance equations. 


Consider first the arrival and departure of neutrons in the energy interval dE 
in the fuel. As indicated schematically in Fig. 11-11, neutrons arrive in dE both 
as the result of scattering collisions at higher energies in the fuel and by traveling 
from the moderator into the fuel, having already acquired an energy within dE 
in the moderator. 

Let ¢r(E) be the average flux in the fuel. The total number of neutrons arriving 
in dE per sec from collisions in the fuel is then 


Vy dE 


] — ar 


дд dE' 
| ZsF(E’)or(E£’) F` 
E 


All of these neutrons do not necessarily interact within dE in the fuel; some 
neutrons may leave the fuel and have their next interaction in the moderator 
instead. If, as in the preceding section, Pro(E) is the probability that a neutron 
of energy E escapes from the fuel without a collision, then 1 — Рро(Е) is equal 
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to the probability that this neutron has its next interaction within the fuel. It 


follows therefore that 


Vg[1 — Pgo(E))]dE 
] — ag 


dE' 
E' 


Ејар 
f. Жьк(Е”)фЕ(Е”) 


neutrons are scattered into and interact in dE in the fuel per sec. 

Consider next the neutrons arriving in dE from the moderator. The number of 
these is equal to the number scattered into dE in the moderator multiplied by the 
probability Pyo(E) that a neutron of energy E in the moderator has its next 
collision in the fuel, namely, 


VyuPyo(E) dE 
1 — ом 


> 


= dE' 
| Lem (E^) ouCE") E 
E 


where фм(Е) is the average flux in the moderator. Adding the above terms gives 
the following neutron balance equation for the fuel: 


Ејар 
Vg[1 — P dE' 
Ук (Еурк(Е) = Е РЕКЕ) manes qe) tr 
VuPuo(E) [= dE! 
+ 0-07 У,м(Е')фФм(Е'”) r+ (11-52) 
1— am Е 


By precisely the same argument it is possible to derive the balance equation for 
the moderator. Thus since there is almost no absorption of neutrons in the 
moderator at resonance energies so that Хм ~ Сам, this equation is easily found 
to be 

кР TTE dE" 
Рмз,м(Е)м(Е) = PEPE) fy ENE) S 
— ap JE 
Eja 
Vull — PwoCE)] ш 
Е 


dE' 
T Za((E)6un( E) -Er (11-53) 

In order to compute the fluxes using the above balance equations it is necessary, 
of course, to specify the probabilities Pro and Рмо. For this purpose, it is usual 
to assume that the flux is independent of position, i.e. “fiat,” in both the fuel and 
moderator. This is clearly not a good assumption; the flux, particularly at reso- 
nance energies, drops sharply within the interior of the fuel and it may be far from 
flat in the moderator. Nevertheless, because of a cancellation of errors discussed 
below, the results of calculations based on this assumption have been found to 
give good values of p. 

With the fuel and moderator fluxes assumed to be flat it can be shown (cf. 
Prob. 11-17) using the reciprocity theorem (Eq. 11-34) that Pro and Pyo are 
related by the equation 

PpgZipVp = Рџмомум- (11-54) 
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As will be seen momentarily, Eq. (11-54) considerably simplifies calculations using 
the balance equations. 

At this point it is convenient to note that the asymptotic solutions of Eqs. 
(11-52) and (11-53), i.e. the asymptotic fluxes in the absence of absorption, are 
the same in the fuel and moderator. Denoting these solutions by фр and фм, it 
can be shown by direct substitution and the use of Eq. (11-54) that 


(11-55) 


Here £2, is given by 


E, = у (Eror Vr + hann, (11-56) 


where Z,r is the potential scattering of the fuel (in the asymptotic region 
Бар = Уук) and V = Vy + Vy is the total volume of the equivalent cell. It 
will be observed that Eq. (11-55) properly reduces to the homogeneous flux 
(Eq. 6-59) when Vg = Vy = V. 

It is possible to decouple the heterogeneous balance equations by observing 
that the energy loss per collision with the moderator is always large compared 
with the practical width of the resonances in the fuel. In this case, it is reasonable 
to replace фм in the second integral of Eq. (11-52) by фм. This, in short, is the 
narrow resonance approximation for the moderator. Then since Z,y is a constant 
at resonance energies, this term becomes 


eu ME ZEHE) 2 = Pu ua 
EXE 
_ VgPro(E)Z КЕ), 
ЕЕ 


where use has been made of Eq. (11-54). Equation (11-52) now reduces to 


Ејаћ | 
Zir(E)pr(E) = 1-20) » Z,(E')or(E") = + ы 
p 


(11-57) 


This result shows that, based on the flat flux assumption, the flux in the fuel is 
determined by a single integral equation. It should furthermore be observed 
that Pro appears in Eq. (11-57) with both signs. Hence any error in Pro tends 
to be canceled in the computation of фк. This presumably accounts for the good 
results obtained using the flat flux assumption. 

When the appropriate values of Рро(Е) are substituted into Eq. (11-57) this 
equation can be solved for ¢r(E) using standard numerical methods. The resonance 
escape probability at a single resonance can then be computed directly. The total 


394 HETEROGENEOUS REACTORS [СНАР. 11 


number of neutrons absorbed per second in the whole lump for a resonance at 
the energy E; is 
Ур Í Larer dE, 


where the integration extends over energies near E;. Since there are V fast neutrons 
produced in the cell per second, it follows that the escape probability for this 
resonance is 


V 
р; = 1 – Ke | canbe dE. 


As in the homogeneous case (cf. Section 7-4), the resonance escape probability 
for a sequence of isolated resonances is 


V. 
p= Цр: = exp| - Ke [sos a£]: 
which is usually written as 


Мера | 
БЕ пе шава уа LA KEEN, E 11-58 
P exp| гРЕрЕе Тв + ёмХ:м Vm ‹ ) 


where J is the resonance integral 


I= t, J Taror dE. (11-59) 


The numerical integration of Eqs. (11-57) and (11-59) forms the basis for the 
now standard technique for computing resonance escape in heterogeneous lattices 
consisting of isolated fuel lumps. 


The NR and NRIM approximations. If the energy loss in an elastic 
collision with the fuel is large compared with the practical width of a resonance 
(the NR approximation; cf. Section 7-2), neutrons generally have no more than 
one collision within a resonance. It is then possible to replace фь in the integral 
in Eq. (11-57) by its asymptotic form (Eq. 11-55) and perform the integration. 
In doing so, the scattering cross section of the fuel in the integral must be replaced 
by its (constant) potential scattering cross section Хғ. This takes into account 
the fact that in the NR approximation neutrons are scattered downward into the 
resonance from energies above the resonance, i.e., where sr = Хк. This gives 
the following expression for the flux in the vicinity of the resonance: 


Co) eee TE oe oes Pagi (11-60) 
Eiri, E 


tFSop 


Inserting Eq. (11-60) into Eq. (11-59) gives 


gor dE, 
OiF E 


ҚМК) = fios + Pro(oir — OpF)] (11-61) 
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When the energy loss per collision іп the fuel is small compared with Гр, it 
will be recalled from Section 7–2 that, as a first approximation, it is reasonable to 
ignore energy losses in the fuel altogether. This is the basis of the NRIM approxi- 
mation. The situation is more complicated for the heterogeneous system, however, 
because a neutron may now undergo repeated scattering in the fuel within a single 
resonance before escaping. For simplicity, it is usually assumed that the collision 
density is independent of position (flat) for all collisions. The total escape prob- 
ability Py can then be computed by considering a succession of collisions of the 
neutrons in the fuel. Thus if N neutrons are uniformly produced in the lump, then 


NP yo neutrons escape without collision; 


МА — Pro) neutrons have a first collision in fuel; 


c ; ; e 
N(1 — Pro) - neutrons survive their first collision; 
tF 


с s 
Ма — Pro) а Pyro neutrons escape after first collision; 
tF 
Ма — Pro)” oer neutrons have a second collision; 
(Е 


etc. 


The total number of neutrons escaping is 


2 
NPro + МА — Pro) a Pro + МА — Pro)” (= Pro dos 


so that the total escape probability is 
= ыы ды BOE ae, | 
1 — (1 — Pro)@sr/orr) 


In order to calculate the resonance integral in the NRIM approximation, it is 
merely necessary to replace Pro in Eq. (11-61) by Pr from Eq. (11-62). At the 
same time, cpp must be set equal to zero since in the derivation of Eq. (11-60) 
Сре contributes to the scattering of neutrons into the resonance from higher 
energies, something that is specifically omitted in the NRIM approximation. The 
final expression for J is then 


Рробав dE | 
I(NRIM) = J Г d — Prorom) E (11-63) 
Wigner’s approximation—equivalence theorems. In order to 
evaluate the integrals in Eqs. (11-61) and (11-63), the escape probability Pro 
must be specified. Unfortunately, Pro is a very complicated function for all 
geometries so that the integrals in Eqs. (11-61) and (11-63) cannot be performed 
analytically. It is possible, however, to obtain good estimates for J by approximat- 
ing Pro by a simple function. 

It can be shown that Рро is only a function of the product FZ,r where F is the 
average length of a chord within the fuel lump and 2;y is the total cross section of 


Py (11-62) 
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the fuel. By a somewhat involved geometrical calculation, it is also possible to 
show that 7 is given by 


4Vy 

ee (11-64) 

where Ур and Sp are the volume and surface area of the lump, respectively. It 

is now convenient to write Pro in the form | 
_ G(rZw) _ SpG(F2tF) | 


Pro = PE AV (11-65) 


Here С(7Х,к) is called the penetrability of the lump and is equal to the probability 
that neutrons randomly incident on the surface of the lump are absorbed in the 
lump. For example, if the lump is large compared with an absorption mean free 
path, that is, if the lump is black, all of the incident neutrons are absorbed and С 
is unity. In this case, Eq. (11-65) reduces to 


Воо 2а (11-66) 


Тет ~ ДУЖ | 
This result was used in the preceding section (cf. Eq. 11–42), where it was assumed 
that Хор ~ Z,p. (In that situation Z,p == 0 and Ppp == Pr.) On the other hand, 
as the size of the lump goes to zero, all neutrons escape from the lump so that 
Pro must go to unity. This behavior, which is also shown in Fig. 11-8 for cylindrical 
lumps, suggests that Pro may be represented by the expression 


1 


Pro 
It will be noted that for ?Х,р > 1 Eq. (11-67) reduces to Eq. (11-66), while for 
PI, < 1, it approaches unity. Equation (11-67) is known as Wigner's rational 
approximation for Рро.* 
In using Eq. (11-67) it is convenient to define a fictitious macroscopic cross 
section Z, by 


У, = E (11-68) 


and a corresponding microscopic cross section с, 


Ze 1 
бе Мр Мүк? ( ) 
* A somewhat better representation for Pro for small rZ;y is 


1 


ЕРЕ а 


(cf. Rothenstein іп the References). 
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where, as usual, Мр is the atom density of the fuel. It should be noted that these 
fictitious cross sections are functions of the geometry of the lump but do not depend 
on neutron energy. Equation (11-67) can then be written as 


2 с 
ры DN. шш APR E 
FO" Sie ot om а 
Introducing Eq. (11-70) into Eq. (11-61) gives 
INR) = (Opr + Tear GE (11-71) 


OF T Ce E 


Writing ск = бар + ФЕ + Cpr, Where oir is the anomalous scattering cross 
section of the fuel (cf. Section 2-8), and dividing numerator and denominator by 
тук + Fe, Eq. (11-71) becomes 


dE 
I(NR) = | а ан e 11-72 
1 + (Gar + обе (gor + ое) Ё ele 


In a similar fashion, when Eq. (11-70) is substituted into Eq. (11-63), the corre- 
sponding expression in the NRIM approximation is 


KNRIM) = || а а (11-73) 


When the appropriate Doppler-broadened cross sections are inserted into Eqs. 
(11-72) or (11-73), formulas for the escape probabilities for single resonances can 
be obtained (see below). 

It should be observed from Eqs. (11-72) and (11-73) that all factors in the 
integrals depend upon the properties of the fuel and are independent of the mod- 
erator. Furthermore, the geometry of the fuel lump only appears in the factor o. 
It follows that heterogeneous lattices with the same values of с. have the same 
resonance integrals regardless of the surrounding moderator. This statement is 
known as the first equivalence theorem of resonance escape. 

It is of some interest to compare Eqs. (11-72) and (11-73) with the corresponding 
resonance integrals of homogeneous reactors. According to Eq. (7-62), and in 
the notation of the present chapter where the resonance absorber has explicitly 
been taken to be fuel, the integrals are 


Thomo(NR) = | — TE (11-74) 
: 1+ (сағ + oir)/05 


and 


Thomo(NRIM) = || UE dE. (11-75) 
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In Ед. (11-74), 


>, 
Tp = Ne + тук (11-76) 


is the potential scattering cross section per fuel atom of the fuel-moderator mixture, 
while in Eq. (11-75), 


T x ; (11-77) 


the potential scattering cross section of the fuel having been placed equal to zero 
in the NRIM approximation. Comparing Eqs. (11-74) and (11-75) with Eqs. 
(11-72) and (11-73) shows that a heterogeneous reactor with a given value of 
бре + Ce and a homogeneous reactor with a given value of с will have the same 
resonance integrals provided 


O»F + Oe = Op. 


This is the second equivalence theorem of resonance escape. 

These equivalence theorems are based, of course, on the rational approximation 
and are therefore not precise. However, despite the fact that they were derived 
above within the framework of the NR and NRIM approximations their validity 
does not depend upon the validity of these approximations. Thus it is also possible 
to establish the equivalence relations by comparing directly the integral equations 
for homogeneous and heterogeneous systems. 

One trivial consequence of the equivalence theorems is that the formulas for 
the resonance integrals given in Chapter 7 in the NR and NRIM calculations of 
homogeneous mixtures can be carried over to the heterogeneous case by merely 
replacing ср by opr + с, (cf. Prob. 11-19). It is not necessary to evaluate the 
integrals in Eqs. (11-72) and (11-73) anew. A far more important use of the 
equivalence theorems is in the comparison of calculations and measurements of 
heterogeneous resonance integrals with those of the corresponding homogeneous 
reactors. 

In the foregoing, it was assumed that the fuel consists of a single isotope. If 
the fuel also contains a lightweight scatterer such as oxygen (as in ОО) it is not 
difficult to show that Eqs. (11-72) and (11-73) become 


dE 

I(NR) = _—— ae — (11-78) 
1 + (ar + одру (Gor + Ce + ба) E 

and 


"m (с. + сһ)сағ ЯЕ, X 
KNRIM) = | zT Fo E (11-79) 


where с, is the additional scattering cross section per fuel atom. The more general 
equivalence relations in this case are then as follows: 


(1) heterogeneous lattices with the same value of c, + c, have the same 
resonance integral; 
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(2) heterogeneous and homogeneous reactors have the same resonance integrals 
provided 
Сре + Ge + Om = Gp. 


It must be emphasized that these relations were derived for and аге therefore only 
applicable to fuel lattices consisting of isolated rods. They do not apply to closely 
packed lattices which are discussed below. 


Experimental data. The resonance integral can be determined experi- 
mentally using the activation method described in Section 7-7, and considerable 
data has been accumulated for lattices consisting of isolated and interacting fuel 
lumps. It has been found that for isolated lumps this data can be represented by 
an equation of the form: 

Sr 
Mr 


IT=a+t+b , (11-80) 
where a and b are constants which depend on the nature of the fuel, and Sp and 
Мұ are, respectively, the surface area and mass of the fuel. With cylindrical rods, 
Sy and My are the surface area and mass per unit length of the rod. Unfortunately, 
there does not appear to be simple, physical justification of the form of Eq. (11-80) 
and, indeed, it can be shown (cf. Nordheim) that the resonance integral cannot be 
represented precisely by an equation of this type. However, Eq. (11-80) reproduces 
the data satisfactorily within the accuracy of the experiments. Values of a and b 
are given in Table 11-3 for isolated lumps of several commonly used fuels. Data 
for more closely packed lattices can be found in the compilations such as ANL-5800. 
With J known, p can be computed directly from Eq. (11-58). 


Table 11-3 
Measured Resonance Integral Constants* 


Fuel 


U?38(metal) 


U?380, 
Th23? (metal) 
Th?320, 


* W. G. Pettus and M. N. Baldwin, “Resonance 
Absorption іп 0238 Metal and Oxide Rods," Babcock 
and Wilcox Company Report BAW-1244, 1962; “Кеѕ- 
onance Absorption in Thorium Metal and Oxide 
Rods," BAW-1286, 1963. 


Closely packed lattices. Up to this point it has been assumed that the 
fuel lumps are so widely spaced that they do not interact with one another; that 
is, neutrons with energies in the resonance region do not pass from one lump to 
another. This assumption entered directly into the derivation of the neutron bal- 
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ance equation (Eq. 11-57) in that the escape probability from a single fuel lump 
Pro was taken to be equal to the probability that a neutron in the lump has its next 
collision in the moderator. Clearly, if the fuel lumps interact, the next collision may 
take place in another lump. However, by redefining Pr to be the probability that a 
neutron does in fact have its next collision in the moderator, i.e., excluding colli- 
sions in other lumps, the preceding calculations can be applied to closely packed 
lattices as well. 

It is obviously much more difficult to compute this probability, denoted hereafter 
by P, for an interacting lattice than for an isolated lump, and, in fact, this 
function cannot be determined exactly except by numerical methods. It can be 
shown, however, by an analysis which is too involved to be reproduced here, that 
Pf, is given approximately by the formula 


ж _ 1—С А = 
where Р is the average chord length in one fuel lump (cf. Eq. 11–64) and C is called 
the Dancoff-Ginsberg correction factor for the lattice. 

To determine C for a given lattice it is necessary to obtain the sum 


C= С; (11-82) 


where C; is the Jump-to-lump Dancoff-Ginsberg factor and the sum is carried out 
over all lumps in the lattice. The parameters С; are functions of two variables: 
aZ,y and d;/a, where d; is the distance to the ith lump and а is the radius of the 
lump (all lumps assumed to be identical). Extensive tables of C; have been pre- 
pared and are given, for example, in the report ANL-5800. As would be expected 
physically, the value of C; decreases sharply with increasing d;/a, and it is usually 
necessary to include only a few terms in Eq. (11-82). In principle, it is no more 
difficult to use P& than Pro in the calculations of J for a lattice than for an isolated 
lump. 

It can also be shown that to a good approximation the effect of the interaction 
between fuel Jumps in a closely packed lattice is equivalent to a reduction in the 
surface area of a single fuel lump by a factor of 1 — С. Thus the resonance integral 
for such a lattice can be calculated from Eq. (11-80), using the constants in Table 
11-3, by merely replacing Sp by (1 — C)Sy. The resonance escape probability for 
the lattice is then calculated from Eq. (11-58), as if the lattice were a single cell. 

With the surface area of the fuel lump effectively diminished, it follows from 
Eq. (11-80) that the resonance integral is smaller for an interacting lattice than for a 
lattice of isolated lumps. Physically, this is because in the interacting case some of 
the neutrons that would ordinarily pass directly from the moderator into a lump 
are intercepted by neighboring lumps. In other words, each lump tends to be 
shadowed by its neighbors. It is this shadowing effect which is taken into account 
by the Dancoff-Ginsberg factor. 
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Other methods for computing p. The values of the resonance integral 
obtained by solving the integral equation (Eq. 11-57) using Pro for isolated lumps 
and Pf, for interacting lumps are in good agreement with experiment. Never- 
theless, the method is not exact due to the underlying assumption of flat flux in 
the fuel and moderator and the approximate nature of the Dancoff-Ginsberg 
correction factor. Furthermore, it is very difficult to extend the procedure to 
nonuniform lattices, that is, to lattices with varying distances between fuel lumps. 
In principle, the resonance integral can be computed exactly for all lattices by 
the Monte Carlo method (cf. Sections 5-10, 6-16, 7-6). The accuracy of these 
calculations is limited only by the accuracy of the input cross-section data and the 
duration of the computation. Monte Carlo calculations, however, usually require 
long computation times and such calculations are normally reserved either for the 
verification of other computational procedures or for situations where no other 
method can be applied. Monte Carlo is rarely used in production-line computations 
of resonance escape. 


11-4 The Fast Effect 


Fast fission, that is, fission induced in fissionable but nonfissile material in an 
otherwise thermal reactor, was considered briefly in Section 7-9 for homogeneous 
systems. It will be recalled that this effect must be taken into account whenever 
there are substantial amounts of a fissionable isotope such as U??? or Th??? in 
a thermal reactor. As this is usually the case in a heterogeneous reactor, it is 
almost always necessary to include fast fission in calculations of this type of 
reactor. 

Although only a few percent of all fissions taking place in a thermal reactor are 
fast fissions, these can have a significant bearing on the operation of the system. 
For example, in a natural uranium-graphite reactor, fast fission may account for 
upwards of one half of the value of k, in excess of unity. This excess value of Ко 
is necessary not only to assure criticality, but also to compensate for the burnup 
of the fuel and to provide adequate control of the reactor at all times. 

Fast fissions may also have a pronounced effect on the performance of a thermal 
breeder. It was pointed out in Chapter 4 that the breeding capability of a reactor 
is determined by the number of fast neutrons emitted per neutron absorbed in fuel, 
that is, by the value of у. Because of the fast effect the total number of neutrons 
produced per neutron absorbed in fuel is effectively increased from 7 to тє, where 
є is the fast fission factor. It is advisable, therefore, to design a thermal breeder 
to have as large a value of e as possible in order to maximize the breeding gain. 
Indeed, for fuels (253, in particular) with thermal values of 7 near 2, the value of 
e may mean the difference between success or failure in breeding. 


The definition of e. The fast fission factor for a heterogeneous reactor 
must be defined with some care. It will be recalled that when the four-factor 
formula was derived in Chapter 9 it was implicitly assumed that fast fission and 
resonance absorption are processes which occur independently in different energy 
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regions. This is not entirely true; resonance absorption does occur to a small 
extent above the fission threshold Ej. 

At the same time it may be noted that in the computation of the resonance 
escape probability given in the preceding section, it was assumed that the bulk of 
the slowing down of the fission neutrons occurs in the moderator. It is therefore 
only those neutrons which succeed in escaping from the fuel and subsequently slow 
down in the moderator which feed, so to speak, the resonance absorption calcula- 
tion. However, nowhere in the calculations of p was the absorption of neutrons 
leaving the fuel for the first time included. 

It will be evident that in defining the fast fission factor for a heterogeneous lattice 
it is important that the definition be consistent with the computations of p. More- 
over, if possible, the omissions in the calculation of p should be corrected in the 
calculations of е. For this purpose, let Е; be an energy (say, in the low kilovolt 
region) below which prompt fission neutrons are not emitted, and below which 
it is unlikely that a neutron will appear as the result of inelastic scattering in the 
fuel. The neutrons present in the fuel below Е; then must have traveled into the 
fuel from the moderator. An appropriate definition of є is 


23 Number of neutrons slowing down below E; in the moderator | (11-83) 
Neutron produced in thermal fission 


This definition takes into account both the fast fission occurring above E; and all 
resonance absorption occurring above E;. The calculations of p discussed in the 
preceding section should not, of course, be carried out above Ej. 


The method of Spinrad, Fleishman, and Soodak. The approxi- 
mate value of є can be found by the following method which is due to Spinrad, 
Fleishman, and Soodak (SFS). For the moment, it will be assumed that the fuel 
lumps are so widely separated that collisions in the intervening moderator reduce 
the energies of neutrons emerging from a lump to below the fission threshold 
before they enter another lump. In this case, as in the preceding section, the lumps 
are said to be isolated. Closely packed lattices of interacting lumps will be 
considered later. 

In the SFS method, it is assumed that once a neutron leaves the fuel it slows down 
in the moderator without returning to the fuel (at least not above the fission 
threshold).* Based on this assumption a definition of e équivalent to the one 
given in Eq. (11-83) is 


PN Number of neutrons having first collisions in moderator , (11-84) 
Neutron produced in thermal fission i 


Eq. (11-84) is known as Spinrad's definition of the fast fission factor. 


* A method which takes into account the return of neutrons from the moderator above the 
fission threshold has been given by H. Markl and A. G. Fowler (see References). 
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To calculate e, all neutrons within the fuel lump are divided into three groups: 


Group 1. This group contains all fission neutrons with energies above E;. Neu- 
trons are lost from this group by absorption, leakage from the lump, or scattering 
to below Ej. 


Group 2. These are fission neutrons with energies below E;. They are lost by 
absorption and leakage; it is assumed that neutrons are not scattered out of this 
group. 


Group 3. This group contains the neutrons with energies below E; which have 
been scattered out of Group 1. Neutrons are lost from this group by absorption 
or leakage. As in the case of Group 2, it is assumed that neutrons are not scattered 
out of this group. 


It should be noted that the energy spectra of these three groups of neutrons are 
all different. The spectra of Group 1 and Group 2 neutrons are represented by 
portions of the prompt fission neutron spectrum above and below E;, respectively, 
while the spectrum of Group 3 neutrons is given approximately by the inelastic 
neutron distribution function (cf. Eq. 2-89). The cross sections for each of these 
groups averaged over the appropriate spectra are defined as follows: 


су fission cross section, Group 1; 

түү Capture cross section, Group 1; 

сіі Scattering cross section, Group 1, the scattered neutron remaining in 
Group 1; 

сіз Scattering cross section, Group 1, the scattered neutron falling into Group 3 
(с із is a group transfer cross section as in Section 10-4); 

Cit = 04; + сүү + 011 + 0,3 total cross section, Group 1; 

с зу capture cross section, Group 2; 

G22 Scattering cross section, Group 2, the scattered neutron remaining in 
Group 2; — 

Со: = Cay + G22 total cross section, Group 2; 

7 3y capture cross section, Group 3; 

033 Scattering cross section, Group 3, the neutron remaining in Group 3; 

63; = O37 + 033 total cross section, Group 3. 


The fraction of the fission neutrons which are produced above and below the 
fission threshold will be denoted by x, and х, respectively; that is 


ху = f. X(E)dE and x= [^ Х(Е) dE, 
Е; 0 
where Х(Е) is the fission spectrum (cf. Eq. 3-14). It is customary in calculations of 
є to take E; to be the energy at which the fission cross section rises to one-half of 
its plateau value (cf. Fig. 3-4). For both 107238 and Th???, E, is approximately 
1.4 MeV; and in this case, Х = 0.561 and xa = 1 — x, = 0.439. The average 
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number of neutrons emitted per fission induced by Group 1 neutrons will be 
written as уј. Neutrons in Groups 2 and 3 are not capable of causing fast 
fission. 

In addition to the above constants it is also necessary to know the average 
probability that a neutron in each of these groups will escape from or undergo a 
collision within the fuel. For simplicity, it is usually assumed that all fission 
neutrons are produced uniformly in the fuel and that all collision densities are 
independent of position in the fuel. The probability that a neutron escapes from 
the fuel without a collision is then given by the function Pro which has been used 
repeatedly in the preceding sections. It will be remembered that Pro is a function 
of the product 7Z,r, where 7 is the average chord length of the lump. Since Pro 
depends on the fuel cross section Zr, its value is different for the three groups 
defined above. To simplify the notation, these probabilities will be denoted by 
Ру, P2, and Рз, where the subscript refers to the group number. 

To calculate є based on the definition given in Eq. (11-84) it is merely necessary 
to determine the number of neutrons leaving the fuel for the first time from all 
groups, per neutron produced in thermal fission. To begin with, consider the 
neutrons in the first group. Per neutron emitted in thermal fission, X, neutrons 
appear in this group. Of these, ха Ру escape without collision while x1(1 — P1) 
have a first collision in the fuel. Such a collision produces, on the average, 
X3V10 1//0 1; fission neutrons in the first group while 011/01; neutrons remain 
in the group after scattering. The total number of neutrons available in Group 1 
after the first collision is thus 


X1 — PiX + би) ур pa, 
Oit | 


where 81 = (Xwy1y + 011)/o1u. Of this number, XıPı(1 — Pj)8, neutrons 
escape without further collision while x,(1 — P,)?8, interact a second time. 
These produce Х 1(1 — P ,)?82 neutrons, on the average, of which x1P,(1 — P )28@ 
escape, and so on. | 

The total number of neutrons escaping from the fuel in Group 1 after all colli- 
sions, per neutron produced in thermal fission, is therefore 


P 
Х1Ру + ХР — Рубу + ПРИ — POI qood Тт =o 


(11-85) 
The total number of collisions in this group per thermal fission neutron is 


1—P 
Xil — Py) + ха — Ругв + х1 — Руб + = 1 ха = POR. 


The neutrons in Group 2 are produced in fission, that is, in the original thermal 
fission and in subsequent fissions induced by neutrons in Group 1. In particular, 
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Xə neutrons are emitted per thermal fission neutron, and Хор neutrons are emitted 
per fission in Group 1. Since there are a total of 


Xi(1 — P1) 
1 — (1 — P)8 


collisions in Group 1, and evidently 


XY(1 — P1)o1;//201: 
1 — (1 — P061 


of these are fissions, it follows that the total number of neutrons entering Group 2, 
per neutron emitted in thermal fission, is 


ХруХ (1 — Руја1//01: 


%2 + TO Pe 


Consider now the fate of a neutron entering the second group. By definition 
Р» leave the fuel without collision and (1 — Po) collide. After a collision 


(1 — Ројс; 


= (1 — Ров» 
ds. ( 2)82 


neutrons remain in the group, where 85 = 022/02 Of these, Po(l — P3)85 
escape without further collision, (1 — Р»)?8» collide a second time, producing 
(1 — Р,)262 neutrons, and so on. The total number escaping into the moderator 
per neutron entering the group is thus 


Р, + Pol — P3)85 + Pell - Ра)? + = poe 


The number of neutrons leaving the lump in the second group per neutron pro- 
duced in thermal fission is then 


Хә>1Х1(1 — сысы] Рә |. 2 
[s + 1-G@—-Pps |l1—d — Ров Dp 


In a similar manner it is easy to show that 


Х1(1 — Рус 13/01; | 
1 — (1 — P)8 


neutrons are scattered into Group 3 from Group 1 per thermal fission neutron 
and that the fraction Рз/[1 — (1 — P3)83] of these escape from the fuel, where 
Вз = 033/03:. The total leaving the fuel from Group 3 per fission neutron is 


therefore 
| ча — Во [геу pe 
eee eres: (11-87) 
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Table 11-4 


Three-Group Cross Sections (in Barns) for Computing є* 


Material 


4.52 1.89] 
7.77 ' | 5.101 


5.91 0.138 Е 
2380; 14.54 14.40 0.138 14.15 


* From М. R. Fleishman and H. Soodak, Nuclear Sci. and Епр. 7, 217 (1960). 
+ An additional 0.02 barn has been added to these cross sections to account for extra neutrons 
from the (n, 2n) reaction іп 17238, 


The total number of neutrons leaving the fuel in all groups per thermal fission 
neutron, that is, є, is given by the sum of Eqs. (11-85), (11-86), and (11-87): 


= XıPı | Хор1Х1(1 — сысы] Р» | 
‘STS Ppa Le а Ру: dd (раје 


«кершш Аа, 2 
+ | 1 — (1 — Руб, JLI — (1 — Ps)83 ee 


where, to recapitulate, 


_ XMT + 611, А 
Ві = wae (11-89) 
022 
B» со ( ) 
033 
= =. 11-91 
Вз =a ( ) 


Values of the cross sections and other constants needed for use in these equations 
are given in Table 11-4 for 238 and 02880. It may be noted from the table 
that Group 2 and Group 3 cross sections are very nearly equal. Thus relatively 
little error is made by combining these two groups, and this is often done in 
practice. 

It may be mentioned at this point that e is somewhat larger for a heterogeneous 
reactor than for the equivalent homogeneous reactor. This is true because there 
is a greater chance in the homogeneous case that a fission neutron will be scattered 
to below the fission threshold in a collision with the moderator before it has had 
an opportunity to interact with a fuel nucleus. When the fuel is lumped, however, 
a virgin fission neutron must pass through a region of fuel atoms before ever 
encountering the moderator, and this tends to increase the probability of a fast 
fission. 
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Closely packed lattices. Up to this point the discussion has been limited 
to isolated fuel lumps. If there is interaction between lumps, € can be calculated 
from Eq. (11-88) by replacing Ру, Рз, and Рз by escape probabilities appropriately 
modified by the Dancoff-Ginsberg factors as in Eq. (11-81). It must be remem- 
bered, however, that this factor does not account precisely for the interaction 
between lumps, and the resulting values of є are therefore not exact. (In addition, 
of course, the SFS method is not exact to begin with.) For tightly packed lattices 
є сап also be estimated by assuming that the system is homogeneous (cf. Fig. 7-4). 


Monte Carlo. It is possible to compute e to any desired accuracy using the 
Monte Carlo method. Owing to the fact that the pertinent cross sections are 
smoothly varying functions at the energies of interest and because relatively few 
collisions are necessary to reduce the energy of a neutron to below the fission 
threshold, Monte Carlo calculations of є are less time consuming than many 
calculations using this method. Considerably less time is required to compute e 
than p, for example, for the same lattice and to the same degree of accuracy. For 
this reason, Monte Carlo is particularly suited for calculations of the fast effect. 


11-5 The Value of k, 


In the preceding sections it was shown that the thermal utilization is smaller for a 
heterogeneous lattice than for a homogeneous mixture of the same materials, while 
the resonance escape probability and the fast fission factor are both larger. If 
the decrease in f is more than offset by the increase in p and e, the value of ka will 
clearly be larger for the heterogeneous lattice than for the equivalent homogeneous 
system. This is the case for natural and for slightly enriched uranium. Thus up 
to an enrichment of approximately 5 percent U??5, k,, is increased by lumping the 
fuel, while at higher enrichments it is decreased. 

The effect of fuel lumping on the value of kẹ was of considerable importance in 
the development of early reactors. At that time the only available fuel was natural 
uranium and the only abundant moderating materials were ordinary water and 
graphite. Unfortunately, numerous studies of the natural uranium-water system 
showed that even with lumping of the fuel ka cannot be made large enough to 
provide a critical system. However, by lumping the fuel it was found possible to 
raise the value of k, for the natural uranium-graphite system from a maximum 
value of about 0.85 for a homogeneous mixture, to sufficiently greater than unity 
to permit the operation of a critical reactor. Until enriched uranium and other 
moderators (in particular, D20) became available, virtually all reactors were 
therefore of the natural uranium-graphite type. 

It will be recalled from Section 9—6 (Case III) that Кы rises to a maximum value 
and then decreases as the concentration of fuel is raised in a homogeneous mixture 
of fuel (containing resonance absorbers) and moderator. Essentially the same 
phenomenon occurs in a heterogeneous system. For example, Fig. 11-12 shows 
values of f, p, € and ka which were computed in connection with the design of the 
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Fig. 11-12. Reactor parameters for the Brookhaven Research Reactor. [Based on I. 
Kaplan and J. Chernick, “Тһе Brookhaven Nuclear Reactor: Theory and Nuclear Design 
Calculations," BNL-152 (January 1952).] 


first lattice of the Brookhaven Research Reactor (a natural uranium-graphite 
reactor). In these calculations the lattice spacing was fixed so that an increasing 
fuel-rod size is equivalent to an increasing fuel concentration. Curves similar to 
those shown in Fig. 11—12 are found for all heterogeneous reactors. 

It will be observed that the dependence of f, p, and e in the case of this hetero- . 
geneous reactor is similar in all respects to the behavior of these parameters in the 
homogeneous case as shown in Fig. 9-5. Thus with increasing rod size, f and є 
increase monotonically while p decreases monotonically, with the result that k. 
exhibits a broad maximum. There is hence an optimum rod size (concentration) 
for which Ко is the largest, and other things being equal, this is the rod which would 
normally be adopted for use in the reactor. 


11-6 Other Reactor Parameters* 


In order to carry out criticality calculations for a heterogeneous reactor it is 
necessary to have values of 77, LŽ, and D in addition to ke. The more elementary 
methods for computing these parameters will now be considered. 


* In this section, bars denoting thermal averages are deleted. 
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Calculation of тт. If the mean free path of fission neutrons for inelastic 
scattering is large compared with the size of the fuel lumps, the fission neutrons 
emerge from the lumps with an essentially virgin prompt neutron spectrum. If, 
in addition, the lumps are isolated in the sense of the preceding sections, these 
fission neutrons slow down in the surrounding moderator and тт is simply the 
age of fission neutrons in the moderator. 

When the inelastic mean free path is лог large compared with the size of the 
lump, some fission neutrons may undergo inelastic scattering in the fuel. The 
energy distribution of the neutrons emerging from the fuel may then be substan- 
tially different from the prompt fission neutron spectrum. In this case, the age of 
the fission neutrons can be estimated by writing 


тт = TrmPro + ттм(1 — Pro) (11-92) 


or 
тт = ттм + (ттм — ттм)Рғо, (11-93) 


where ттм is the age of fission neutrons in the moderator, ттм is the age of neutrons 
with a fission spectrum degraded by one inelastic collision in the fuel, and Pro is 
the probability that a fission neutron will escape from the fuel without being 
inelastically scattered. The value of Pro can be obtained from Fig. 11-8 by re- 
placing Z;p with 2, the macroscopic inelastic scattering cross section of the fuel. 

The following formulas which are based on Eq. (11-93) have been widely used 
for computing 77; for natural uranium-graphite lattices: 


тт = 231 + 133Pro cm’; (11-94) 
and for natural uranium—D,0 lattices: 
тт = 97 + 23Pgo cm’. (11-95) 


The above equations neglect the volume of the lattice occupied by the fuel, and, 
indeed, this is usually small in an isolated lattice. The effect of the presence of the 
fuel can easily be included, however, by assuming that any neutron returning to 
the lump from the moderator has an energy below the inelastic threshold. Since 
elastic scattering by a heavy nucleus has little effect upon the energy of a neutron, 
it is reasonable to treat the fuel as a void region. Then by homogenizing the voids 
with the moderator, the final formula for тт in an isolated lattice becomes 


tr = (1 + т) [ттм + (ттм — Tru)Prol, (11-96) 
where 
Y = Ир/Им 


is the fuel-to-moderator-volume ratio. 

With tightly packed, interacting lattices it is usual to treat the system as if it 
were homogeneous. The age must be computed using one of the numerical methods 
described in Section 6-16 which gave rise to Fig. 6-14. 
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Calculation of 2,, D, and L2. The average value of the macroscopic 
absorption cross section for a heterogeneous lattice is defined as 


_ Јао dV. (11-97) 
fo(r) dv 
Since Z,(r) is a constant in the fuel and moderator, Eq. (11-97) can be written as 
ZorórVr + УамфмуУм 
yee? 11-98 
Sr Vr + фмУм ee 


where фр and фм are the average fluxes in the fuel and moderator, respectively. 
An equation of the same form as Eq. (11-98) holds for the average transport 
cross section, namely, 
_ ®икфЕЙк + Хымфм/м | 
EQ = ————ÀÀ—M————X——— 11-99 
: $rVr + óuVwu ( ) 


The average diffusion coefficient of the lattice, D, is inversely proportional to 
Dir, and it follows from Eq. (11-99) that 


Фғ/Иғ + фмИм _ ФЕРЕ, Фм/м, S 
- = 252 + ®- (11-100) 


where Dy and Dy are the diffusion coefficients of the fuel and moderator. 
Solving Eq. (11-100) for D and dividing by 2, from Ед. (11-98) gives the 
average thermal diffusion area of the lattice: 


T^ [GrVr/ Dy) + (фмИм/ Du)l(ZarórVr + ZauóuVw) 


This expression can be simplified by extracting the parameters Dy and Zam from 
the denominator and by using the definitions of f given in Eq. (11-6) and the 
thermal disadvantage factor ¢ given in Eq. (11-8). The resulting formula for 


1% is 
zs _П + Кај је, E 


where L2, is the thermal diffusion area of the moderator. If the fuel volume is 
small compared to the moderator volume, and since ¢ is always greater than 
unity, Eq. (11-102) reduces to 


L-0-—JfUrm. (11-103) 


which is also the formula for 12, for a homogeneous system (cf. Eq. 9-104). 

Although Eqs. (11-98), (11-100), and (11-102) or (11-103) are often used in 
practice, they are not to be considered exact. For one thing, variations in the ther- 
mal neutron spectrum with position in the lattice were entirely ignored in the 
preceding derivations. More rigorous methods have been developed for computing 
the diffusion parameters, but these are beyond the scope of this book. 
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Problems 


11-1. Derive the following handy formulas for the radius 5 of the equivalent unit cell 
in terms of the lattice pitch s: 


(a) b = 0.564s, square lattice, 
(b) b = 0.5255, hexagonal lattice. 


11-2. Show that the thermal disadvantage factor for a heterogeneous reactor is given 
by the formula 

Lar VF 
Zam Ум 


C= Жан (E — 1), 

where F and Е are the lattice functions. 

11-3. Derive the lattice functions F and E given in Table 11-1 for (a) planar geometry, 
(b) spherical geometry. 

11-4. (a) By treating fuel rods as line sources of fast neutrons, show that the slowing- 
down density at any point in an infinite square lattice of cylindrical rods is given by 


463) = 30. У; ер — т)? + 0 — ns as, 


m,mnz-z-—o 


where Q is a constant, s is the lattice spacing (pitch), and x and y are measured from the 
axis of one rod. [Hint: See Problem 6-20.] (b) Using the identity (this is an instance of 
the Poisson sum formula) 


со AC. о 
>н)? 4тт 422/2 2ттх 
Piae. уу LE - А 
5 


т, === т==-—%© 


show that g(x, у) reduces to 


q(x, y) = g > ехр[—4т°(т° + п?)т/52] cos (==) cos (=> ) џ 


5 


m, п===00 


(c) Using the result of part (b), show that the ratio of the slowing-down density at the 
edge of a cell to that at the center of a cell is of the order of 1 — 8 exp (—4т?т/5?), 
and hence show that a criterion for the validity of the assumption that g is constant over 
the cell is 


ein t/s? > 8. 


(а) Investigate the validity of the constant g assumption for the lattices described in 
Problems 11-9 and 11-10. 


11-5. Show that the lattice functions in cylindrical geometry are given by the following 
expansions: 


1/x\* _ 1 (x\* 
(a) Као) = 1 +5 5) ^ 7X2 sp 


3 2 2 
xd pq E be X9 уы ку E uos. 
(b Ех, =1+5 E 218 (>) au T | 
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11-6. Using (1) diffusion theory and (2) the ABH method, calculate and plot the thermal 
utilization of a square lattice of natural uranium rods and graphite moderator as a func- 
tion of the rod radius for (a) constant fuel-to-moderator-volume ratio of Vp/Vy = 1/50, 
(b) constant rod spacing of 10 inches. [Note: In part (a), fixing the ratio of Vr/V fixes 
the fuel concentration; increasing the rod radius then corresponds to increasing the 
heterogeneity of the system. In part (b), increasing the rod radius is equivalent to 
increasing both the fuel concentration and the heterogeneity.] 

11-7. Fuel lumps are wrapped in cladding of volume Vg and macroscopic absorption 
cross section Х.в. (a) Show that in diffusion theory the thermal utilization can be written 
approximately as 


=e ~ Е(кға)Е(кма, kub) + Е(кма, кмб), 


Е(кға) + 5 


or, since ordinarily Е(кма, кмЬ) = 1, 


1 = амм + ZasVs 
f iu „ЕР Е(кка) + Е(кма, Ккмб). 


Note: The corresponding formula in the ABH method is 


1 _ ХомУм + Хавуз 1 1 _ 42 мЁм 


= ST 


/ d Zar Vr Pr Pu SF 


(b) Show that the moderator thermal utilization, fy, that is, the probability that a thermal 
neutron is absorbed in the moderator, is given in diffusion theory by 


ји = 1— fitz + авия £78 Feo): 


[Hint: In part (a) use the thin interface boundary conditions (cf. Section 5-8).] 

11-8. In gas-cooled reactors the fuel elements are usually surrounded by comparatively 
vacuous coolant channels or gaps. By assuming that the thermal flux is constant across 
the channel, show that according to diffusion theory, fis given by 


1 2omVu 


f 7 Lor VE 
where a is the radius of the fuel (equal to the inner radius of the gap); c is the outer radius 
of the gap (equal to the inner radius of the moderator); and 5 is the outer radius of the 
moderator. Note: More accurate formulas for f with coolant gaps are tabulated in ANL- 
5800, Second Edition, Section 4. The corresponding formula for fin the ABH method is 


1 Хмм кА Se Xa | ( _ з) 
£f ZarVE | T Zar | > a (22) + 8 (22) + adar | 1 5 


p? 
quc = (E - 2м) + Е(кмс, кмб). 
1$ 


e M 


Е(кға) + Е(кмс, kmb), 


11-9. A large, air-cooled research reactor (the reactor in question is the first version of 
the Brookhaven Research Reactor) consists of a 25-ft cube of graphite penetrated by a 
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square array of 1369 air channels. The channels have a circular cross-sectional area of 
36 cm? and are spaced on 8-in. centers. Each air channel holds one fuel assembly, which 
consists of a finned aluminum cartridge containing several natural uranium slugs 1.1 in. 
in diameter. The six longitudinal fins extend along the full length of the cartridge to in- 
crease the transfer of heat to the air and to support the fuel in the center of each channel. 
The aluminum-uranium volume ratio is 0.2. (a) Using the formulas derived in Problems 
11-7 and 11-8, estimate the thermal utilization of the lattice by the diffusion theory and 
ABH methods. (b) What fraction of the thermal neutrons are absorbed by the mod- 
erator? by aluminum? (c) What is the thermal utilization of the equivalent homogeneous 
lattice? [Nore: In part (a) assume that all of the aluminum is located in a jacket surround- 
ing the fuel. (The value f — 0.8984 was computed by diffusion theory when this reactor 
was designed.)] 

11-10. (a) Using the ABH method compute the thermal utilization of a hexagonal lattice 
of 0.384-in. radius ОО» rods (p = 7.53 gm/cm?) and water, if the uranium is enriched 
to 1.3% U?35 and the fuel-to-water-volume ratio is 0.25. (b) What is the thermal 
disadvantage factor for this lattice? 

11-11. A small black cylinder of radius a is inserted in an infinite moderator which 
contains neutrons. Clearly, in the limit as a — 0 the cylinder cannot perturb the flux. 
(a) Assuming that the flux is isotropic, show that in this limit, d is given by 


d = 4D = $r, 


where D and X, refer to the moderator. (b) What is d in this limit for a sphere? [Hint: 
For part (a) use the result of Problem 5-6 to compute the current into the cylinder at its 
surface, and equate this to the current computed by Fick's law. Proceed similarly in 
part (b).] 

11-12. The functions E,(x), which are defined in Appendix II, appear in many calcula- 
tions of neutron escape probabilities (cf. Problems 11-13 and 11-14). Derive the following 
useful relations: 


(a) Бед = | Ei) du, 


1 

(6) E40) = ——-' п> 1, 

(с) E(x) = т i 1 [е ^ — хЕ,_1(х)], п> 1, 

(d EG) = E | xu _ ерид... 
x x x X 


x>I1,n> 1. 


11-13. A semi-infinite, uniform medium (0 < x < œ) contains monoenergetic, iso- 
tropic sources emitting S neutrons/cm?-sec. Consider the neutrons emitted from а 
differential slab of thickness dx, located at a distance x from the surface of the medium. 
(a) Show that the current of neutrons from this slab which are emitted from the surface at 
x = 0, but which have not undergone a collision, is given by 


Sxdx [ edu Sax 
и аш | E ЗА E 
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(b) Show that the probability P(x) that a neutron emitted at the distance x from the 
surface escapes without a collision is 


P(x) = ФфЕ2(2их). 


(c) Show that the total current of neutrons leaving the medium without a collision is 


“Ду, 


11-14. Neutrons are emitted uniformly by isotropic sources throughout an infinite slab 
of thickness a. (a) Using the result of Problem 11-13, part (b), show that the probability 
that a neutron, emitted at the distance x from one surface of the slab, escapes from either 
surface without a collision is given by 


Р(х) = 4(Ex(Zix) + Ela — х)]}. 
(b) Show that the average probability that a neutron escapes without a collision is 


gal 
Б 25 a 


(c) Plot Po as a function of Х,а. (See Appendix П for a list of tabulations of Е,„(х).) 
11-15. If the error іп the resonance integral is estimated to be 10%, how much of an 
error does this introduce in calculations of p, when p is approximately 0.85? 

11-16. (a) Compute the resonance escape probability for the reactor described in Prob- 
lem 11-9. (b) What is the resonance escape probability for the equivalent homogeneous 
system? [Nore: Ignore the presence of the aluminum. (The value p = 0.8783 was 
obtained in the original design calculations of this reactor.)] 


11-17. Using the reciprocity theorem show that 


Po [1 — 2E3(2,a)]. 


Proč Vr = Рмо®вмЁм. 


[Hint: The probabilities Pro and Pyo can be written as double integrals (cf. Eq. 11-36) 
of the Green’s function for the uncollided flux. By its nature this Green’s function must 
satisfy the reciprocity theorem. Do not use a diffusion kernel for this problem; the rele- 
vant neutrons do not diffuse.] 


Table 11-5 


E, (eV) Г (ту) Г (ТУ) 


6.67 26 1.52 
398 40 7 


11-18. Determine the practical widths of the (238 resonances whose properties are given 
in Table 11-5 for a lump of natural uranium at the following temperatures. In each case, 
compare Гь with the average energy loss per collision: 


(a) Т = 0°К (b) T = 20°C (c) T = 500°C 
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11-19. Consider a hexagonal lattice of 1-in. diameter natural uranium rods and ordinary 
water, with a metal-to-water-volume ratio of 1/3. Using the data in Problem 11-18, 
estimate the probabilities that a fission neutron will be captured in the 6.67 eV or the 
398 eV resonance of 238 at the following temperatures: 


(a) T = 0°К (b) T = 20°C (c) T = 500°C 


Compare with the same probabilities for the equivalent homogeneous system. [Note: 
The rods may be assumed to be isolated.] 

11-20. Compute and plot as a function of rod-radius the resonance escape probability and 
the fast fission factor of the lattice described in Problem 11-6 (b). 

11-21. Compute the fast fission factor for the reactor described in Problem 11-9. [Note: 
Using a method which predates the SFS method, the value e = 1.0299 was obtained in 
the original design calculations of this reactor.] 

11-22. Consider a natural uranium fuel rod, 1.1 in. in diameter. Using the SFS method, 
compute the fraction of fission neutrons that (a) leave the fuel without a collision; (b) are 
scattered within the fuel from above to below the fission threshold; (c) are captured in 
the fuel above and below the fission threshold. 

11-23. (a) Using the results of Problems 11-6 and 11-20, determine the maximum value 
of Кы for the 10-in. lattice. (b) What is the value of ke for the homogeneous system 
corresponding to (kx)max? [Note: In part (b) use e = 1.] 

11-24. (a) Using the results of Problems 11-9, 11-16, and 11-21, compute kæ for the 
reactor described in Problem 11-9. (b) What 15 Ко for the equivalent homogeneous 
reactor ? О 

11-25. A certain lattice consists of uranium metal rods 0.25 in. in diameter, enriched to 
1.15% U235, in ordinary water. The metal-to-water-volume ratio is 0.5. Compute 
(a) ka; (b) the ratio of the number of fissions іп U238 to the number of fissions in 0235; 
(c) the conversion ratio for this lattice at startup. [Note: The Dancoff-Ginsberg factor is 
0.280; in part (c), see Problem 9-13.] 

11-26. A subcritical assembly consists of a hexagonal lattice of aluminum clad, natural 
uranium rods in ordinary water. The rods are 1.20 in. in diameter including the cladding 
which is 0.040 in. thick. The lattice pitch is 1.80 in. (a) Compute Кы for this assembly. 
(Compute f by the ABH method; cf. Problem 11-7.) (b) Determine the optimum pitch, 
i.e., the one giving maximum Кы, for this lattice. 

11-27. Estimate тт, D, Ба, and L?. for the lattice described in (a) Problem 11-9; (b) 
Problem 11-25. 


12 


Reactor Kinetics 


For the most part, the preceding chapters have been concerned with the properties 
of critical reactors operating in the steady state. There was some discussion of the 
time behavior of noncritical reactors in Chapter 9, but this was primarily for the 
purpose of deriving the conditions for criticality, and many important aspects of 
the transient behavior of reactors were omitted. In the present chapter this tran- 
sient behavior will be considered in more detail. This subject is usually called 
reactor kinetics or reactor dynamics. 

A reactor will become supercritical or subcritical if its properties are changed 
in such a way that its multiplication factor becomes different from unity. These 
changes may occur in a number of ways, some of the more important of which are 
the following: | 


(a) Control-rod motion. Most reactors are controlled by moving rods of neutron- 
absorbing material which are inserted in their interiors. The movement of these 
control rods changes the absorption properties of the reactor, and this changes its 
multiplication factor. Control-rod motion, particularly during startup and shut- 
down, is the most frequently encountered reason for a reactor becoming noncritical. 


(b) Fuel burnup. According to Section 3—6, fissionable material is consumed in 
an operating reactor at a rate proportional to the power of the system. Thus the 
amount of fuel in a reactor decreases in time, and this naturally has an effect on 
the multiplication factor. 


(c) Isotope production. As discussed in Chapter 3, a large number of isotopes are 
produced in fission. Unfortunately, certain of these isotopes, known as poisons, 
are strong neutron absorbers and may substantially increase the absorption cross 
section of a reactor. In addition, if fertile materials such as Th??? ог 238 are 
present, fissile nuclei will be produced (and, in part, consumed) in time and the 
appearance of these new isotopes will also affect the multiplication factor of the 
system. 


(d) Temperature changes. Many reactor parameters depend upon temperature, 
and the multiplication factor of a reactor is therefore also temperature dependent. 
Reactor temperature, however, is usually a function of the operating power of the 
reactor, and changes in power level may lead to changes in the criticality of the 
system. 

417 
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(е) Environmental changes. Some reactors are coupled to and are therefore 
affected by changes in their environment. The average absorption cross section of 
an air-cooled reactor, for example, depends upon the total amount of air present 
in the system. This, in turn, is a function of barometric pressure and air tempera- 
ture, and the criticality of a reactor of this kind depends to some extent upon 
meteorological conditions. 


(f) Accidents. Unforeseen events may suddenly change the properties and crit- 
icality of a reactor. For instance, if a coolant channel becomes clogged, some of 
the fuel rods, denied proper cooling, may increase in temperature to a point where 
they melt. The ensuing disassembly of portions of the fueled regions of the reactor 
obviously has a serious effect on the criticality of the system. 


For these and other reasons a reactor may become supercritical or subcritical. 
In the present chapter, however, it will merely be assumed that a change in the 
multiplication factor occurs because of unspecified causes, and the central problem 
will be to determine the subsequent behavior of the noncritical reactor. Factors 
contributing to the change in the multiplication factor will е discussed in detail 
in Chapters 13 and 14. 


12-1 Infinite Reactor with No Delayed Neutrons 


Although the conclusions reached in Chapter 9 regarding the conditions for 
reactor criticality are strictly correct, that discussion of the time behavior of a non- 
critical reactor omitted one important factor affecting the dynamics of a reactor, 
namely, the delayed neutrons. It will be recalled from Chapter 3 that these neutrons 
appear long after the prompt neutrons, in six more or less well-defined distinct 
groups, each with its own characteristic energy and half-life (cf. Section 3-4). 
The fraction of the fission neutrons which are delayed is very small, (in the case of 
U?35 only one neutron in about 150 is delayed) and for this reason it might be 
thought that they could be ignored. Quite the reverse is true, however, and were 
it not for these few delayed neutrons the control of nuclear reactors would be 
considerably more difficult than it actually is. 

In order to understand the importance of delayed neutrons in reactor dynamics 
it is instructive to consider first the response of an infinite homogeneous reactor 
to a change in its multiplication factor in the absence of the delayed neutrons, that 
is, with only the prompt neutrons included. It will be assumed that up to the time 

= 0 the reactor is critical so that К, = 1. Then at t = 0, ke is changed and 
the system becomes either supercritical or subcritical. An instantaneous change 
of this type, from one constant value of ka to another, is called a step change іп kw. 

Let 1, be the prompt neutron lifetime, that is, the average time from the emission 
of a prompt neutron in fission to the absorption of the neutron somewhere in the 
reactor. For example, in an infinite thermal reactor, lp is the sum of the slowing- 
down time 1, and the diffusion time 1; (cf. Section 8-6) so that lp = t, + ta. 
Since 1, « tg, it follows that in this case /„ ~ ta. On the other hand, /, is much 
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less than /, in intermediate and fast reactors due to the fact that the neutrons do 
not thermalize in these systems. Since the absorption of a prompt fission neutron 
initiates a new generation of fission neutrons, it will be clear that (in the absence 
of delayed neutrons) /, is equal to the average time between successive generations 
of neutrons in a chain reaction, which is also known as the mean generation time. 
In view of the definition of the multiplication factor (cf. Section 4-1), the absorp- 
tion of one neutron in an infinite reactor leads, on the average, to the absorption 
of Кы neutrons in the next generation, that is, I, sec later. It follows, therefore, that 
if N (t) is the number of fissions (which is proportional to the number of absorp- 
tions) occurring per cm/sec at the time г at any point in the system, the fission 
rate /, sec later will be 
Мрб + 1) = kN). (12-1) 
However, since 


Nelt + Ь) = м0) + 1, MEO, 


it follows that N p(t) is determined by the equation 


= gs m D м) (12-2) 


Integrating this equation gives 


Мк(ї) = Мр(Оје коње, (12-3) 


where Мр(0) is the fission rate at t = 0. 
According to Eq. (12-3), the fission rate varies exponentially with time, and it 
is convenient to write 


Nr(t) = №(0)е*”, (12-4) 


where T is called the period of the reactor. It will be evident that in the time T 
the fission rate either increases or decreases by the factor e, depending upon 
whether Кы — 1 is positive or negative, and for this reason T is sometimes called 
the “‘e-folding time." In the present derivation, in which the delayed neutrons 
have been omitted, Eq. (12-3) gives 

Т = lp 


ELT (12-5) 


As an illustration of these results, consider an infinite thermal reactor consisting 
of a homogeneous mixture of H5O and 00235 in which Kk, is increased by only 
0.1 percent, that is, from (К) = 1.000 to ke = 1.001. In this case, the prompt 
neutron lifetime /, is equal to the mean diffusion time t4 of neutrons in the water- 
fuel mixture. According to Eq. (8-82) ta is given by 


Мт Мт (12-6) 


fg = -—=— = = , 
7^ avr ar + Somvr 
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where Zar and Бам are the average thermal macroscopic absorption cross sections 


of fuel and moderator, respectively. Equation (12-6) may also be written as 


ис. еч V | (12-7) 
| 22 омот 1 + ZaF/ZaM 


1 = tig —————————=—— > 
е СЕТЕ Zor/ZaM 
where fam is the mean diffusion time for the moderator alone. Finally, from the 
definition of the thermal utilization given in Eq. (9-2), Sar/Zam = f/(1 — f), 
and Eq. (12-7) reduces to 

Та = tam(1 — f). (12-8) 


Since the system was initially critical, (Кој) = 1 = arf, and with 77 = 2.07 
for U?35, f ~ 1/2. From Table 8-4 the mean diffusion time of thermal neutrons 
in pure water is 2.1 X 1073 sec, so that from Eq. (12-8), tg = 1074 sec. Then 
from Eq. (12-5) it follows that | 


T = 107*/(1.001 — 1) = 0.1 sec. 


This is a very short period; in one second the reactor would pass through 10 
periods and the fission rate (and power) would increase by a factor of e!? 
= 2.2 X 10%. Had the reactor originally been operating at 1 megawatt, the 
power would increase to 22,000 megawatts in only one second, if the system did 
not destroy itself first. A reactor with such a short period would be very difficult 
to control, to say the least. Although this result was derived for an infinite reactor, 
it will be shown later in this section that the mean-life of a neutron in a finite reactor 
is less than in an infinite system. The period of the corresponding finite reactor 
is therefore even shorter than computed above. 

The situation is even worse with an intermediate or fast reactor due to the fact 
that the mean generation time in the absence of delayed neutrons is much shorter 
than for thermal reactors. For the Fermi Reactor (cf. Section 4—4), for example, 
the prompt neutron lifetime is only 1077 sec, and a 0.1 percent change іп ka would 
give a period of only 10~* sec. 

Fortunately, due to the presence of the delayed neutrons, actual reactor periods 
are considerably longer than those computed in this section, and as a consequence 
reactors can be controlled rather easily. 


12-2 Mean Generation Time with Delayed Neutrons 


The underlying reason for the short periods of the reactors in the preceding section 
was the small value of the generation time, which in the absence of delayed neutrons 
is equal to the prompt neutron lifetime. When the delayed neutrons are included, 
the generation time is increased considerably and is equal to the sum of the prompt 
and delayed neutron lifetimes weighted by their relative yields. Let 8; be the 
fraction of the fission neutrons* which appear in the ith group. The total 


* It must be emphasized that “‘fission neutrons” include both the prompt and delayed 
neutrons. 


m а 


— 
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fraction of neutrons which are delayed is then 
6 
= 8. (12-9) 
i=l 


so that the fraction 1 — 8 of the fission neutrons is emitted as prompt neutrons. 
If / is again the prompt neutron lifetime, and J; is the mean lifetime of a delayed 
neutron in the ith group measured from the instant of fission to the time when the 
neutron is ultimately absorbed, the mean-life of all fission neutrons, prompt and 
delayed, is 


6 ‘ 
1= (1 — 0 + У Bil. (12-10) 


i=l 


It may be noted at this point that the delayed neutrons slow down and are captured 


in a time which is short compared with the mean lifetime of their precursors. That 


is, fs + fa << 1, where 1; is the mean-life of the precursors of the ith delayed group. 
Therefore, since one delayed neutron is emitted with the decay of each precursor, 
it follows that 7, is also equal to the mean-life of a neutron in the ith group, that is, 
i; = lj, and Eq. (12-10) reduces to 
6 
1= (1 — 0, + У; Bis (12-11) 
t=1 р 

Finally, since, according to Table 3-7, 8 << 1 for all fissile nuclei, Eq. (12-11) 
can be written as 


6 
l= 1, Bi. (12-12) 


121 


Return now to the example of ће U??5-fueled, water-moderated thermal reactor . 


discussed earlier. Using the values given in Table 3-7 for PUES, the term 7:85; 
in Eq. (12-12) is found to be 0.085 sec = 0.1 sec. Again, lj ~ 1074 and from 
Eq. (12-12) 115 about 0.1 sec, rather than 107 * sec as in Section 12-1, where the 
delayed neutrons were omitted. A 0.1 percent change in К„ according to Eq. (12-5) 
now leads to a period of T — 0.1/0.001 — 100sec. With this period it would 
take 100 sec for the reactor power to increase by a factor of e and the system could 
easily be controlled by the motion of control rods. It should be evident from this 
example, that the mean generation time and reactor period are determined very 
largely by the delayed rather than by the prompt neutrons. This is especially true 
for intermediate and fast reactors because of the very small prompt neutron 
lifetimes in these systems. 


12-3 Infinite Reactor with Delayed Neutrons 


Unfortunately, the precise effect of the delayed neutrons on the response of a 
reactor to a change in its multiplication factor cannot be found by simply re- 
placing the mean generation time in the absence of delayed neutrons by the more 
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appropriate expression given in Eq. (12-12). Instead, it is necessary to consider 
in detail the production and subsequent decay of each of the delayed neutron 
precursors in the reactor. The analysis is rather complicated for a general reactor 
and it is expedient to begin by considering the infinite homogeneous thermal 
reactor. The thermal flux and concentrations of precursors are then independent 
of position and the results of the analysis will be independent of assumptions such 
as the validity of diffusion theory, the model of neutron slowing down, and so on. 
It will be shown in the next section that finite reactors behave in essentially the 
same way as the infinite thermal system. 


The reactivity equation. Since the flux is independent of position in an 
infinite reactor, the equation of continuity for the thermal neutrons is (cf. Eq. 9-4) 


— фт@) + eo = „0, (12-13) 


where @т(ї), the thermal slowing-down density at the time t, has been used for the 
thermal source term. The function g(t) has two parts; one from the slowing down 
of the prompt neutrons and one from the slowing down of the delayed neutrons. 
Considering the prompt neutrons first, it will be noted that there are 2 фт(и) 
fissions per cm?/sec throughout the reactor, where 2) is the average thermal 
fission cross section. As a result, a total of vež;ġr(^ fission neutrons are produced 
per cm3/sec, of which the fraction (1 — 6) are prompt and 8 are delayed.* From 
Section 9-1, 


Ко 
vez ror (t) = p Zaer(t), 


where Š, is the absorption cross section of the fuel and moderator mixture. Thus 
assuming that the prompt neutrons slow down essentially instantaneously and 
taking into account resonance absorption, it follows that 


ko ы а 
РХ(1—8) т Zabr(t) = (1 — 8)К„2Ффт(1) 


prompt neutrons thermalize per cm?/sec throughout the reactor. 

Consider next the delayed neutrons. If C;(f) is the concentration at time t 
in atoms/cm? of the precursors of the ith delayed group, and №; is their decay 
constant, then A;C,(r) of these atoms decay рег cm?/sec (cf. Section 1-7). One 
delayed neutron is emitted with the decay of each precursor and assuming again 
that these neutrons thermalize instantaneously, the contribution to 47(1) from all 
groups of delayed neutrons is p 5; C;(2), where the summation includes all 


* It was noted in Chapter 3 that the delayed fraction varies with the energy of the neutrons 
inducing fission. Strictly speaking, therefore, the values of 8 to be used for fast and 
thermal fissions should be different. This distinction is ignored in the present derivation. 
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groups. The total slowing-down density from both prompt and delayed neutrons 
is therefore 


ата) = (1 — BkaSabr(t) + p >, NC. (12-14) 
Inserting this result into Eq. (12-13) gives 
[1 — 8)k, — llérG) + D мС;() = ta гч). (12-15) 


From the above discussion, 6(k./p)Za¢r(t) delayed neutrons are eventually 
emitted as the result of fissions occurring at time t, and of these 8,(k./p)Za¢r(t) 
are of the ith type. However, since only one delayed neutron is emitted per pre- 
cursor it is evident that 8,(k./p)Za¢r(t) also must be the rate at which the ith 
precursor is formed per cm?/sec at time / in the reactor. The precursors decay 
at the rate X;C;(1) and their concentration at any time is determined by the equation 


аса) _ 


ka 
Gt = BE Bar — NCD. (12-16) 


Equations (12-15) and (12-16) are a set of seven coupled, linear, first-order 
differential equations with constant coefficients, which must be solved for z(t). 
This can be done by assuming solutions of the form 


ér(f) = Ае“! (12-17) 
and 
СА) = Се, (12-18) 


where A, С;, and о are constants to be determined. Because Eqs. (12-15) and 
(12-16) are linear,* the sum of all possible solutions of this form will provide the 
genera] solution to the problem. 
Inserting Eqs. (12-17) and (12-18) into Eq. (12-16) and solving for C; gives 
BiKodaAd 

С; = — === • 12-19 

Plo + X) ( ) 

When this result is substituted into Eq. (12-15), the constant A cancels from the 
equation and the following is obtained: 


(1 = Bk, — 1 + ke PE = шм. (12-20) 


i 
Finally, if the constant 8 is replaced by У; 8; and the equation is rearranged, it 
* The linearity of Eqs. (12-15) and (12-16) depends, of course, on kæ, which in the present 


discussion is a constant. In more realistic problems, Кы is a function of time and flux, 
and the equations cannot ordinarily be solved analytically (cf. Section 12-11). 
i 
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can be put in the following form which is convenient for computations: 


Ка = 1 wha о 8; . ES 
ks = on an gm (12-21) 


The quantity on the left-hand side of this equation is known as the reactivity 
of the infinite reactor and is given the symbol p; thus 


(12-22) 


If ke is greater than unity the reactor is evidently supercritical and p is positive, 
and in this case the reactor is said to have "positive reactivity." On the other hand, 
if Кы is less than unity, then the reactor is subcritical, p is negative, and the reactor 
possesses "negative reactivity." It should be noted that according to Eq. (12-22) 
the maximum value of p is unity, while p may have any negative value. 

Incidentally, if the reactor is critical before the change in ke, Eq. (12-22) may 
also be written as 


Ко a (Којо 


p = VR (12-23) | 


© 


where (Кој) = 1 is the multiplication factor of the initially critical system. The 
numerator in Eq. (12-23) is then simply the change in k,, and hence for the 
infinite reactor the reactivity may be represented by 


= А®. 


(12-24) 


Written in this form it is clear that p represents the fractional change in Кы and it 
is common therefore to specify reactivity in percent. 
Equation (12-21) now becomes 


Aka wld о В; 

gen а (29 
This equation is known as the reactivity equation and occasionally as the inhour 
equation. The origin of the latter term will be clarified in Section 12-6. 

When the fractions in Eq. (12-25) are cleared, a seventh degree polynomial in о 
is obtained which has seven roots. Thus there are seven values of w for which the 
assumed functions in Eqs. (12-17) and (12-18) are solutions to the differential 
equations (12-15) and (12-16). The nature of the roots of Eq. (12-25) may be 
seen by plotting the right-hand side (RHS) of Eq. (12-25) as a function of w 
as shown in Fig. 12-1. It will be observed that the RHS = 0 for о = 0 and 
increases monotonically to unity with increasingly positive values of w. When 
w is negative, however, the RHS is singular for the six values of w = — А; and at 
w = —1/tg. Also, in the limit as w — — о, RHS — 1. 
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Fig. 12-1. Schematic drawing of the two sides of the reactivity equation showing the 
seven roots for positive and negative reactivity. The figure is not drawn to scale. 


The roots of Eq. (12-25) are given by the intersections of the horizontal line 
representing the left-hand side of Eq. (12-25) with the right-hand side. As shown 
in the figure there are seven roots, w1, W2,..., W7, for both positive and negative 
values of p (it must be remembered that p is confined to the range — œ < р < 1). 
The flux may then be written as the sum | 


| 7 
or(t) = éro(A1e"! + Aze"?! +--+ + Az") = фто >, Ае, (12-26) 


j=1 


wure фто is the value of the flux at t = 0. Similarly, the concentration of the 
precursors of the ith type is 


7 
Сб) = Cio E Bije"', (12-27) 
ј=1 
where С;о is the concentration at £ = 0. The constants 4; and В;;, of which there 
are a total of 49, must next be found. 


Determining the constants. АП but six of the constants in Eqs. (12-26) 
and (12-27) can be eliminated by inserting these equations into Eq. (12-16). 
This gives 


| 7 aw st В;:К.Ўафто ч o t 7 wjt 12-28 
Cio > Вузе = Eee > A; — XiCio 1 Bie". (12-28) 
ј=1 


р j=l j=l 
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Since this equation must hold for all values of 7, the coefficients of corresponding 
exponentials (i.e., those having the same w,) are equal, so that 


В:К.ЎафтоА; А 


С;0В;; = 12-29 
$9 pws + X) ( ) 
Equation (12-27) then reduces to 
| Bi К BiksZabro wit = 
Ct) = 5 rorem: r a (12-30) 


Only the seven constants A; now remain, and these can be determined from the 
initial conditions in the reactor. For instance, suppose the reactor was critical 
and operating in the steady state prior to the change іп ke. Then (Кој) = 1, 
and the resonance escape probability is ро. Since (dC;/dt)o = 0 at t = 0, it 
follows from Eq. (12-16) that 


Cio = Biko )oZobro . (12-31) 
ром 
From Eq. (12—30), however, 
Biko Bikoža$ro 
С;(0) = Cio = 12-32 
0) = Co = 77 » 4a (12-32) 
and comparing the last two equations it is evident that 
Poke d A; 1 
= — 12–33 
Whale 4 at у eae 
Finally, since фт(0) = фто, Eq. (12-26) yields the condition 
7 
> А; = 1. (12–34) 


Equation (12-33) represents a set of six linear equations, one for each value of i, 
that is, one for each delayed group. These equations together with Eq. (12-34) 
uniquely specify the values of the seven constants 4; and the analytical solution 
is complete. Fortunately, as will be shown in the next section, it is not ordinarily 
necessary (nor is it appropriate) to compute the exact values of the A; from Eqs. 
(12-33) and (12-34) in order to predict the response of a reactor to a change in 
its multiplication factor. 


Behavior of the flux. As an example of the response of an initially critical 
reactor to a step change іп ke, consider the infinite U??5-water reactor which was 
discussed in Section 12-1, and again let 


Ak, = 0.001 and tg = 10—* ѕес 
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Fig. 12-2. Time behavior of thermal flux in infinite U?35-fueled, H2O-moderated 
thermal reactor following step reactivity insertion of 0.001. 


When the w; and A; are computed from Eqs. (12-25), (12-33), and (12-34), r(t) 
is found to be given by 


ér() = фтој1 44627 9:82" — 0,0359e—9 13%? — 0.140е—0-0598г 
— 0.0637e7%!83t — Q,0205e71-995* — 0.00767e— 787%! 


Figure 12-2 shows фт()/Фто as a function of time after the change in Ко. It will 
be noted that the flux rises very suddenly at first, and then more slowly. Mathe- 
matically, the sudden rise is caused by the rapid decay of the exponential functions 
in Eq. (12-35) that have large arguments. Physically, this behavior is due to the 
fact that as soon as k» is increased above unity the fission rate increases, more 
prompt neutrons are immediately generated, and the chain reaction begins to 
diverge on the prompt neutrons alone. However, this cannot continue indefinitely 
since the system is actually subcritical as far as the prompt neutrons are concerned. 
This is because only (1 — 8)k, new prompt neutrons are produced per cycle of 
the chain reaction, and in this case (1 — 8)k, = (1 — 0.0065) X 1.001 = 0.994. 
The initial change in ¢7(?) is thus similar to the sudden rise in flux which occurs 
when a neutron source is placed in a subcritical reactor. Following its initial rise 
caused by the prompt neutrons, the flux increases more slowly as the delayed 
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neutrons are emitted, and the subsequent behavior of the reactor is determined 
entirely by the delayed neutrons. This response of a reactor will be reconsidered 
in Section 12-7. | 


12-4 Response of a Bare Reactor to a Step-Change in 
Reactivity 


It will now be shown that the results derived in the preceding section for the 
infinite reactor also hold with little modification for a finite reactor. For the most 
part the present discussion is limited to bare thermal reactors. The dynamics of 
reflected reactors is a somewhat more complicated subject, which requires mathe- 
matical techniques to be developed in Chapter 15. The slowing down of neutrons 
will be treated by age theory, and for the moment it will be assumed that the fission 
and delayed neutrons are emitted with the same energy. As a consequence, the 
ages of all neutrons to thermal energies can be taken to be equal. 

For simplicity, the slab reactor will be considered first. It may be noted at the 
outset that the problem of finding the time behavior of such a reactor differs from 
that of the infinite reactor only in that the flux, the slowing-down density and the 
precursor concentrations, are all functions of space as well as time. As will be 
shown presently, this spatial variable can be eliminated by expanding these func- 
tions in appropriate eigenfunction series. The resulting equations are then identical 
in form with those for the infinite system. 


The bare slab reactor. Consider a uniform slab thermal reactor of extrap- 
olated thickness a. Up to the time ¢ = 0 it will be assumed that the reactor is 
critical and operating in a steady state, so that according to the discussion in 
Chapter 9 the multiplication factor k is equal to unity. The properties of the reactor 
are then changed uniformly throughout the entire slab so that for 7 > 0, k is 
different from unity. It is desired to find the subsequent time behavior of the system, 
that is, for 7 > 0. 
The thermal flux is a function of x and t and the diffusion equation is (cf. 
Eq. 9-14) 
2 
га 2900) e 1) + Peru r) = ы 820000, (12-36) 
ox? Da ðt 
where q(x, тт, f) is the thermal slowing-down density in the absence of resonance 
capture as in Section 9—2. This function satisfies the age equation 


Ә?а(х, т, t) _ даб m. 1), " 
ax? 2: дт (12580 


Since the prompt and delayed neutrons have been assumed to be emitted with the 
same energy, the source condition for the slowing-down density at r = 0 is 


a(x, 0,1) = Уу NC 0 + @ — В) =® Segr 0), (12-38) 
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where C;(x, t) is the concentration of precursors of the ith delayed group at x 
at the time г. Finally, С;(х, 0) satisfies an equation similar to Eq. (12-16), namely, 


All of these equations must be solved subject to the boundary conditions 


a a 
(+ биља) = о and өт (+ 5,1) =0, 


for all values of t апа т. This can be done in a straightforward way by expanding 
each of the functions фт(х, f), C;(x, t), and q(x, т, t) in series of slab eigenfunctions 
cos Вах, where B, = пт/а, п = 1,3,5,..., which have been used repeatedly 
in earlier chapters. By proceeding in this way, the space dependence of these 
functions can be eliminated from each of the equations due to the orthogonality 
of the eigenfunctions. As noted above, the remaining time-dependent equations 
will then be found to be of the same form as those for the infinite reactor. Thus let 


ér(x, ђ = У, e(t) cos Вах, (12-40) 
n odd 
Сх, t) = У, Cin(t) cos Bax, (12-41) 
n odd 
and 
q(x, T, t) = У) да(т t,) cos Вах, (12-42) 
n odd 


where the functions ¢n(t), Cin(t), and ал(т, t) must be determined. 
Substituting Eq. (12-42) into Eq. (12-37) gives 


— У) Bla.(r, t) cos Вах = У) дат, 1) cos В„х. (12-43) 
OT 
n odd n odd 


Because the orthogonality of the cos B,x functions (cf. Section 5-10) the nth 
terms on each side of Eq. (12—43) are equal, so that 


Ogn(T, t 
PTD — вт, 0). (12-44) 
This equation has the solution 
qur, 0) = Те Pm, (12-45) 


where Т„() is an unknown function of t, and consequently Eq. (12-42) becomes 


q(x, T, t) = У) T.(De-?* cos Вах. (12-46) 
n ода 


430 REACTOR KINETICS [СНАР. 12 
Inserting this result and Eqs. (12—40) and (12-41) into Eq. (12-38) gives 


2 Т„(ї) cos Bax = 2x МС (1) cos Bax 
n odd 


+ (1 – p^ == 5, У, (t) cos Вах. (12-47) 


n ода 


Again, in view of the orthogonality of the cos Врх, the nth terms in the equation 
are equal and so 


KE. 
Т0) = >, NCl) + (1 — 8) > Sebald). (12-48) 
Next, if Eqs. (12-40) and (12-41) are substituted into Eq. (12-39) the result is 


y: 40) cos Bx = p, ке 5, 35 dat) cos Bax — м > Cin(t) cos Вах, 


n odd dt n odd n odd 
(12-49) 
and the orthogonality condition leads to 
LaO — в, аза) — ма). (12-50) 


In a similar way, when Eqs. (12-40) and (12-46) are substituted into Eq. (12—36), 
the resulting equation reduces to 


– @ + BIER) + È T. per = ло 0. 12-51) 
Inserting Eq. (12-48) gives 


— (1 + BILE). (1) + = “Вит 2 МС (t) 


Tl Bye 9 Ton(t) = ta O. (12-52) 


This equation can be simplified by introducing the quantities k, and 1, defined in 
Section 9-2, namely, 


—В?тт 
Кым Кы | (12-53) 
1+ BL? 
and i 
d 
= ===. (12-54) 
1 + B? 


Equation (12-52) then becomes 


dé.(1) 


1 
” dt 


= [@ — 8) — ы + 2 ра ED мс). 012-55) 
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It may be noted at this point that Eqs. (12-50) and (12-55) are identical in form 
to Eqs. (12-15) and (12-16) for the infinite thermal reactor. As earlier, therefore, 
solutions may be found of the type 


Enlt) = A,e*! (12-56) 
and 
См(@) = Cine’. (12—57) 


Inserting these functions into Eq. (12—50) gives 


Bikožadn А 
plo + №) 


When this result and Eqs. (12-56) and (12-57) are introduced into Eq. (12-55), 
the constant A, cancels from the equation, leaving 


E 


Cin = (12-58) 


(1 — 8, — 1 + kn 22 XC 9, (12-59) 
which may be put in the more useful form 
К„—1__ ct, с) B. 
Lo o Рон 145 245 EX 12500) 


Equation (12-60) is the analog for the finite bare reactor of the reactivity equa- 
tion for the infinite reactor (cf. Eq. 12-21). Thus any (uniform) change in the 
criticality of the system leads to various values of the k, and t,, and these values 
determine the seven roots in Eq. (12-60). Now, however, there are seven roots for 
each value of n. When all of these roots, denoted by wjn, have been computed, the 
thermal flux in the slab reactor can be written as 


or(x,t) = У) Аде" cos Вах. (12-61) 


jn 
Since prior to the change in k the reactor was assumed to be critical and operat- 


ing in the steady state, the flux necessarily consisted of the fundamental mode 
only, so that 


фт(х, 0) = Acos Bx. (12—62) 
Equating this to Eq. (12-61) at = 0 gives 
A cos Bx = У, Ajn cos Bax. (12-63) 
jin 


Because of the orthogonality of the functions cos B,x, all of the constants Ajn 
must be zero for n я 1. This can be seen by multiplying both sides of Eq. (12-63) 
by cos B,x and integrating from x = —a/2 to x = +a/2. Thus Eq. (12-61) 
reduces to 


фт(х, t) = р> ле cos Bx, (12-64) 
7 


ве 


[АНЕ ни > 
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where, as usual, the subscript has been dropped for the fundamental mode. From 
Eq. (12-64) it must be concluded that if the reactor is initially critical and operating 
in the fundamental mode and becomes supercritical or subscritical as the result of 
a uniform change in the system, the reactor will remain in the fundamental mode. 
Furthermore, the magnitude of the flux increases or decreases as the sum of seven 
exponentials as does the flux in the infinite reactor. As will be shown presently, 
this theorem does not hold if the changes in the reactor are made in a nonuniform 
way. 

It follows from this result that if the reactor is changed uniformly, Eq. (12-60) 
must be solved only for the casen = 1. Writing k for kı, as usual, this equation is 


К— 1 ct © Bi 2 
k = d ue um 225 X (12-65) 


The quantity on the left-hand side of this equation is known as the reactivity of 
the reactor, and as with the infinite reactor discussed in the last section, it is denoted 
by the symbol p, that is, 


gd ан (12-66) 
Equation (12-65) now reduces to 


с је са ЖЕ, Be » 
puc Posi (280 


This is the reactivity equation for the finite reactor. 

It will be observed that Eq. (12-67) is identical with Eq. (12-25) except that 14, 
the mean diffusion time, which is equal to the prompt neutron lifetime for the in- 
finite reactor, is replaced by the parameter гі. It may be inferred, therefore, that 
11, which is given by 


fa (12-68) 


fly = ———————» 
+ 1+ в? 


is the effective prompt neutron lifetime in a finite reactor. The factor 1/(1 + B?L?) 
is just the thermal nonleakage probability (cf. Section 9—4), and it follows from 
Eq. (12-68) that 1, is the mean diffusion time for the infinite reactor weighted by 
the probability that the prompt neutrons do not leak from the finite system. This 
means, of course, that the prompt neutron lifetime is smaller for a finite reactor 
than for the corresponding infinite reactor. ja 


Other reactor geometries. The results derived above for the bare slab 
reactor can easily be shown to hold for all uniform bare reactors. To show this, 
it is merely necessary to replace the slab eigenfunctions cos B,x by the eigen- 
functions e,(r) appropriate to the reactor. These are solutions to the equation 


У рат) Р Brent) = 0, (12-69) 
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which also satisfy the boundary condition ¢,(r) = 0 on the reactor surface. The 
flux following a uniform change in the multiplication properties of the system is 
then found to be given by a series similar to Eq. (12-61), namely, 


ér(r, t) = У) Аде" prle). (12-70) 
jn 


Furthermore, by the same argument which led to Eq. (12-64), if the system is 
initially critical and operating in the steady state, Eq. (12-70) reduces to 


өтт, 0 = [55 еец), (12-71) ' 


where the w; are roots of Eq. (12-65). The constants A; can be found using the 
same techniques discussed earlier for the infinite reactor. 


Nonuniform reactivity changes. In the preceding discussion it was 
assumed that the properties of the reactor were suddenly changed uniformly 
throughout the entire system. As a practical matter, however, it is almost impos- 
sible to change a reactor in this way. Changes in a reactor are usually made non- 
uniformly, that is, the properties are altered differently at different points in the 
reactor. For example, when a control rod is moved, the physical properties of 
the reactor are only altered at the location of the rod; the properties of the re- 
mainder of the reactor are not affected. 

To understand how a reactor responds to such a nonuniform change in its 
properties, it is important to recognize that the eigenfunctions of the reactor after 
a nonuniform change are not the same as the eigenfunctions of the original reactor. 
This is because mathematically the reactor after the change is a fundamentally 
different system, and either the differential equations determining the flux, or the 
boundary conditions, or both, are different from those for the original system. 
Furthermore, although the eigenfunctions of the new system are orthogonal to 
one another, they are not orthogonal to the eigenfunctions of the original reactor. 
For example, the first three eigenfunctions are shown schematically in Fig. 12-3 
for a slab reactor before and after the introduction of a central control rod. It 
will be observed that the two sets of functions are quite different and there is no 
reason to expect the two sets to be orthogonal. 

Let the eigenfunctions of the reactor for £ > 0 be denoted by ¢*(r) to distinguish 
them from the eigenfunctions „(г) for і < 0. After the change in the system the 
flux according to Eq. (12-70) is given by 


ФО, 0) = У) Age" от). (12-72) 
jn 


Now if, prior to the change, the reactor was critical and in the steady state, ф(г, 0) 
= Ag,(r), and by placing t = 0 in Eq. (12-72), it follows that 


Aer) = 2 Aser). 


REACTOR KINETICS [СНАР. 12 


Rod out 


Fig. 12-3. First three eigenfunctions of slab reactor with and without central control rod. 
Only odd-numbered eigenfunctions appear because of the symmetry of the system. 


This expression is similar to Eq. (12-63), but now since (г) is not orthogonal 
to the functions ¢*(r), it is no longer true that the A;n are zero for n > 1. Оп the 
contrary, all the A;n are nonzero and it must be concluded that after a nonuniform 
change іп a reactor the fundamental and higher harmonicst (of ше new system) 
are present. 

The higher harmonics do not persist, however, as may be seen from the following 
argument.{ To begin with, let 


(12-73) 


This quantity, roughly speaking, is the reactivity associated with the nth harmonic. 
Since the eigenvalues form a monotonically increasing set, that is, 


“В, < Bo < Вз,..., 


it is evident from Eq. (12-53) that the k, form a monotonically decreasing set, 


t Recall that the fundamental is called the ‘‘first harmonic” (cf. Section 5-10). 

t This argument is somewhat oversimplified, since the quantities k, cannot be defined for 
a nonuniform reactor as easily as in Eq. (12-53), because the parameters r7, 13, etc., may 
be space dependent. However, it is sufficient to think of the А, as suitable averages over 
the reactor volume. 
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that is, kı > К» > ks, etc. In actual fact, К» is usually substantially less than 
kı, Ёз is substantially less than Ко, and so on. 

Suppose now that the multiplication factor К = k, is increased above unity, 
that is, the reactor becomes supercritical. For reasons which will be discussed in 
Section 12-8, k is rarely increased beyond about 1 + 8; and since 8 < 1 for all 
fuels, this means that k is never more than slightly greater than unity for positive 
reactivity changes. Therefore, since Кә < Кү, it follows that Ко must be less than 
unity, and from Eq. (12-73) pə must be negative. Similarly, рз < рә < 0, etc., 
so that the reactivities associated with all harmonics above the fundamental are 
negative. Now as shown in Fig. 12-1, all of the roots of the reactivity equation are 
negative when the reactivity is negative. Thus if p, is negative for n > 1, the roots 
of Eq. (12-60) are also negative for n > 1, and it must be concluded that the 
harmonics in Eq. (12-72) die out in time even though the reactivity associated 
with the fundamental р; = p is positive. On the other hand, had k originally 
been decreased below unity, p would be negative but the quantities po, рз, etc., 
would be even more negative and the harmonics of the flux would die out much 
faster than the fundamental. In either case, the flux eventually assumes the shape 
of the fundamental eigenfunction of the changed reactor which then increases or 
decreases in time according to Eq. (12-71). To summarize, if a reactor is originally 
critical and operating in the fundamental mode, the flux will remain in the funda- 
mental after a change in the multiplication factor, provided the change is made 
uniformly. lf the reactor is changed in a nonuniform manner the flux ultimately 
assumes the shape of the fundamental mode appropriate to the altered system after 
the harmonics of the flux have died out. 


Other types of reactors. While the above conclusions were derived for 
the thermal reactor, they can be shown to hold also for intermediate and fast 
reactors. Thus for any reactor the response to a step change in reactivity is deter- 
mined by the general reactivity equation: 


wl 


ра dul Et OY Min К 
aga Кр eer > у М0 


where /, is the prompt neutron lifetime. As noted earlier, /, is much less for non- 


thermal reactors than for thermal reactors, and, as a consequence, the time behavior 


of these reactors is insensitive to the values of /,. It is usually possible, in fact, to 
place /, = 0 in the reactivity equation for most nonthermal reactors. 

It may also be mentioned here that the conclusions reached in this section, which 
were based on calculations of a bare reactor, also apply to reflected reactors pro- 
vided an appropriate value is used for the prompt neutron lifetime in the reactivity 
equation. Unfortunately, the proof of this statement and a derivation of the 
formula for /, require mathematical techniques to be developed in Chapter 15. 
On physical grounds, however, it may be said that since the reflector tends to 


UI E oe ye а 
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return neutrons to the core which would otherwise escape from the system, the 
effect of the reflector is to increase the prompt neutron lifetime over its value for 
the bare reactor. It follows that /„ for a reflected reactor generally lies between its 
value for the bare core and for the infinite reactor. 


12-5 The Value of 8 


In the preceding sections it was assumed that both the prompt and delayed neutrons 
are emitted with the same energy, whereas in actual fact the delayed neutrons are 
considerably less energetic than the prompt neutrons. This has the following 
interesting effect on the kinetics of a finite reactor. 

It should first be noted that if, as in most reactors, the fuel is a motionless solid, 
the prompt neutrons and their associated delayed neutrons are emitted in the 
reactor with the same spatial distribution.t The average fast leakage probability 
is therefore greater for the more energetic prompt neutrons since they spend a 
longer time slowing down than do the delayed neutrons. As a consequence, the 
fraction of the neutrons slowing down within a reactor which are delayed is some- 
what increased over the fraction emitted per fission. 

This can be taken into account by simply redefining the delayed neutron frac- 
tions. In particular, of the 8; neutrons emitted in the ith group per fission neutron, 
рв; exp (— В?т;) actually slow down in the reactor, where т; is the age of the 
neutrons in this group. In the equations derived in the preceding sections, however, 
it was assumed that т; = тт, where тт is the age of prompt fission neutrons. 
These equations can be corrected by using the effective fraction Bf defined as 


BÍ = Bie? 77", (12-75) 


everywhere instead of 8;. Then the original, erroneous assumption that the age of 
all delayed neutrons is тт gives the correct number of delayed neutrons slowing 
down in the system, namely, 


рв; exp (— В?тт) = pẹ: exp (— В°т;). 


With small water-moderated reactors 8* may be as much as 25% greater than 8;. 

If the fuel consists of a mixture of isotopes, the value of 8; is the average of the 
delayed fractions for the isotopes, weighted by the number of fission neutrons 
emitted by each isotope. Suppose, for example, that the fuel for a thermal reactor 
is a mixture of the isotopes U??5 and 7288, It will be recalled from the definition 
of the fast fission factor, that there are a total of є fast neutrons produced per 
neutron emitted in thermal fission. Per fission neutron there are therefore €^! 
neutrons emitted from thermal fission іп 0235 and 1 — €! neutrons emitted 


t With fluid-fueled reactors the delayed neutron precursors may move a considerable 
distance before emitting their neutrons. This possibility leads to complications in the 
kinetics of circulating fuel reactors (cf. Meghreblian and Holmes, op. cit., pp. 590 et seq.). 


Lie 
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from fast fission іп 0258. The effective value of 8; is then 


25 28 28 
ж _]|]р{_ Вв: (є = 1)» B2(tp—T;) 
Bi = | x + rele i (12-76) 
The ratio of 28 to у25 in the second term is necessary because the kinetics and 
reactivity equations derived earlier are based on thermal fission, which in this 
example is fission in 0235, 


12-6 The Stable Period 


It was shown in Section 12-3 and Fig. 12-2 that the flux rises (or drops) very 
sharply following a step insertion of reactivity and thereafter assumes a more 
gradual rise (or drop). While the exact details of the behavior of the system 
immediately after a reactivity change are quite complicated, particularly when 
harmonics of the flux are present, the later behavior of the system can be handled 
rather easily. 

Returning to Fig. 12-1, it will be observed that when p is positive there is one 
positive root of the reactivity equation. In this case, all of the exponentials except 
the first in Eq. (12-26) (or Eq. 12-71) decrease in time, and the behavior of the 
reactor is eventually dominated by the first term. On the other hand, when p is 
negative all roots to the reactivity equation are negative and all the exponentials 
die out in time. Now, however, the first exponential decreases more slowly than 
the others, and again the flux is dominated by the first term of Eq. (12-26). 

In either case, therefore, whether p is positive or negative the flux eventually 
behaves as 

фт@) ~ e^, (12-77) 


where c; is positive or negative, respectively, in the two cases. Equation (12-77) 
may also be written as 


or(t) ~ e"f, (12-78) 

where А 
Т = — (12-79) 

Q1 


is known as the stable period of the reactor or simply as the reactor period. With 
the U235-fueled, water-moderated reactor discussed in Section 12-3, for example, 
a step in reactivity of p = +0.001 gave the value w, = 0.0182 (cf. Eq. 12-35), 
and the stable period is therefore 55 sec. 

Since the roots of the reactivity equation are functions of p, the delayed neutron 
fractions 8; and the prompt neutron lifetime J, (which is equal to 14 for an infinite 
thermal reactor and 1, for a finite thermal reactor), it is possible to plot T = 1/w1 
as a function of p for various values of prompt neutron lifetime and for each 
fissionable isotope. This is illustrated in Fig. 12-4, where the period is shown for 
positive and negative reactivities for a U??5-fueled reactor. These curves were 
computed using values of 8; and №; given in Table 3-7 for 0235, 
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Fig. 12-4. Reactor period as a function of positive and negative reactivity for а U?35- 
fueled reactor. 


Several things should be noted in Fig. 12-4. First, it will be observed that the 
period decreases monotonically with increasingly positive reactivity, but with 
negative reactivity the shortest period is only about 80 sec. The reason for this 
may be seen directly from the plot of the reactivity equation given in Fig. 12-1. 
Thus as p increases between 0 and +1, the first root clearly occurs at monotonically 
increasing values of w, which gives a monotonically decreasing period. By con- 
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trast, as р becomes increasingly negative the first root approaches о = —),, 
giving the period T = 1/A, ~ 80sec. The effect of this 80-sec period on reactor 
shutdown will be discussed in Section 12-10. 

It should also be observed from Fig. 12-4 that the period is independent of the 
prompt neutron lifetime for periods longer than about 10 sec. Thus as would be 
expected physically, the longer periods are determined almost entirely by the 
delayed neutrons. Since the periods for negative p are never shorter than 80 
sec, it follows that the prompt neutron lifetime has essentially no effect on the 
response of a reactor to insertions of negative reactivities. 

With reactivities sufficient to give shorter periods, however, it is seen that the 
period is sensitive to /,. This is especially true for p above р = В = 0.0065. As 
will be shown in Section 12-8 at reactivities greater than р = 6, the reactor is 
critical on prompt neutrons alone and the delayed neutrons play little or no role 
in determining the reactor period. In particular, it will be seen from Fig. 12-4 
that the period is zero for /, = 0 above p = 8. 

The stable period has been used to define a unit of reactivity known as the 
inhour. This is defined as the amount of positive reactivity required to produce a 
stable period of one hour. It will be evident from Fig. 12-4 that the inhour is a 
very small unit of reactivity. Thus a reactivity of merely +1074 gives a period 
of only about 800 sec, which is much shorter than one hour. For this reason 
the inhour unit is limited in its usage to reactors in which only small reactivity 
changes are possible, namely, reactors with little built-in excess reactivity. Most 
modern reactors are capable of substantial reactivity changes, however, and with 
these reactors, reactivity is given absolute units, in percent, or in terms of the 
dollar unit which will be discussed in Section 12-8. Although the inhour unit is 
seldom used today, the reactivity equation is still often referred to as the inhour 
equation. | . 


12-7 The Prompt Jump 


It is usually impossible and also unnecessary to determine the precise behavior of a 
геасїог immediately after a change in reactivity. If the reactivity is introduced 
uniformly and the system is originally in a steady state, ¢(¢) can, of course, be 
found as the sum of seven exponentials. However, as mentioned in Section 12-4, 
spatially uniform changes in reactivity almost never occur in practice, and non- 
uniform changes in reactivity introduce harmonics into the flux. As a result, the 
numerical analysis of the early behavior of a reactor becomes hopelessly 
complicated. | 
Nevertheless, it is important for practical reasons to know to what level the 
flux will rise (or drop) when the reactivity is changed. This can be estimated in a 
straightforward way by assuming that the concentrations of the precursors remain 
constant immediately following the reactivity change. Also, since the harmonics 
quickly die out, it is only necessary to consider the behavior of the fundamental. 
Thus letting n = 1 in Eq. (12-55) and writing фт(#) and C;(t) for the time depend- 
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ent parts of the flux and precursor concentrations, respectively, Eq. (12-55) 
becomes 


dor(t) _ га 07 — 1]¢7(2) +3 2 AC (ft). (12-80) 


ieu 


By hypothesis, the second term on the right-hand side due to the delayed neutrons 
may now be taken to be constant. 
If the reactor is initially in the steady state, 


dér(t) _ 
dt —— 0 


att = 0,k = 1, and Eq. (12-80) gives 


Bér(0) = E xD XC), 


where the ratio pk/Z,k, is evaluated at t = 0. Assuming that this ratio does not 
change significantly after the change in reactivity, Eq. (12-80) can be written as 


n ZO L [1 — gy — ner) + 80700). (12-81) 


The solution to this equation is easily found to be 


or(t) = Фт(0) exp LEE 1]; 
вфт(0) [1 — 8X — 1р 
it Luc | а: DINI F |. (12-82) 


If (1 — 8)k < 1, both exponentials in Eq. (12-82) decrease in time with a 
period given by 11/[1 — (1 — 8)k] = t1/(1 — К). As shown in Section 12-1, 
this is the period of a reactor in the absence of delayed neutrons. The exponentials 
in Eq. (12-82) thus rapidly die out and the flux quickly assumes the value 


Вфт(0) 
фт) > Ic tl — 8X s (12-83) 


In terms of reactivity, since k — 1/(1 — p) (cf. Eq. 12-66), Eq. (12-83) becomes 


60) Ка — 0280) 


The flux thus jumps by the factor 8(1 — р)/(8 — p) very soon after the reactivity 
p is introduced into the system. It should be noted that this result holds whether p 
is positive or negative; the only requirement is that (1 — 8)k < 1. Taken to- 
gether, the prompt jump and the stable period discussed in the preceding section 
provide all the information usually required concerning the response of a reactor 
to a step change in reactivity. 
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12-8 The Prompt Critical Condition 


It will be recalled that the multiplication factor of a reactor is directly proportional 
to the number of neutrons emitted per fission (>). Since only the fraction 1 — 8 
of these are emitted as prompt neutrons, it follows that so far as the prompt 
neutrons are concerned, the multiplication factor of a reactor is equal to (1 — 8)k. 
When this factor is less than unity for a supercritical reactor, the reactor is said 
to be prompt subcritical. In this case, the flux rises suddenly and then assumes a 
stable period, as discussed in the preceding sections. On the other hand, if 
(1 — 8)k is greater than unity the chain reaction can continue to diverge on 
prompt neutrons alone. The delayed neutrons now play no role in governing the 
reactor period and the flux increases with the very short period determined by the 
prompt neutrons. The reactor is then said to be prompt critical, which is normally 
a dangerous situation. 
Evidently the minimum condition for prompt criticality is 


(1 — ӨК = 1. (12-85) 


From Eq. (12-66), k = 1/(1 — p) and inserting this into Eq. (12-85) gives 
1—8-21-—por 
B = p. (12-86) 


Thus the reactivity required to bring a reactor to prompt critical is equal to the 
total delayed fraction 8. Since 8 is much less than unity it is clear why positive 
reactivity changes are always such small numbers. Thus any reactivity insertion 
even approaching values of 8 necessarily represents an enormous change in the 
system when measured in terms of the response of the reactor. 

The reactivity necessary for a reactor to become prompt critical, namely, 
p = B, is called, at least in the United States, a dollar of reactivity; one-one 
hundredth of this reactivity is known as one cent. It must be noted that the dollar 
is not an absolute unit of reactivity but depends upon both the fuel and the neutron 
leakage from the reactor (cf. Section 12-5). For U???-fueled reactors a dollar 
is usually worth about 0.0065 or 0.65% in reactivity, while it is worth substantially 
less for U?33- or Pu???-fueled reactors (cf. Table 3-7). It follows that there are 
somewhat more stringent requirements on the amounts of reactivity that can be 
safely added to these reactors than for U?*°-fueled reactors. 


12-9 Small Reactivities 


When р is very small, the first root of the reactivity equation is also small, as can 
readily be seen from Fig. 12-1. In this case, w < М, and it is possible to ignore the 
terms containing w in the denominator of the reactivity equation, Eq. (12-74). 
This equation then takes the form 


pc a(i + 2; в) = ZU + 25 Bitz), (12-87) 
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where 7; is the mean-life of the ith precursor. The stable period is therefore 


1 
-i- 1G, + Ува). (12-88) 


The numerator of this equation will be recognized from the discussion in Section 
12-2 as the mean lifetime of fission neutrons when the delayed neutrons are 
included. Also, frequently, /, << >; 8; and Eq. (12-88) reduces to 


" : У) Bits (12-89) 


The range of validity of Eq. (12-89) may be estimated by writing the condition 
w << М as 1/w >> 1/A; which is equivalent to T >> 7;. The largest value of f; 
is about 80 sec, and it follows that Eq. (12-89) can be used provided Т >> 80 sec. 
In practice, it is accurate enough for most purposes for reactivities up to about 

= 0.0006 or approximately 10 cents іп a U??*-fueled reactor. For larger 
reactivities Eq. (12-89) substantially overestimates the reactor period. 


12-10 Large Negative Reactivities; Scram and Shutdown 


If several control rods are suddenly inserted into a reactor, that is, the reactor is 
scrammed, the reactivity of the system becomes large and negative. However, 
even if it were possible to insert an infinite negative reactivity, the flux would not 
fall to zero immediately. Thus placing p = — oo in Eq. (12-84) for the prompt 
jump (in this instance, prompt drop), the result is 


r(t) — 8e7(0). (12-90) 


Equation (12-90) gives the theoretical minimum level to which the flux can drop 
soon after a scram. 

In practice, it is seldom possible to insert rapidly more than about twenty dollars 
worth of negative reactivity (it is rarely possible to insert this much), which corre- 
sponds in a U??? reactor to a reduction in k to about 0.9. Using the values 
p = —20 X 0.0065 = —0.13 and 8 = 0.0065 in Eq. (12-84) gives a prompt 
drop of 

or(t) — 0.054ф7(0). | (12-91) 


This is about ten times the value given by Eq. (12-90). 
After the prompt drop in flux, the reactor goes on a stable а As already 


noted in Section 12-6, if p = — oo, the first root of the reactivity equation occurs 
at оу = —2,, the decay constant of the longest-lived precursor. The stable 
period is therefore T = —1/\; = —80 sec. This is the shortest stable (negative) 


reactor period possible, as is also shown in Fig. 12-4. The flux level cannot be 
reduced more rapidly and the shutdown of a reactor therefore requires a finite 
length of time. For example, suppose a reactor is considered to be shutdown when 
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its flux has been reduced by a factor of 1019. The minimum shutdown time, tg, 
can then be found from the equation 


e *з!Т = 107! 0. 


^ which gives tg = 30 min. This is the shutdown time following the (very short) 
prompt drop. 

In some reactors the Y-rays from the decay of the accumulated fission products 
continue to produce neutrons by the (7, п) reaction long after the shutdown pro- 
cedure is begun, and the continued emission of these neutrons increases the time 
required for shutdown. This effect is particularly important in reactors containing 
large amounts of deuterium or beryllium or other materials having low photo- 
neutron thresholds. 


12-11 Linear Change in Reactivity 


Up to this point only step changes in reactivity have been considered. In the usual 
case, however, the multiplication factor of a reactor is changed gradually rather 
than instantaneously. This is necessarily the situation, for instance, when a control 
rod is inserted or removed from a reactor, due to its finite speed of motion. Also, 
in some reactor accidents reactivity is continually added to the system. 

An approximate analysis of these problems can be carried out by assuming that 
the multiplication factor changes linearly with time. Then if the reactor is initially 


critical, k can be expressed as 
К = 1 4 at, (12-92) 


where a is a constant. Unfortunately, the exact response of a reactor to the function 
given in Eq. (12-92) presents a difficult mathematical problem, which is best 
handled on an electronic computer. However, a fair approximation to the reactor 
behavior can be obtained by assuming as in Section 12-7 that the precursor con- 
centrations remain constant throughout the time when k is changing. In this case, 
the flux is again determined from Eq. (12-81), which now takes the form 


n 2 = fg + а — Paler) + вето). — (12-93) 
Making the substitutions 
8 | | — 8 | 
Ү = ————— t) = 7 t— l|» 12–94 
Gand BS y) gp ы ( ) 
Eq. (12-93) may be written as 
dér(y) — 2yor(y)dy = 2Yér(0)dy. (12-95) 


The integrating factor for this equation is e~*’, so that 


y(t) 


y(t) А 
erbe" ^| = 27ф7(0) J e^. dy. (12-96) 
y(0) Y 


(0) 
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The integral on the right-hand side can be expressed as the difference of two error 
functions, that is, 


y(t) 
| e dy = as {erf [у(0] — erf[yO)]}- (12-97) 


(0) 


The complete solution may then be written as 


Фт(0) = Фт (0) 00 fe" + љут [erf DA] — erfD(0)]- (12-98) 


This equation is often used to determine the response of a reactor to control rod 
motion and for the analysis of reactor accidents. 
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Problems 


12-1. Compute the prompt neutron lifetime for an infinite thermal reactor consisting of 
a homogeneous mixture of U?3? and 


(а) H20 (b) D20 (c) Be (d) Graphite 


12-2. Compute the mean life of fission neutrons in infinite, homogeneous, critical 
mixtures of 020 and 


(a) U233 (b) U235 (c) Pu239 
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12-3. An infinite U??5-fueled, H2O-moderated reactor operates at a constant power 
density of 100 watts(th)/cm?. Compute the concentrations in atoms/cm? of 10235 
and each of the delayed neutron precursors. 

12-4. A bare cylindrical tank 100 cm in diameter contains a homogeneous mixture of 
U?35 and ordinary water which is critical when the mixture fills the tank to a height of 
100 ст. Compute the reactivity of the system when the tank is filled to 102 ст. 

12-5. One day when a bare critical assembly, consisting of a 4-ft cube of thin plates 
of Be and U235, had just been brought to critical, the roof of the building collapsed on 
the assembly. (a) Take the roof to be equivalent to 2 in. of water, and estimate the 
reactivity introduced into the assembly in this accident. (b) What happens next? 

12-6. Plot the right-hand side of the reactivity equation over the region —^1 < w < œ 
for thermal reactors in the following cases. 


(a) U?33 fuel, /, = 0 sec (d) Ри239 fuel, /, = 0 sec 
(b) U?33 fuel, /, = 1074 sec (e) Pu?39 fuel, /, = 10~4 sec 
(с) U?33 fuel, /, = 10-? sec (f) Pu??? fuel, /, = 1073 sec 


12-7. The approximate response of a reactor to a step insertion of reactivity can be 
obtained by assuming that there is only one delayed neutron group of yield 8 and mean 
life 
i= 2 Biti/B. 
1 


In this case, the reactivity equation is quadratic in w, and ф(7) can be written as 


b(t) = poldi + Ae), 


where : is the time measured from the reactivity change. (a) Calculate шу and ог. (b) 
Calculate A; and 42. (c) Show that for small reactivities 


пр а а СР; 
В = р ly 
8 p 

Ај ~ , Аг z — 

вр s B—»p 


(d) Compute and plot $(r) for a U?35-fueled reactor with /, = 10— sec and a step 
reactivity insertion of +0.1%. Compare with Fig. 12-2. 

12-8. (a) Using one-group theory, show that the reactivity equation for a bare fast reactor 
is of the same form as for a thermal reactor. (b) Using delayed neutron data given in 
Table 3-8, determine the stable period of a U?35-fueled fast reactor following a reactivity 
insertion of $0.50. (Take /„ = 0.) [Hint: The approximate answer can be found by using 
Fig. 12-4. This determines the region of the new reactivity equation that must be plotted.] 
12-9. A thermal reactor assembly consists of a homogeneous mixture of a fissile isotope 
and ordinary water in a bare 2.5 ft square cylinder. Compare the stable periods of the 
reactor for a step reactivity insertion of 0.1% if the fissile isotope is 


(a) 0233 (Ы) 0235 (с) Pu?39 


[Note: In (a) and (c) use the results of Problem 12-6.] 
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12-10. In a bare, fast reactor, fueled with partially-enriched uranium, a substantial 

fraction of the fissions occur in the 2238. Show that in this case the reactivity equation is 
- "а А wy & g” - wre £ 28 

1+0. 1+ el & у 4 5 1 + ol, e oe a 


where 725 and 728 are the fractions of the fission neutrons emitted by U?35 and U?38, 
respectively. [Hint: Set up the one-group flux equation and the equations for the concen- 
trations of the 12 precursors; proceed as in the derivation of Eqs. (12-21) and (12-60).] 
Note: The above equation is valid for any (bare) reactor in which two nuclear species 
undergo fission. 

12-11. A control rod worth $0.90 is suddenly inserted into a large critical U?35-fueled 
thermal reactor. Plot the response of the system if /, = 10-3 sec. 

12-12. Show that the reactivity insertion in a thermal U?35-fueled reactor can never be 
greater than about $80. 

12-13. Show that the prompt jump formula for an infinite reactor (cf. Eq. 12-83) can 
be derived by summing successive generations of prompt neutrons, as was done in 
Section 9-1, assuming that the delayed neutrons represent a uniformly distributed source 
emitting 5 = $^; №;С;(0) fast neutrons/cm?-sec. 

12-14. Using Eq. (12-89), plot the stable period of a U?35-fueled reactor versus reactivity 
and compare with Fig. 12-4. 

12-15. A control rod is inserted a short distance into a bare, critical reactor and as a 
result the reactor goes on a long (negative) stable period T. Show that the reactor would 
have gone on the same stable period had an absorbing nuclide of macroscopic cross 
section Зар = ¢/1/2tgvrT been distributed uniformly throughout the original critical 
reactor, where 4 is the mean generation time. 


Table 12-1 
Delayed Photoneutron Data for U??? Fission Products in D20* 


М(зес“ 1) Bi X 10° 


6.26 x 10-7 : 1.50 x 1073 
3.63 x 10-9 3 4.81 x 10-3 
4.37 x 10-5 . 1.69 x 10-2 
1.17 x 1074 : 2.77 x 1071 


4.28 X 10-4 
B = XB, = 100.75 


* From G. R. Keepin, Physics of Nuclear Kinetics, Addison-Wesley, Reading, Mass., 1965. The 
data in this table are for saturation fission product activity. For finite irradiation time f, the 
tabulated values of в; each should be multiplied by the factor (1 — e^t). 


12-16. The production of neutrons from the (Y, n) reaction can have an important 
effect on the kinetic behavior of D20- and Be-moderated reactors. These neutrons can 
be traced to certain fission products which decay with the emission of energetic Y-rays. 


ibo 


—-— 
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It is possible, therefore, to treat photoneutrons as delayed neutrons having these fission 
products as precursors. Table 12-1 gives data for 0235 fissions (saturation fission product 
activity) in D20. (a) Show that the reactivity equation for a D2O-moderated reactor is 


wl» со Bi 

Poh тл? ora 
where i = 1,2,...,6 refers to delayed fission neutrons and i = 7,8,...,15 refers 
to delayed photoneutrons. (b) Compare the stable periods of an infinite, U?35.fueled, 
D 2O-moderated reactor, following a step reactivity insertion of $0.10, with and without 
the delayed photoneutrons taken into consideration. 
12-17. During the shutdown of a U?*5-fueled reactor, with a prompt neutron lifetime 
of 5 X 10-4 sec, the power is observed to decrease by a factor of 105 іп 20 min. A step 
insertion of how much reactivity was required to obtain this result? 
12-18. A uniform, infinite, subcritical assembly of multiplication factor Ко contains 
uniformly distributed sources emitting S fast neutrons/cm?-sec. For г < 0 the system 
is in the steady state, but at г = 0 the sources are suddenly removed. (a) Show that 
the thermal flux quickly drops to the value 


Bk pS _ Bk) _, 
а = Koll — а-к) 1-а BK 


where фт(0) is the flux before the removal of the sources. (b) Compute the fractional 
change in the flux for a natural uranium-water assembly having Ко = 0.98. (с) Show 
that following the prompt drop the assembly goes on a stable period of approximately 
80 sec. (d) Discuss quantitatively the prompt drop in flux in a finite subcritical assembly 
when a point source is suddenly removed. (e) Show how this drop in flux can be used to 
measure Ко of a subcritical assembly. 

12-19. Reactivity is added to a U?35-fueled critical reactor (lp = 10-3 sec) at the rate 
of approximately 6 cents/sec. (a) Using Eq. (12-98) compute and plot the fractional 
change in the power of the reactor up to 2 ѕес after the first insertion of reactivity. 
(b) How long would it take for the power to reach the same level if the total of 12 cents 
in reactivity were added in a single step? 


фт) > 


13 
Changes in Reactivity 


It was pointed out in the introduction to Chapter 12 that various properties of a 
reactor may change during the course of its operation. A number of these changes 
are considered in this chapter. 


18-1 Changes in Temperature—Temperature 
Coefficients 


Many of the parameters which determine the reactivity of a reactor, namely the 
thermal utilization, resonance escape probability, diffusion length, and so on, are 
functions of the temperature of the fuel, moderator, and coolant. Changes in the 
temperature of these reactor components therefore lead to changes in reactivity. 
Such temperature effects on reactivity must be understood if a reactor is to be 
properly controlled. For this purpose, various temperature coefficients, denoted 
by the symbol ат, are defined by the relation 


ar = ар, (13-1) 


where р is the reactivity of the system апа Т is the temperature of a specific com- 
ponent. Thus if T refers to the temperature of the fuel, от is called the fuel tempera- 
ture coefficient; if T is the moderator temperature, or is called the moderator 
temperature coefficient; and so forth. 

According to Eq. (12-66) the reactivity is given by p — 1 — k-!, where k is 
the multiplication factor of the reactor, so that Eq. (13-1) is equivalent to 


1 dk 


ar = рз TT (13-2) 


In all cases of interest, k is close to unity and Eq. (13-2) may be written ap- 
proximately as 


атом е (13-3) 


Equation (13-3) is a more convenient starting point for calculating temperature 
coefficients than either Eq. (13-1) or Eq. (13-2), and it will henceforth be taken 
to be the definition of ar. 
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Since k is always positive, it follows from Eq. (13-3) that dk/dT has the same 
algebraic sign as ar. Thus if от is positive, dk/dT is also positive, and the multi- 
plication factor of the reactor increases with increasing temperature. On the other 
hand, if от is negative, dk/dT is negative, and the multiplication factor decreases 
with increasing temperature. The behavior of a reactor following a change in 
temperature depends upon the sign of ar. For example, if the temperature of a 
reactor component increases and its temperature coefficient is positive, k increases 
and, as a result, so also does the power. This, in turn, leads to a further increase 
in temperature, which again increases k, and so on. The power of the reactor con- 
tinues to build up in this way until the reactor is brought under control by external 
intervention or the core melts, with all the unfortunate consequences this may 
entail. Had the temperature originally been reduced, k would have decreased, re- 
ducing the power, leading to a further drop in temperature, etc., and the reactor 
would have shut itself down. It is evident that reactors having positive temperature 
coefficients are inherently unstable with respect to changes in temperature. 

Reactors with negative temperature coefficients behave quite differently. An 
increase in temperature now leads to a decrease in k which reduces the power level 
and tends to return the temperature to its original value. Similarly, a decrease in 
temperature results in an increase in k which increases the power and again returns 
the system to its initial temperature. Reactors having negative temperature co- 
efficients are therefore stable with respect to temperature changes. 

Such changes in temperature frequently accompany changes in the reactivity, 


and it follows that the response of a reactor to a reactivity change depends to 


some extent on the temperature coefficient as well as on the various neutron 
kinetics parameters that were discussed in Chapter 12. Consider, for instance, 
the behavior of a previously critical reactor following a step insertion of positive 
reactivity, say by the sudden removal of a control rod. As the reactor power in- 
creases the temperature does also, and if ат is positive this leads to a further 
increase in power, a further increase in temperature, and so on, with the result 
that, barring outside intervention, the power rises without limit as shown in 
Fig. 13-1. By contrast, if от is negative, the reactivity decreases as the power 
and temperature increase. If ат is also small and the removal of heat from the 
reactor is sufficiently rapid, the power rises smoothly to a level, as indicated in 
the figure, where the temperature reduces the reactivity to zero. The reactor at 
this elevated power is now critical and remains at this power level indefinitely. 
Most power reactors behave in this way in response to a step insertion of reactiv- 
ity. However, if ат is large and negative and/or the removal of heat is not suff- 
ciently rapid, the rise in the temperature accompanying the initial rise in power 
may result in such a large drop in reactivity that the reactor falls subcritical before 
the heat generated in the system has been removed. The power in this case drops 
back to a level where the temperature and power are in the steady state, and the 
reactivity is zero. The result is the power “overshoot” illustrated in Fig. 13-1. 
Although it is possible, in principle, to prevent large power excursions in a 
reactor having a positive temperature coefficient by the use of a fast and reliable 
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Fig. 13-1. Reactor power as a function of time after a step insertion of reactivity for 
three different temperature coefficients. 


control system, it is generally considered advisable in the interest of safety to rely 
instead upon the inherent stability found in reactors having negative temperature 
coefficients. In this connection, it may be mentioned that in solid-fueled reactors 
(and this means most reactors) it is the temperature coefficient of the fuel which 
is usually of greatest importance in considerations ог safety. This is because the 
fuel temperature responds almost immediately to changes in power, whereas the 
temperatures of the moderator or coolant must wait upon the transfer of heat from 
the fuel. For this reason, the fuel temperature coefficient is often called the prompt 
temperature coefficient. Virtually all reactors that have been built throughout the 
world have had negative prompt temperature coefficients, and in the United States 
the Atomic Energy Commission will not license a reactor that does not meet 
this requirement. 

A reactor having a negative temperature coefficient will obviously have less 
reactivity at its operating temperature than it has in the shut-down condition at 
room temperature. This change in reactivity is known as the temperature defect. 
Since critical experiments are ordinarily carried out well below the intended 
operating temperature, the temperature coefficient must be known in order to assess 
the amount of excess reactivity needed to assure that the reactor will be critical 
when operating at full power. 

In the following discussion it will be assumed for the most part that the tempera- 
ture is independent of position at all times in the reactor. Thus when the tempera- 
ture changes, it is assumed to change uniformly throughout the system. The 
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temperature coefficient to be derived in this case is called the uniform temperature 
coefficient or, sometimes, the isothermal temperature coefficient. Nonuniform 
temperature changes are best treated by perturbation methods which are con- 
sidered in Chapter 15. For simplicity, the discussion will also be restricted to bare, 
thermal reactors. 

Before proceeding, it must be noted that some reactor parameters are functions 
of the physical temperature of the medium, 7, while others are functions of the 
neutron temperature, T, (cf. Section 8-1). For example, in the expression for the 
macroscopic absorption cross section, 2, = Na, the atom density, №, varies in- 
versely with the temperature of the medium. Thus as Т increases and the medium 
expands, the atom density decreases. The parameter С, is a function of Ta, how- 
ever, and only indirectly depends upon 7. In order to be able to derive explicit 
relations for the various temperature coefficients, it will be assumed in this section 
that T, is directly proportional to T, that is, 


Ta = aT, (13-4) 
where a is a parameter which depends upon the properties of the medium, and 


both Т and 7, are in degrees Kelvin.* 


Temperature coefficients of a bare thermal reactor. The 
multiplication factor of a bare thermal reactor is given by 


К = КоРтРр, (13-5) 
where | 
ko = nrfpe, (13-6) 


and Pr and Рр are the slow and fast nonleakage probabilities. As shown in 
Section 9-4, 


1 
Pls (13-7) 
"o 144 BLP 
and according to Fermi age theory, 
Рр = e Pr, (13-8) 


To compute the uniform temperature coefficient, it is first convenient to take 
the logarithm of both sides of Eq. (13-5), namely, 


Ink = Ink, + lIn Pr + In Pr. (13-9). 


* Throughout this section all temperatures are in degrees Kelvin. However, since one 
Kelvin degree is equal in size to one centigrade degree, temperature coefficients may be 
expressed equivalently in units of per °K or per °C. The latter unit will be used in this 
section. 
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Differentiating this equation term by term then gives 


_ldk _ ldk , 1 dPpg 1 dPr, " 
oT kal ke dT Рт dT | Pp dT (1310) 
Each term in this equation is the temperature coefficient of the indicated parameter. 
That is, 
1 dk. 
Ко dT 


is the temperature coefficient of ke, denoted by ат(Ко); 


is the temperature coefficient of Pr, denoted by от(Рт); and so on. Thus from 
Ед. (13-10): 
от = от(Ко) + ar(Pr) + от(Рр). (13-11) 


Differentiating the logarithm of ke gives 


14. ldm, 147, 14р 1de, 
k. dT ^w OF’ fat par сат 
so that 
ar(ke) = ar(nr) + ar(f) + от(р) + or(9. _ (13-12) 
Next, using Eq. (13-7) gives 
_ 1 арг _ PUR [|1 am, 1 ав? 
Or 
ай ўе В раву ав), (13-13) 
1+ BL? 
Similarly from Eq. (13-8), 
_ 1 dr _ь |1 йт 1 a 
от(Рғ) = р or = Bro | 4 ar Юю af 
or 5 
ат(Рр) = — В?тт[ат(тт) + от(В?)]. (13-14) 


It is clear from Eqs. (13-11) through (13-14) that in order to calculate the tempera- 
ture coefficient of the reactor, it is first necessary to determine the temperature 
coefficients of each of the parameters, 77, f, р, є, 12, Tr, and B®. These will now be 
considered in turn. 
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Temperature coefficient of nr. If the fuel consists of a single fissile 
isotope, nr is given by (cf. Eq. 8-61) 
0; 
ap e (13-15) 

where 6; and G, аге the average thermal fission and absorption cross sections, 
respectively. Since v is essentially constant at thermal energies, the temperature 
coefficient of ут is entirely due to variations with temperature of the ratio &;/Ga. 
If both 2; and &, аге 1/v or deviate from 1/v in the same way, the temperature 
coefficient of ут is clearly zero. Neither of these conditions is satisfied by the 
practical fissile fuels, as can be seen from Table 8-2, where values of ут are given 
as a function of temperature. It will be observed that 77 decreases with increas- 
ing temperature for U??5 and Pu??? and increases with temperature for 023°. 
Thus the temperature coefficient of 77 is negative for U??? and Pu??? and posi- 
tive for U?32, At T, = 373°K (100°C), ær(nr) is about —3 X 1078/°C for 
U?35, —5 X 1074/°C for Pu?3?, and +4 X 1075/°C Гог U???, 

If, as in solid-fueled reactors, the fuel elements consist of a mixture of fissile and 
nonfissile isotopes, nr is given by (cf. Eq. 11-1) | 


op Ens, (13-16) 
Xa 

where v, and X, refer to the nth fissile isotope and 2, includes all nuclides in the 
fuel element. The temperature coefficient of тт in this case is best found by com- 
puting nr from Eq. (13-16) for several temperatures using non-1/v factors from 
Table 8-1 and differencing the results. In the important case of natural uranium, 
nr is found to be essentially constant up to about 7, = 575°K (~300°C) where 
it begins to decrease, giving a negative temperature coefficient above this ЧАН 
ture of about —107*/°С. 

The foregoing method for finding ær(nr) is based, of course, оп the Westcott 
formalism (cf. Section 8—2) for computing average thermal cross sections. In that 
formalism, it will be recalled, the thermal spectrum is assumed to be Maxwellian 
(a 1/E tail is also added to the Maxwellian in the general case). If there is reason 
to believe that the spectrum of the thermal neutrons deviates substantially from a 
Maxwellian (plus a 1/E tail), a detailed thermalization calculation should be car- 
ried out to determine the actual spectrum. Calculations of this type are especially 
necessary for heterogeneous reactors, as the thermal spectrum in solid fuel elements 
may be far from Maxwellian and may also vary with position within the fuel. 


Temperature coefficient of f. The thermal utilization of a homogeneous 
reactor is given by the formula 


= Жак 
ЕАС 


==? 13-17 
aF + Жам ( ) 
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where „к and Ў,м are the average thermal absorption cross sections of the fuel 
and moderator, respectively. Differentiating f with respect to the temperature of 
the fuel-moderator mixture gives | 


1 df — Sam РЕ dSar а, l | А (13-18) 
јат Бор + Жом Хар ат Жом dT 
so that 
ar(f) = (1 — fF) [ar(Zar) — от(Хам)]. | (13-19) 
The first term in Eq. (13-19) is 
| = 1 а(Мрбав) 
от(Зав) = Nu. ar 


203 а 1 doar 


Ny dT ' Gay dT 
= от(Мр) + от(бағ). (13-20) 


The atom density of the fuel is directly proportional to the physical density of 
the mixture, and hence it is inversely proportional to its specific volume (cm?/ 
gram). Thus 


We i. (13-21) 

р 
where v is the specific volume of the mixture. Differentiating In Мр ~ — Inv gives 
ar(Ny) = —- >= —8, (13-22) 


where @ is the coefficient of volume expansion of the mixture at constant pressure. - 
Equation (13-22) reflects the obvious fact that as the temperature rises and the 
mixture expands, the atom density is reduced. Table 13-1 gives values of 8 for a 
number of solids at about 20°C (8 depends on temperature), and Fig. 13~2 shows 
B for НО and 050 as a function of temperature. 


| Table 13-1 
Coefficients of Volume Expansion near 20°C* 


Material B X 105/°С Material B х 105/°С 


Aluminum 7.1 Thorium 3.3 

Beryllium 3.5 Uranium 4.5 

Graphite 0.6-1.5 UO? ~1.5 

Stainless steel 5.0 Zirconium 1.5 
(type 347) 


* Based in part on The Reactor Handbook, Volume 3, Materials, U.S. 
Atomic Energy Commission Report No. AECD-3647, Appendix A.1 (1955). 


а 
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Fig. 13-2. Volume coefficients of expansion of water and heavy water. (From J. A. 
Larrimore, ‘‘Temperature Coefficients of Reactivity in Homogenized Thermal Nuclear 
Reactors,” Ph.D. Thesis, M.I.T., September 1962). 


In Section 8-2 it was shown that the average thermal absorption cross section 
depends upon the neutron temperature Т, as 


ER га(Ту) А 
УТ, 


where g,(7,) is the non-1/v factor. The second term in Eq. (13-20) thus becomes 


(13-23) 


apGar) = aer,(gar) — 1/2T, (13-24) 
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where a7,(gar) is the temperature coefficient of gar with respect to the neutron 
temperature, and use has been made of Eq. (13-4). 
In view of Eqs. (13-22) and (13-24), the temperature coefficient of Zap is 


ap(Zar) = —В + aar,(gar) — эт (13-25) 


A similar expression holds for ar(Žam). Substituting these results into Eq. (13-19), 
the temperature coefficient of f reduces to 


ar(f) = a(l — Гот, (gar) — от,(2ом)). (13-26) 


Thus for a homogeneous reactor, от(/) is only a function of the temperature 
coefficients of the non-1/v factors of the fuel and moderator. In all cases, how- 
ever, absorption cross sections of moderators are 1/v* and Eq. (13-26) becomes 
simply 

erCf) = a(l — Рот, (2р). | (13-27) 


The parameter a in Eq. (13-27) is of the order of unity, while the factor (1 — f) 
varies from about 0.1 to 0.3. Furthermore, the temperature coefficient of gar is 
generally quite small (with the exception of Pu???); representive values are given 
in Table 13-2 for several nuclei at 775°K (~500°C). Hence except for Pu??9- 
fueled reactors, the temperature coefficient of f for a homogeneous system is of the 
order of 10—%/°С and it can be neglected in comparison with other temperature 
coefficients. 

If a reactor is quasihomogeneous, that is, if the fuel is contained in thin fuel 
elements, fis given by (cf. Section 9-9) 


Жак 


ПНЕ. ce 13-28 
/ ZarVr + ҖмУм + Хав Иѕ ( ) 


where Zar, Zam, and Sag are the average thermal absorption cross sections of the 
fuel, moderator, and structure, respectively, and Vg, Vy, and Уз are the volumes of 


Table 13-2 
Temperature Coefficient of Non-1/» Absorption Factors at 7, = 775°K (~500°C) 


Isotope ar, (gar)/°C 


U233 +3.1 X 10-5 
U235 —3.5 x 10-5 
U238 +1.8 x 1075 - 
Pu239 +1.4 x 10-3 


* The presence of fission product poisons in the moderator is ignored in this treatment. 
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these materials. Since the fuel is dispersed in the structure, Vp = Vs. Differen- 
tiating In fin the usual way gives 


ar(f) = (1 — f)er(ZasVr) — /м«т(®амУм) — fsar(ZasVs) (13-29) 


where 
амм 


= = OS 13- 
м акк + ЎамИм + XasVs (ey) 
and 
Zas Vs (13-31) 


Equation (13-29) can also be written as 


«т(/) = (1 — flor@ar) — fuer@am) — fsor(Gas) 
+ (1 — flar(NrVr) — Јмот(УмУм) — fsor(NsVs) (13-32) 


In Eq. (13-32) NEV f, Му Ум, and Ng Vg are the total numbers of fuel, moderator, 
and structure atoms in the reactor. The fuel and structure are both solids, of 
course, so that NyVy and NsVs do not change as the temperature of the reactor 
is changed. If, in addition, the moderator is a solid, Ммм is also constant and 
the last three terms of Eq. (13-32) are zero. Furthermore, as already noted, the 
temperature coefficients of Gar (with the exception of Pu?39), am and Gg are 
negligible, and it follows that again ar(f) = 0. 

The situation is somewhat more complicated when the moderator (or coolant) 
is a liquid. As may be seen by comparing Table 13-1 and Fig. 13-2, the coeffi- 
cients of expansion of liquids are much larger than those of solids. Consequently, 
as the temperature of a reactor is raised, the moderator expands more rapidly 
than the solid parts of the system, and, assuming that the pressure does not change, 
some of the moderator is expelled from the reactor. The volume occupied by the 
moderator in the reactor may be taken to be constant, since this is determined by 
structural parts of the reactor, all of which are metallic. Then noting that МрКр 
and № Из are constant, Eq. (13-32) reduces to 


от(ј) = —fuar(Nyw) 
= Јмём, (13-33) 


where 8м is the coefficient of expansion of the moderator. 

It will be observed from Eq. (13-33) that а7 (7) is positive for a liquid-moderated 
(cooled) reactor. Physically, this is due to the fact that with some of the moderator 
expelled from the reactor, the relative concentration of the fuel in the system is 
higher, and the probability that a thermal neutron is absorbed in fuel is also higher. 

For a heterogeneous reactor the thermal utilization is given by (cf. Eq. 11-7) 


NE FVF 
zi a à 13-34 
f ЎағИғ + Žau Vut | i 
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where ¢ is the disadvantage factor. By differentiating f and taking note of the 
above results for homogeneous and quasihomogeneous reactors, it is easy to 
show that 

ar(f) = — (1 — Зат) (13-35) 


for solid-moderated reactors, and 
ap(f) = — а — fler() — ём] (13-36) 


for liquid-moderated reactors. 

In the diffusion approximation, t is determined by the lattice functions F and E, 
and these functions, in turn, depend upon the thermal diffusion length of the fuel 
and moderator. In the method of Amouyal, Benoist, and Horowitz, { is related 
to the E function and to the escape probability of the fuel, the latter being a func- 
tion of the thermal cross sections of the fuel. The temperature coefficient of ¢ 
can be estimated by differentiating these various functions with respect to tempera- 


ture. These computations are rather complicated, however, and will not be: 


derived here; a special case is given in Prob. 13-3. In any event, it turns out that 
от({) is always negative, and from Eqs. (13-35) and (13-36) it follows that the 
temperature coefficient of fis positive. The reason for this may be seen most clearly 
in the diffusion approximation. It will be shown later in this section that the 
thermal diffusion length increases with temperature. As the diffusion length 
increases, the flux in the unit cell tends to flatten, that is, the depression of the flux 
across the cell becomes less pronounced, and this leads to a smaller value of t. 
Thus ¢ decreases with increasing temperature, and ær(¢) is negative. 

It should be mentioned that the above procedure for computing ar(f) for a 
heterogeneous reactor may be substantially in error, due to the fact that it does 
not take into account the actual spectrum of the thermal neutrons throughout the 
unit cell and the way this spectrum changes with temperature. Accurate methods 
have been developed to handle this problem, but they lie beyond the scope of 
this book. 


Temperature coefficient of p. The resonance escape probability in a 
homogeneous reactor depends on temperature by virtue of the Doppler effect. It 
was shown in Chapter 7 that because of this effect resonance absorption increases 
with increasing temperature. This, in turn, tends to give the resonance escape 
probability a negative temperature coefficient. With homogeneous and quasi- 
homogeneous reactors, however, the fuel concentration is usually so low that this 
effect is ordinarily negligible, and ат(р) ~ 0. It is only necessary therefore to 
consider heterogeneous reactors. 

From Eq. (11-58) the resonance escape probability for a heterogeneous reactor 
is given by 


Мура] | 
= ыз кч = A ры у=. чу 13-37 
P exp| БРЕрЕКЕ + Ё#м27змУм ( ) 
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where / is the resonance integral. The prompt temperature coefficient of p can be 
calculated by assuming that the temperature of the moderator remains constant 
while the temperature of the fuel changes in response to a change in the power 
level of the reactor. In this case, the temperature dependence of the right-hand side 
of Eq. (13-37) is entirely due to the factor J. The product Nr Vr, in particular, is 
constant since this is the total number of fuel atoms in the fuel rods. Differentiating 
In p gives 


eee 1 —— 
Gprompt(P) АТЫ Er oaa dT = ат(Г In Ө : (13 38) 


Thus the prompt temperature coefficient is primarily a function of the temperature 
coefficient of the resonance integral. 

The value of ar(/) can be found by measuring / at several temperatures or by 
calculating / as a function of temperature using one of the techniques described in 
Section 11-3. Both theory and experiment show that for U??? and Th??? and their 
oxides and in the temperature range from about 300°K to 1500°K, J can be repre- 
sented by the formula | 


KT) = 1(300°) [1 + BVT — v/300)], (13-39) 


where T is the temperature in degrees Kelvin. Except for very small fuel rods the 
parameter 8; has been found to be approximately linear in the surface to mass 
ratio of the fuel (cf. Section 11–3), that is, 


Вг = с + а (55). (13-40) 


The constants c and d are given in Table 13-3. From Eq. (13-39) the temperature 
coefficient of J is 


_ 141 _ 1300) вг, Е 
ar) = Tat T) 2/T (13-41) 
which is always positive. Inserting Eq. (13-41) into Eq. (13-38) gives 
(300°) в; (2) 
rom фр In{—]- 13-42 
Qp pt(p) I(T) 2 VT P ( ) 


By substituting dI/dT directly into the first line of Eq. (13-38) the following some- 
what preferable formula is obtained for aprompt(p): 


Br 1 
Qprompt(P) =: V/T In Fen 3 (13-43) 


where p(300°) is the value of p at 300°K. 
The ultimate behavior of the resonance escape probability, after the moderator 
has had an opportunity to heat up, depends upon whether the moderator is a 
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Table 13-3 
The Constants c and d in the Formula for В; 


Fuel 


U?38 (metal)* 


U2380,* 
Tht 
ThO ot 


* From W. G. Pettus and М. N. Baldwin, “Resonance Absorp- 
tion in U?38 Metal and Oxide Rods.” Babcock and Wilcox 
Company Report No. BAW-1244, April 1962. 


1 Based on values of J computed by L. W. Nordheim, “A New 
Calculation of Resonance Integrals." Nuclear Sci. and Eng. 12, 
457 (1962). | 


solid or a liquid. With a solid-moderated system the total number of fuel atoms 
and moderator atoms in the reactor is independent of temperature, so that the 


tit 
quantity Мера 
£pZppVr + tuZiMVM 


in Eq. (13-37) is constant. In this case the “ultimate” (uniform) temperature co- 
efficient of p is equal to its prompt temperature coefficient and is given by 
Eq. (13-42) or Eq. (13-43). 

With a liquid-moderated reactor, an increase in temperature of both moderator 
and fuel leads to a net expulsion of some of the moderator from the reactor. The 
calculation of this effect is greatly simplified by noting that in most practical 
problems the first term in the denominator of Eq. (13-37) is negligible compared 
to the second term, that is, £pZ;pVy « £yZ,y Vy, so that 


Nev yl 

с exp| mia МУЗА) 
Since а liquid moderator is ordinarily held in a metal tank of some sort, it may 
reasonably be assumed that the ratio Vg/Vy remains constant during the change 
in temperature. The atom densities of fuel and moderator then change because of 
their differing coefficients of expansion. Using Eq. (13-44), the temperature 
coefficient of p can then be written as 


(ys Ун (Ne) Мв al 
“трт ЕмазмУм dT Em2smVm dT 


Nu 


ae quae а Ө (13-45) 


N 


— [ет(Мк) — ar(Nm) + «т(1)] »( 


“у | 
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where Вр and Ву are the coefficients of expansion of the fuel and moderator. As 
already noted, 8p << м, so that Eq. (13—45) reduces to 


er(p) = — [8м + er] In (1). (13-46) 


Equation (13-46) shows that the expansion and expulsion of moderator from the 
reactor contributes to the negative temperature coefficient of p for a liquid- 
moderated reactor. This is because the expulsion of moderator reduces the ratio 
of moderator atoms to fuel atoms, which is equivalent to increasing the concentra- 
tion of fuel in the system. As discussed in Chapter 7, p decreases with increasing 
fuel concentration. 

It is interesting to see how Eq. (13-46) applies to a water-moderated reactor. 
From Fig. 13-2, By = 2 X 1074/°C at room temperature, while at about 250°C 
(a reasonable operating temperature for a water reactor) By ~ 2 X 1073/°C. On 
the other hand, using Table 13-3 and Eq. (13-41), ат(1) is seen to be of the 
order of 10~*/°C for all fuels and does not vary much with temperature. In view 
of Eq. (13-46), it may be concluded that while Doppler broadening makes a sub- 
stantial contribution to ar(p) at room temperature, it has a small effect at operating 
temperatures. Doppler broadening is still responsible, of course, for the prompt 
temperature coefficient at all temperatures. 

As shown above, the resonance absorption of neutrons increases with increasing 
temperature. In a thermal reactor this absorption occurs for the most part in 
nonfissile nuclei such as U??8 or Th???, There is also some additional absorption 
of neutrons in the resonances of whatever fissile nuclei are present in the system, 
and as a result there is an increase in the fission rate; but this effect is usually 
negligible in thermal reactors where the vast majority of fissions take place at 
thermal energies. With a fast reactor, however, virtually all of the fissions occur 
following the absorption of neutrons in resonances (most of them overlapping, so 
that the observed fission cross section appears smooth) of fissile nuclei, and an 
increase in the temperature of the fuel necessarily leads to a prompt increase in 
the fission rate, unless there are sufficient nonfissile absorbers present to offset this 
effect. In a system such as the Fermi Fast Reactor (cf. Section 4—4), for example, 
which is fueled with a mixture of 7285 and U??$, it has been shown that the atom 
ratio N?95/N? must be greater than about 3 in order to assure that the prompt 
temperature coefficient of the fuel is negative. Fortunately, this does not place a 
serious restriction on the design of this type of reactor, since at least this much 
U?38 would normally be included in the system in order to enhance the 
breeding gain. 


Temperature coefficient of e. The fast fission factor is independent of 
temperature in a homogeneous reactor, and ат(е) = 0 for this type of system. 
With a heterogeneous reactor e may change slightly with temperature for two 
reasons. First, the thermal expansion of the fuel lumps leads to a decrease in the 
parameter 7Z,y which determines the escape probabilities of the fast neutrons from 
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the fuel (cf. Section 11-4), and, as a consequence, these probabilities increase 
somewhat. At the same time, an increase in temperature tends to flatten the 
thermal flux in the fuel for the reasons given earlier in this section. The resulting 
change in the spatial distribution of the primary fissions can be shown to decrease 
the escape probability of the primary fission neutrons from the fuel. These are 
both minor effects, however, and the temperature coefficient of є is usually small 
compared with other reactor temperature coefficients.* The value of ат(е) therefore 
will not be considered further here. 


Temperature coefficient of L}. Ву definition, 1% is given by (ef. 
Section 8-5) 


L? = 2, (13-47) 
so that | 
ar(L7) = от(Б) — «т(®%). (13-48) 


With a homogeneous reactor, according to Eq. (8-78), 
Э = Г(т + DEF) , (13-49) 
Tno 
where m is a constant, D(Eo) is the diffusion coefficient at 0.025 eV, Т. is the neutron 
temperature in degrees Kelvin and 
Тао = 293.61°K. 


Differentiating In D and noting that D(Eo) varies inversely with atom density, the 
temperature coefficient of D is easily found to be 


ar(D) = в + т (13-50) 


where 8 is the coefficient of expansion of the fuel-moderator mixture and T is the 
temperature of the medium. 
For a homogeneous reactor, Z, is 


За = Lor + Lom. (13-51) 
Assuming that only the fuel is non-1/v and using Eq. (13-25), ат(2а) is 
1 
ar(Za) = —8 + faor,(Sar) — әт" (13-52) 
Here, f is the thermal utilization and g;p is the non-1/v factor for the fuel. 


If the moderator is non-1/v or contains поп-1/р absorbers, the term (1 — f) X 
аот, (gam) must be added to Eq. (13-52). 


* The temperature coefficient of e may not be negligible, however, in closely packed 
lattices of interacting rods. 
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Upon introducing Eqs. (13-50) and (13-52) into Eq. (13-48), the temperature 
coefficient of L?. for a homogeneous reactor becomes 


"+12 


ат(т) = 28 + =A — faar,(gar). (13-53) 


The last term in this equation is usually small compared to the other terms, and 
«т(1%) is generally positive. 

The calculation of от(1%) for a quasihomogeneous reactor is straightforward 
in principle, but complicated in detail. From the discussion in Section 9-9, D, 
or rather 1/D, can be written as 


where Dg and Dy are the diffusion coefficients for the structure (fuel-elements) 
and moderator, respectively; Vg and Vy are the volumes of these materials; and 
V = Vg + Vy. 


The temperature coefficient of D is then 


ar(D) = DE от(7%) + 27а. y от и). (13–55) 
Similarly, 
2 2 у; 
Ў, = Sore + Lay + Зар (13-56) 
and | 
оа.) = ŽE 08 ap Sur) + “et TM ат®ы) + 2 у огбш). (13-57) 


In the derivation of Eq. (13-55) and (13-57) the ratios Vg/V and Vy/V were taken 
to be constant. Changes in D ог $, due to the expansion and expulsion of a liquid 
moderator are included in a7(Dy) and от(2ам). The temperature coefficient of 
1% is now obtained by inserting Eqs. (13-55) and (13-57) into Eq. (13-48). Each 
temperature coefficient in the resulting expression can then be evaluated using 
the formulas for the homogeneous case. 

With a heterogeneous reactor, and, for simplicity, one whose fuel volume is 
small compared with the moderator volume, L7 is (cf. Eq. 11-103) 


= (1 — Рм, (13-58) 

where Lry is the diffusion length of the moderator. It follows from Eq. (13-58) that 
or(L?) = «т(1 — f) + ar(Lim) 

= – Sant) + атар. (13-59) 
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In the usual case, the first term in Eq. (13-59) is small compared to the second, and 
от (17) ~ ar(Liu), (13-60) 


where ат(12м) (which is positive) is given by Eq. (13-53). 
The significance of a positive temperature coefficient of 12. will be discussed 
later in this section. 


Temperature coefficient of тт. А change in temperature affects the 
age of fission neutrons in two ways. First, it changes the density of the medium, 
and second, it changes the energy range over which the neutrons slow down. The 
latter effect is usually negligible compared to the former, however, and only 
density effects ordinarily need to be considered. If the reactor consists of a ho- 
mogeneous mixture of fuel and moderator, the age is inversely proportional to the 
square of the atom density of the moderator, that is, 


1 | 

Tr ~ —— * (13-61 
тү ) 

This conclusion can be seen directly from the Fermi age formula (cf. Eq. 6—73), but 


it is also true whether age theory is valid or not. From Eq. (13-61) it follows that 
от(тт) = —2ar(Nu) = 28, (13—62) 


where use has been made of Eq. (13-22). 

With quasihomogeneous or heterogeneous reactors, it will be recalled that тт 
must be found from elaborate calculations, some results of which were shown in 
Fig. 6-14 for mixtures of various metals and water. These results can be used 
directly to give от (тт) for such systems. Thus in the case of metal-water mixtures, 
a change in temperature has the effect of reducing the atom density of the water 
relative to that of the fuel, which is equivalent to increasing the metal-to-water- 
volume ratio, and, at the same time, reducing the atom density of the equivalent 
homogeneous mixture. In particular, a change in temperature of AT gives a change 
in the metal-to-water ratio of approximately 


A (2) = (Bu — br) AT) (13-63) 
M 


“The change іп age corresponding to this change in Vp/Vm can be read from the 
appropriate curve in Fig. 6-14. This must be multiplied by the square of the in- 
crease in the atom density of the medium, namely, 


Vr , (Ve 
п ика (8) = ои) анат 


———— 1 + 
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The resulting value of Arr can be used to calculate «т(тт) from the formula 


zs 1 ATT 
ат(тт) = LER (13-64) 
The appropriate AT' to be used in these computations can be found by trial and 
error. It will be obvious on intuitive grounds that ат(тт) is always positive. 


Temperature coefficient of B?. If the reactor is fixed in size so that it 
cannot expand and contract with temperature changes, the temperature coefficient 
of the buckling is zero. In the following, it will be assumed that the size of the 
reactor is not constrained in any way. 
The buckling of any bare reactor is proportional to the sum of one or more 
terms of the form 
E | 
В? ~ PE (13-65) 
where x is one of the linear dimensions of the reactor. The temperature coefficient 
of B? is thus given by 
or(B?) = —2ar(x), (13-66) 


where a7(x) is the ordinary coefficient of linear expansion of the system. It can 
easily be verified that the coefficient of volume expansion 8 is related to ат(х) 
by the formula 8 = Зот(х), so that Eq. (13-66) can also be written as 


от(В?) = —3. (13-67) 


The parameter 8 is positive, and it follows from Eq. (13-67) that «т(В?) is 
always negative. Thus B? decreases with increasing temperature as would be 
expected physically, since the dimensions of the system increase with temperature. 
This means that the leakage of neutrons from the reactor decreases as the tempera- 
ture rises, which, in turn, tends to give a reactor a positive temperature coefficient. 
However, reactors are either solid throughout or are contained in solid vessels of 
some sort, and as already noted 8 is very small for all solids. It is generally possible, 
therefore, to neglect the effect of changes in buckling on the overall temperature 
coefficient of a reactor. 


Temperature coefficients of P; and Py. As shown in the preceding 
discussion, the temperature coefficients of L7 and rr are positive while the tempera- 
ture coefficient of B? is negative. In view of Eqs. (13-13) and (13-14), this means 
that the temperature coefficients of both the slow and fast nonleakage probabilities 
are negative provided |o7(8?)| < |er(L7)| and [ar(B?)| < |«т(тт)|. These in- 
equalities usually hold, for as noted above ær(B°) is small. The fact that positive 
temperature coefficients of L} and тт contribute to the overall stability of a reactor 
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should come as no surprise. Thus a glance at the formulas for Рт and Py shows 
that both of these nonescape probabilities decrease as Ij. and тт increase, an 
observation that should be obvious on physical grounds. 


Temperature coefficients—summary. The sign and relative magni- 
tude of each of the various temperature coefficients discussed in this section are 
summarized in Table 13-4 for a nominal thermal heterogeneous reactor. All 
reactors, of course, do not have the temperature coefficients shown in the table; 
these values are merely representative. It will be evident from the table that the 
temperature coefficient of p is the most important factor contributing to the 
negative temperature coefficient of Ко. Also, the temperature coefficients of Рт and 
Рр are often small compared with the temperature coefficient of p and it follows 
that it is the resonance absorption which provides the overall negative temperature 
coefficient for the system. In addition, of course, resonance absorption gives a 
reactor of this type a prompt negative temperature coefficient. If a reactor contains 
no resonance absorbers the system must be designed with some care, for the 
temperature coefficient in this case is less negative and may even be positive.* 


Table 13-4 
Temperature Coefficients of a Nominal, Heterogeneous Thermal Reactor 


Reactor Temperature Reactor Temperature 
parameter coefficient parameter coefficient 


nr + or —; small, 
except for Pu?39 

/ +; small 

p —; large 

€ + or — ; small 

k 


o 


Finally, it must be emphasized that the calculations of temperature coefficients 
given in this section have been carried out only for the simplest type of systems, 
namely, bare thermal reactors. Temperature coefficients of other reactors, namely, 
intermediate or fast reactors and reflected or multiregion reactors, can be de- 
termined in either of two ways. One method is to compute the multiplication 
factor by a multigroup calculation (cf. Section 10-4) in which the group constants 
have been appropriately modified to account for a change in temperature of one 
or more components of the reactor. The computed change in the multiplication 
factor accompanying this temperature change gives the temperature coefficient 


* The presence of resonance absorption does not guarantee, however, that the temperature 
coefficient of a reactor will be negative. 
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directly. However, this procedure is not satisfactory for localized, nonuniform 
changes in temperature; these changes are better handled using perturbation 
theory which is discussed in Chapter 15. 


13-2 Fission-Product Poisoning 


Two fission fragments are produced in virtually every fission. Some of these 
nuclei and their progeny have substantial absorption cross sections, and their 
appearance in a reactor tends to reduce the multiplication factor. For this reason, 
these nuclei are known as fission-product poisons. Since absorption cross sections 
decrease rapidly with increasing neutron energy, such poisons are of greatest im- 
portance in thermal reactors, and the present section is limited to reactors of this 
type. It will also be necessary, for the moment, to restrict the discussion to the 
infinite homogeneous reactor. 

To a good approximation, the only effect of fission-product poisons on the multi- 
plication factor is on the thermal utilization. Thus the reactivity equivalent of 
poisons in a previously critical reactor can be written as 


_ Ко — ke | f'— f, (13-68) 


where the primed parameters refer to the poisoned reactor. In the absence of 
poisons, fis given by 
Хав 
=> 13-69 
f Žar + Zam ( 


where Хор and Z,y are the macroscopic thermal absorption cross sections of the 
fuel and everything else except the fuel, respectively. With poisons present, 
f becomes 


a 27 M 
Зав + ам Хар 


(13-70) 
where Zap is the macroscopic cross section of the poison. From PE (13-68) the 
reactivity due to the poisons is then 


/ ч А Хар 
att = — бар, 13-71 
4 Р Z.F + E.M ( ) 


Equation (13-71) can be put in a more convenient form by writing the multipli- 
cation factor of the unpoisoned reactor as 


D 2 _ _птребав _ 
ks = пт/ре ZaF + Жом 


>рє®, 
= ; 13-72 
Žar + 2ам ( ) 
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where 5; is the macroscopic fission cross section. Solving Ед. (13-72) for 
Sor + Бам and inserting this into Eq. (13-71) gives 


oo ®ар/®у, M 
p = fe (13-73) 


Equation (13-73) is in a form which is suitable for calculations of fission-product 
poisoning. 

Xenon-135. The most important fission product poison is Xe’*°, whose 
thermal (2200 m/sec) absorption cross section is 2.7 X 106 barns and non-1/v 
(the non-1/v factor is given in Table 8-1). This isotope is formed as the result of 
the decay of 1135, and also is produced directly in the fission of U?**. The pes 
is not formed in fission but appears as the result of the decay of Te!?? (tellurium- 
135). These processes and their half-lives are summarized below: 


Те135 8 — 1185 Ê, хет 28, (555 ы — Ва!5° (stable). 
Т <0.5 min 6.7 hr * 9.2 hr 2.6 X 10° yr 
fission fission 


In view of the fact that Te!?5 decays so rapidly to 1135, it is possible to assume 
that the 1135 is produced directly in fission. The effective yields of 118° and 
Хе135 for the three fissile nuclei are given in Table 13-5; the decay constants of 
these isotopes are shown in Table 13-6. 

Because the xenon is produced in part by the decay of the iodine, the xenon 
concentration at any time depends upon the iodine concentration. This, in turn, 
is determined by the rate equation 

f= 1Syor — Xl, (13-74) 
where J is the number of 1135 atoms/cm, vr is the effective yield of this isotope, 
and 2, is the average thermal fission cross section. 

One atom of Хе! 5 is formed with the decay of each atom of I!?? so that the 
total rate of formation of Хе135 is A + УхЎуфт, where Yy is the fission yield of 


Table 13-5 
Fission-Product Poison Yields (Atoms per Fission) from. Thermal Fission* 


Isotope 


1135 


Xe135 
Pm!49 


* From ANL-5800, 2nd ed., pp. 394 and 399. 
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Table 13-6 
Decay Constants for Fission Product Poisoning Calculations 


Isotope ^ (sec 1) A (hr7!) 


1185 2.87 X 10-5 0.1035 
Xe135 2.09 x 1075 0.0753 
Pm!49 3.56 X 10-9 0.0128 


the xenon. The Xe!?? disappears both as the result of its natural radioactive 
decay and also because of neutron absorption. The xenon rate equation is 
therefore 

dX s б 

pd = Ad + YxXjóp — MxX — GaxdrX, (13-75) 
where X is the Xe!?? concentration in atoms/cm? and &,x is the average thermal 
absorption cross section of Xe!?5 
Eq. 8-40). 

In an operating reactor the quantities 2, and фт may be functions of time, and 
the solutions to Eqs. (13-74) and (13-75) depend upon the nature of these func- 
tions. Tables have been prepared from which it is possible to determine the 
iodine and xenon concentrations under rather broad assumptions regarding the 
mode of operation of the reactor. These tables are noted in the references. Several 
special solutions to Eqs. (13-74) and (13-75) will now be considered. 


Equilibrium xenon. Because the half lives of the 119° and Xe!?5 are so 
short and the absorption cross section of the xenon is so large, the concentrations 
of these isotopes, in all reactors except those operating at very low flux, quickly 
rise to their saturation or equilibrium values, 7, and X», provided the flux and 
macroscopic fission cross section do not change significantly in the interim. These 
concentrations can be found by placing the time derivatives in Eqs. (13-74) and 
(13-75) equal to zero. Thus from Eq. (13-74), 


fne Hey (13-76) 
I 
and from Eq. (13-75), 
№1. + ҮхЎуфт 
Ax + бахфт 

(Үт + Yx)Erór 
УЗ Hs 13-77 
Ax + бахфт ‹ ) 


X, = 


The macroscopic absorption cross section of the xenon is then 


= __ у» __ Or + Үх)7/фтбах. = 
Хах = Х„бах 3^ Ax F dons (13 78) 


at the appropriate neutron temperature (cf. 
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The form of Eq. (13-78) can be improved by dividing the numerator and 
denominator of the right-hand side by ax. This gives 


5 (Үт + Yx)Ejór 
Ро а алги тези танина 13-79 
z ox + фт ( ) 
where ¢x is a temperature-dependent parameter having the dimensions of flux: 
dct ax = 0.756 X 10!#ст—? sec! (13-80) 
aX 


at Т = 20°C. From Eq. (13-75) it can be seen that фх is the thermal flux at which 

the disappearance rates of Хе! ?? by neutron absorption and natural decay are equal. 
Upon inserting Eq. (13-79) into Eq. (13-73), the reactivity equivalent of equi- 

librium xenon is found to be 

эы Салис MEE. О (13-81) 


" vpe ox t or 


There are now two situations to be considered. First, if фт << $x, Eq. (13-81) 
reduces to | 
(Yr + Ух)фт | 
= — i, 13-82 
урефх ( ) 


and it is seen that in this low-flux case, —p increases linearly with фт. On the other 
hand, if фт > фх, —p takes on its maximum value 


mcs. | (13-83) 
vpe 


To get some idea of the magnitude of the equilibrium xenon poisoning effect, 
suppose that a reactor is fueled with U??? and contains no resonance absorbers 
or fissionable material other than 0235, In this case, p = є = 1, and Eq. 
(13-83) gives 

Де Yr + Yx > 0.064 Pa 
C= одд 210000, 
or about four dollars and change. This is the maximum reactivity due to equi- 
librium xenon in a U??5-fueled reactor. If the reactor contains resonance ab- 
sorbers, the maximum reactivity will be somewhat higher. 


Xenon after shutdown—reactor deadtime. Although the fission 
production of Xe!?? ceases when a reactor is shut down, this isotope continues 
to be produced as the result of the decay of the I1? present in the system. The 
xenon concentration therefore initially increases after shutdown, although it 
eventually disappears by its own decay. 
If the iodine concentration at shutdown is Jo, its concentration at a time ¢ later 
is given by | 
I(t) = Це“. (13-84) 
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Fig. 13-3. Xenon-135 buildup after shutdown for several values of the operating flux 
before shutdown. 


Inserting this function into Eq. (13-75) and noting that фт = 0 after shutdown, 


the resulting concentration of Xe!?? is found to be 
Ха) = Xoe xta AHO (егі rh, (13-85) 
Ar — Ax 


Had the xenon and iodine reached equilibrium prior to shutdown, Го and Xo are 
given by Eqs. (13-76) and (13-77), and the reactivity equivalent of the xenon 
becomes 


р = — d |: + Үх)фт ext + YIT (ext iro en). (13-86) 


уре| ox + or фт — Ox 
Here, фу is the temperature-dependent parameter 


М 
Сах 


= 1.038 x 108 cm"? ес! (13-87) 


фт = = 


at Т = 20°С, and фт is evaluated, of course, prior to shutdown. 


OEIL MEC CDU 
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Figure 13-3 shows the (negative) reactivity due to xenon buildup after shutdown 
in a U??9-fueled reactor for four values of the flux prior to shutdown. As shown 
in the figure, the reactivity rises to a maximum, which occurs at about 10 hours 
after shutdown, and then decreases to zero. It should be particularly noted that 
the (negative) reactivity rise is greatest in reactors which have been operating at 
the highest flux before shutdown. This is true simply because the accumulated 
concentration of 1135 at shutdown is greatest in these reactors. 

The post-shutdown buildup of xenon is of little importance in low-flux reactors, 
but may be troublesome in reactors designed to operate at high flux. In particular, 
if at any time after the shutdown of a reactor the positive reactivity available by 
removing all control rods is Jess than the negative reactivity due to the xenon, the 
reactor cannot be restarted until the xenon has decayed. This situation is indicated 
in Fig. 13-3 where the horizontal line represents a hypothetical reserve reactivity. 
It will be clear from the figure that during the time interval from ta to /ь the reactor 
which previously operated at a flux of 5 X 1014 cannot be restarted. This period 
is known as the reactor deadtime. The existence of a deadtime can be of major 
significance in the operation of any high-flux reactor, but it is of greatest importance 
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Fig. 13-4. Xenon-135 buildup after shutdown and burnout after startup. 
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in mobile systems which may be prone to accidental scrams. This is especially true 
near the end of reactor life when the available excess reactivity may be very small. 

It must be emphasized that the absorption cross section of Хе! 35 is large only 
at thermal energies. Consequently the operational problems arising from xenon 
buildup are found only with thermal reactors; intermediate and fast reactors are 
immune from these problems. Indeed, as mentioned in Chapter 4, this fact was 
one of the principal motivations for the construction of the Submarine Inter- 
mediate Reactor (the SIR) which originally powered the American submarine 
Seawolf, and it remains one of the few attractive features of an intermediate reactor. 

If a reactor is restarted while a large amount of xenon is present in the system, 
the subsequent burnout of this poison substantially increases the reactivity of the 
reactor. This is shown in Fig. 13-4 for a reactor that is returned to full-power 
just at the end of the deadtime. To compensate for this increasing reactivity, the 
control rods which were originally withdrawn to return the reactor to critical must 
be reinserted to some extent. 


Samarium-149. The thermal (2200 m/sec) cross section of Sm!*? is 40,800 
barns and non-1/v (cf. Table 8-1; the average thermal cross section at 20°C is 
58,500 barns). Although this isotope is much less of a nuisance in a reactor than 
Хе135, it must also be included separately in reactor calculations. Sm! *? is not 
formed directly in fission but appears as the result of the decay of Nd!*? 
(neodymium-149) as follows: 


Ма : 9 E Рип 149 a 5т 149 (stable). 
f .U hr T 


fission 


Because the Nd!*? decays comparatively rapidly to Pm!*? (promethium-149), 
the Pm!4° may be assumed to be produced directly in fission with the yield Yp 
(cf. Table 13-5). The concentration P of the promethium in atoms/cm? is then 
determined by the equation 

са = Үруфт — ApP, (13-88) 
where Хр is given in Table 13-6. Since the samarium is stable, it disappears only 
as the result of neutron capture. The relevant equation is then 
45 = МАРР — базфт5, (13-89) 
where S is the atom density of Sm!*? and Gag is its average thermal absorption 
cross section (cf. Eq. 8-40). 


Equilibrium samarium. Since the absorption cross section of Sm!*? is 


much less than that of Xe!?5 and the half-life of Pm!*? is longer than those of 
1135 and Хе!35, it follows that it takes somewhat longer for the promethium and 
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samarium concentrations to reach their equilibrium values than it does for xenon. 
Nevertheless, in all reactors except those operating at very low flux, these isotopes 
come into equilibrium in, at most, a few days’ time (cf. Prob. 13-20). 

Placing the time derivatives in Eqs. (13-88) and (13-89) equal to zero, these 
equilibrium concentrations are found to be 


р, = ҮРЎФТ, (13-90) 
Хр 
and 
z. Үр®, 
>= S (13-91) 
The macroscopic absorption cross section of equilibrium Sm!*? is then 
Sas = Үр, (13-92) 
and from Eq. (13-73) this is equivalent to the reactivity 
SRM! = 
p= TT (13-93) 


It should be particularly noted that this reactivity is independent of the flux or 
power of the reactor. By contrast, it will be recalled that the reactivity due to 
Xe!?5 increases with the flux at fluxes less than ¢x. Using the value of Yp given 
in Table 13-5 for 0255, Eq. (13-93) gives 


р = — === = —0.463%, 
or about 72 cents. 


Samarium after shutdown. After shutdown, Sm!*? builds up as the 
accumulated Pm! *? decays. However, unlike Xe!?* which undergoes beta decay, 
Sm!*? is stable and remains in a reactor until the system is brought back to critical, 
whereupon it is removed by neutron absorption. 

With the concentrations of promethium and samarium at shutdown denoted 
by Po and So, respectively, the samarium concentration at the time ¢ later is 
[cf. Eqs. (13-88) and (13-89)] 


S(t) = So + Род — е^). (13-94) 


As 1 — oo, the samarium concentration approaches So + Po, which it clearly 
must, since eventually all the promethium decays to samarium. If the promethium 
and samarium are at their equilibrium concentrations prior to shutdown, Po and 
So are given by Eqs. (13-90) and (13-91). The post-shutdown reactivity due to 
5149 can then be written as 

ҮР 


=. же SS фт > ^w. —95 
p Ipe | dq (1-— 6771) (13-95) 
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Fig. 13-5. Samarium-149 buildup after shutdown for various values of the operating 
flux. 


where фа is defined as 


és = АЕ = 6.095 X 101? cm"? sec! (13-96) 


aS 
at 20°C. 

Equation (13-95) is shown in Fig. 13-5 for a U?*°-fueled reactor operated at 
four different values of фт before shutdown. It will be observed that although the 
equilibrium samarium is independent of the flux, the post-shutdown samarium 
increases with increasing flux. Thus, according to Eq. (13-95) the maximum 
value of —p is 


ҮР фт 7 
P ciem += |> 13-9 


which increases linearly with фт. 

As in the case of post-shutdown xenon poisoning, the burnup of the ac- 
cumulated Sm!*? tends to increase the reactivity of the system when a reactor is 
restarted after shutdown, as shown in Fig. 13-6. Since Sm! *? is stable, this effect 
occurs regardless of how long after shutdown the restartup occurs. By contrast, 
it will be recalled that Xe!?5 decays after shutdown, and this effect is apparent for 
Xe!35 only when the reactor is brought to critical a day or so after shutdown. 
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Fig. 13-6. Samarium-149 buildup after shutdown of a reactor operating at a flux 
фт = 10!* and the subsequent burnout of the samarium after startup. 


Xenon and samarium at constant power. In the derivations of the 
concentrations of equilibrium xenon and samarium given earlier, it was assumed 
that 2, and фт were constant, whereas in most reactors (at least in power reactors) 
these parameters are actually functions of time. Thus 5; decreases due to the 
burnup of the fuel, and @r must be increased if the reactor is to be operated at 
constant power. (These matters are discussed more fully in the next section.) 
However, for times of the order of the mean-lives for radioactive decay and/or 
disappearance by neutron absorption of Xe!??, Sm!*? and their precursors, the 
changes in 2, and фт are normally small. It is usually possible to assume, therefore, 
that the Xe!?5 and Sm!*? are always at equilibrium. The macroscopic cross sec- 
tions of these isotopes can then be found as functions of time by introducing the 
functions 2/(1) and $7(r) into Eqs. (13-79) and (13-92); thus 


5 Qr + Үх)/(0%т(0) Р 

т ox + Фти) =. 
and 

Sas(t) = Yp3,(2). (13-99) 


Permanent poisons. Many other fission products in addition to Xe!? 


and Sm!*? are formed in a reactor, and like these isotopes some are stable and 
some are radioactive. However, no fission products with absorption cross sections 
comparable to those of Xe!?5 and Sm!*? are produced with yields sufficiently 
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large to warrant individual treatment. The majority of these additional fission 
products have far smaller cross sections, and once they appear in a reactor there 
is little probability that they will be removed by neutron absorption during the 
lifetime of the reactor. For instance, if an isotope has a 100-barn thermal absorp- 
tion cross section and the thermal flux is, say, 101? ст“ 2 sec—!, the probability 
of absorption per sec per atom is 100 X 1072% x 10!? = 1079 зес“!. This is 
equivalent to a mean lifetime for the atom of 10? sec or about 30 years. Thus un- 
less such a fission product is radioactive its appearance may be considered to be a 
permanent change in the.composition of the reactor. 

Numerous studies of the accumulation of permanent fission-product poisons 
have shown that these poisons are produced at the rate of approximately 50 barns 
per fission іп a reactor fueled with U??5, In reactors fueled with other fissile 
isotopes, this cross section is slightly different due to the fact that the fission product 
yield distributions are different for other fissile nuclei (cf. Fig. 3-7). Although this 
cross section is an average over a great many fission products, it is convenient to 
ascribe the absorption to one isotope. In other words, it is assumed that one atom 
with the thermal absorption cross section Ср; = 50 barns is produced per fission. 
More complete studies have also provided the energy dependence of the permanent 
poison cross section for use in multigroup calculations (cf. ANL-5800 in 
references). 

This 50 barns/fission does not include the cross sections of nuclei that may be 
formed by parasitic absorption in the fuel. For example, U??8, which is produced 
by thermal neutron absorption in U??5, has an absorption cross section of 7 barns. 
Since the capture-to-fission ratio of U?35 isa = су/оу = 0.17, about 0.17 X 7 = 
1.2 barns of permanent poisons are added per fission. This cross section per fission 
should be added to the permanent poison cross section. 


Nonuniform poisoning. Up to this point it has been assumed that the 
various fission product poisons are produced uniformly throughout an infinite 
system. In a finite reactor, the poisons accumulate with a nonuniform distribution, 
since the flux and power are now functions of position. The reactivity due to the 
poisons in this case cannot be attributed simply to a change in the thermal utiliza- 
tion because this parameter is only defined for a uniform system; in other words, 
Eq. (13-73) does not apply to a finite reactor. However, the preceding formulas 
giving the poison concentrations remain valid at each point in the reactor. Thus 
the equilibrium xenon cross section at the point r is (cf. Eq. 13-79) 


(Yr T Yx)Z;(r)or(r) : (13-100) 


бек) = F ore) 


‘the equilibrium samarium cross section is (cf. Eq. 13-92) 


Sas(r) = Ypz;(r); (13-101) 


and so on. The effect of these nonuniform poison distributions on the criticality 


478 CHANGES IN REACTIVITY [СНАР. 13 


of the reactor can be found by using the iterative-numerical method introduced in 
Section 10-3. This method will be reconsidered later in this chapter. An ap- 
proximate analytical procedure for computing the reactivity equivalent of these 
poisons is discussed in Chapter 15. 


Xenon oscillations. In a finite thermal reactor the nonuniform production 
of Хе!35 and its nonuniform consumption by neutron absorption may lead to an 
interesting instability in the system. Suppose that without changing the total 
power, the flux is increased in one region of the reactor and simultaneously de- 
creased in another region. This may happen, for example, if control rods are 
inserted into one region and at the same time withdrawn from another. In the 
region of increased flux, the xenon now burns out more rapidly than it did prior 
to the change, and its concentration decreases. This decrease in xenon concentra- 
tion leads to a higher reactivity in this region, which, in turn, leads to an increased 
flux. This again leads to increased local xenon burnup, increased local reactivity, 
increased flux, and so on. 

Meanwhile, in the region of decreased flux, the xenon concentration increases 
due to its reduced burnup and to the continued decay of the existing iodine which 
was produced in the original, higher flux. This increased xenon concentration 
decreases the reactivity in this region, which reduces the flux, in turn, increasing 
the xenon concentration, and so on. The thermal flux, and hence the power density, 
thus decreases in this region while it increases in the other, the total power of the 
reactor remaining constant. 

These local power excursions do not continue without limit, however. In the 
region of increased flux, the production of xenon from the decay of the iodine, 
which is now being formed more rapidly in this region, ultimately reduces the 
reactivity there and the flux and power eventually decrease. Likewise, in the 
region of reduced flux, the accumulated xenon eventually decays, increasing the 
local reactivity and reversing the flux and power transient in that region. 

In this way, the flux and power of a reactor may oscillate between different re- 
gions until some action is taken to counteract them, say, by the motion of control 
rods. Calculations, too lengthy to be reproduced here, show that these oscillations 
have.a period of from about 15 to 30 hours. It has also been shown that xenon 
oscillations may only occur in large reactors, and, of course, only in reactors having 
fluxes greater than about 10!? neutrons per ст? /ѕес, at which xenon burnup is as 
pronounced as xenon decay. 

Because xenon oscillations occur at constant power they may go unnoticed un- 
less the flux and/or power density distributions are monitored at several points in 
the reactor. This must be done in order to prevent such oscillations, since they 
represent something of a hazard to the safe operation of a reactor. Conceivably, 
they may lead to dangerously high local temperatures and even to fuel meltdown. 
In any event, these oscillations, if permitted to continue, burden the core materials 
with unnecessary temperature cycling which may result in premature materials 
failure. 


NEL 
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13-3 Burnup and Conversion 


Fuel is not consumed uniformly in an operating reactor, nor is fertile material 
converted uniformly, except in rare instances where the power density is uniform 
throughout the fueled portions of the reactor. As a consequence, the concentra- 
tions of the fissile isotopes, in general, are functions of both space and time. 
Equations determining these concentrations are derived in this section; their 
solutions will be discussed in the next section. 

Suppose, for the moment, that the reactor is fueled with a single fissile isotope 
and that no fertile material is present. If Np(r, г) is the atom density of this isotope 
at the point г and time 7, its depletion is determined by the equation 


2%, ) t) = — Ny(r, ГП оскфт(к, t), (13-102) 


where ба is the thermal absorption cross section. This equation has the formal 
solution 


et 
Ny(r, t) = Мрб, 0 екр[ -aar | ér(r, 0а. (13-103) 


If the flux is known as a function of time throughout the reactor, Мр(т, £) can be 
found by evaluating the integral in Eq. (13-103). However, the flux and fuel dis- 
tributions are inter-related, that is, the flux distribution at any time depends upon 
the fuel distribution, and vice versa. For this reason, ¢7(r, t) cannot be determined 
independently of Ny(r, t); these functions must be computed simultaneously and, 
except in special cases, this can only be done numerically. 

If a reactor is fueled with a pure fissile isotope, the excess reactivity of the system 
continually decreases in time as this isotope is consumed and fission products 
accumulate. However, with fertile material present, the decreasing reactivity due 
to the burnup of the original fissile isotope is compensated to some extent by the 
production of new fissile isotopes. Consider, for example, a thermal reactor fueled 
with natural or partially-enriched uranium. In a reactor of this type, the reactivity 
tends to be maintained by the formation of isotopes of plutonium. The most 
important of these isotopes is Pu???, but Pu?*! may also have a substantial effect 
on the reactivity, particularly at high burnup. The pertinent reactions are the 
following:* 

(i) U?38 + no U?39 > Np??? — Pu239 


ж fission 


Gi) Pu? 410 Ри?40 


(iii) Pu?*9 + n — Pu?! 


у fission 
(iv) Pu*?+n = pu242 


* The properties of the various isotopes are given in Appendix I. 
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Isotopes heavier than Pu?*! need not be considered because the absorption cross 
section of Pu?*? is small (~30 barns). 

The Pu??? is formed as the result of the absorption of thermal and resonance 
neutrons by U238, and it disappears as the result of thermal neutron absorption. 
The rate of formation of Pu??? from resonance absorption can be expressed in 
terms of the resonance escape probability. Thus the number of neutrons absorbed 
in the resonances of 07238 is (1 — p) times the number of neutrons which slow 
down per second throughout the reactor. Since the reactor contains three fissile 
isotopes, namely, U??5, Pu?3?, and Pu?*!, this number is 


ЕР p(V55N250525 + УзоМаобјдо + Уа Ма 10] 4 1)Ф7, 


where N55, N49, and N41 are the concentrations (all functions of space and time) 
of the 0235, Рџ239, and Pu?*!, respectively,* є is the fast fission factor, and Рр 
is the fast nonleakage probability. The concentration of Pu??? is then determined 
by the rate equation 


ам 
dt 


= NosGaosor + (1 — рјеРр(р 5 Мо50/25 + VagNagU;4o + VaiNai8541)ÓT 
— МаөбалөФт. (13-104) 


The first and last terms in this equation are the rates of formation and disappear- 
ance of Pu??? due to thermal neutron absorption. 
The concentrations of Ри249 and Pu?*! can be found from the rate equations 


амо 


= па а (Маобуао — М№Маобало)Фт (13-105) 
and 
dN " _ 
7m = (Маобаао — Малболт)Фт. (13-106) 


Resonance absorption in Pu?*? is neglected in these equations; it should be in- 
cluded in accurate computations involving high burnup. | 


13-4 Reactor Properties Over Life—Estimating 
Core Life 


The prediction of the physical properties of a reactor throughout its life is one of 
the most important problems in reactor design. For one thing, unless these 
properties are known it is not possible to determine how much fuel should be 
loaded into the core in order to obtain the required power for a specified period. 
If there is too little fuel, the reactor will prematurely fall subcritical. On the other 
hand, it is clearly not economical to include enough fuel to keep the reactor operat- 


* Note that according to the code given in Section 3-2, U?35 = “25”; 0238 = “28”; 
Pu?39 = “49”; Pu24! = “41”; etc. 
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ing longer than the properties of the reactor materials permit. The reactor be- 
havior over life must also be understood in order to design a proper control 
system, and for many other reasons. 


The infinite thermal reactor. The general problem of computing reactor 
properties over life is rather complicated, and it is instructive to begin with the 
infinite, homogeneous, thermal reactor. All reactor properties are then inde- 
pendent of position. For the moment, it will also be assumed that the system is 
fueled with a single fissile isotope such as U??? and that no fertile material or 
resonance absorbers are present. 

At startup, the reactor must be fueled with more fissile material than required 
for criticality in order to provide for the burnup of the fuel and for other reactivity 
changes. To compensate for this excess fuel, control rods are inserted into the 
reactor and then slowly withdrawn to keep the system critical as the fuel is con- 
sumed and poisons accumulate. In the present problem, it is convenient to simulate 
these control rods by a uniformly distributed control poison of macroscopic 
absorption cross section $ с(/). The magnitude of Zo(r) must be continuously 
adjusted so that the reactor remains critical from startup to final shutdown. It is 
easily shown (cf. Prob. 13-29) that Zc(t) also is proportional to the excess re- 
activity of the reactor compensated at any time by the control rods. In the absence 
of resonance absorption or fast fission, the multiplication factor is ke = «rf. It 
follows that Zc(r) must be varied in such a way that at all times 


ZaF(t) 
Кы = Se a ш 1, 13-107 
Zar() + Zam + Zar(t) + 2000) ( ) 


where Zar(t), Zam, and Хори) are the macroscopic absorption cross sections of the 
fuel (fissile isotope), moderator, and fission product poisons, respectively. 

To picture the way in which the control poison must be changed with time, 
Eq. (13-107) may be solved for 2 2(1): 


Zc = (nr — IZar(t) — Zam — Хар(0). (13-108) 


As time goes on, 2ar(t) decreases while Z,p(t) increases, with the result that (г) 
steadily drops to zero. The time t;, when Zc(f) = 0, corresponds to the time when 
all of the (simulated) control rods have been removed from the system. At this 
time there is no positive reactivity remaining in the system, and it can no longer 
be kept critical. Hence, t; is the end of life of the reactor. 

As a specific example of the use of Eq. (13-108), let it be supposed that the 
reactor is operated at constant power throughout its life. In order to calculate г; 
for a given initial fuel loading, the quantities Z,p(r) and S,p(r) must first be com- 
puted. Since the power density is proportional to the number of neutrons absorbed 
per second in the fuel, it follows that the quantity 5,7(¢)¢r(t) must be constant. 
In particular, 

®ак(@)Фт(@) = Зав(О)фт(0), (13-109) 
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where 5.р(0) and ¢7(0) are the cross section and flux evaluated at the startup of 
the system, that is, att = 0. A fissile atom is consumed when it absorbs a neutron, 
and accordingly the concentration of fuel at time t is given by 


Муф) = Мр(0) — Zar(0)or(0)t 


Ny(O)[l — Farpr(0)t]. (13-110) 


The quantity ¢,r¢r(0)t in Eq. (13-110) is the fraction of the fissile atoms consumed 
up to the time /. For example, when G,7¢7(0)t = 0.50, one half of the fuel has 
been consumed.* Multiplying Eq. (13-110) by Gar gives 


Zo) = 2ак(0)[1 — Фағфт(0)/]. (13-111) 
The flux can be found by substituting Eq. (13-111) into Eq. (13-109): 
Z.r()ér(t) = ®ак(0)[1 — бағфт(0)]Фт(0) = Zar(0)pr(0). 
Solving for r(t), the result is 
фт() = 


фт(0) 


Т 6x (13-112) 


Thus, as expected, for a reactor operating at constant power density, the flux 
must be increased in order to compensate for the decreasing fuel concentration. 
Consider now the fission-product poisons. The equilibrium Xe!?5 cross section 
is (cf. Eq. 13-98) 
5 x(t) = (Yr + Үх)®у(1)Фт(1) 
4 ( ox + Фт(0) 
(Yr + Ух) /(0)Фт(0) 
= ne 13-113 
ox + Фт(0) ( ) 


Similarly, the equilibrium Sm! *? cross section is (cf. Eq. 13-99) 
S.s(t) = vpS(). (13-114) 


In Eqs. (13-113) and (13-114), E,(1) is the macroscopic fission cross section and 
is equal to Sar(2)/(1 + а), where Z,z(1) is given by Eq. (13-111) and o is the 
capture-to-fission ratio. The permanent poisons accumulate at the rate of 2, 
barns per fission so that at time ¢ their macroscopic cross section is 


Ep» = 8ppEf(Der(Dt = 02 (0)фт(0)г. (13-115) 


* It must be remembered that a very substantial fraction of the fissile material in most 
reactors can be consumed before radiation damage leads to materials failure. (See the 
discussion at the end of Section 3-6.) 
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When Eqs. (13-111) through (13-115) are substituted into Eq. (13-108), the 
control poison required to keep the reactor critical at any time is found to be 


Solt) = (nr — 1)5„к(01 — д„кфт(0)] — Sam — CE EO) 


—Үр®,(01 — дкфт(0)] — Фра От (0). (13-116) 


The lifetime of the reactor can be found by introducing the formula for фт(ї) from 
Eq. (13-112) into the third term of the right-hand side of Eq. (13-116) and then 
solving the equation Zco(rj) = 0 for tı. The resulting expression is quadratic 
in tı. However, if either ¢r(t) « фх or ór(t) > фх for all т, Eq. (13-116) is 
linear in t; and simple formulas for t; can be obtained. Thus if фт(0) K ox, й 
can be put in the form 


_ лтбех(1 + a) — (Yr + Үх)Фт(0)/фх — ҮР, (13-117) 
! = Kar — D + aðar — Yrõar + ©ьь]фт(0) 


where: рех = [k.(0) — 1]/k..(0) is the excess reactivity at startup and o is the 

capture-to-fission ratio (cf. Section 3-4). Оп the other hand, when r(t) > фх, 

tı is 

= NTPex(1 + a) "E (Yr + Yx + Yp) : (13-118) 
[nr — ПА + ајав — (Yr + Yx + ҮР)бағ + Ф›р]фт(0) 


As seen from these formulas, the lifetime of the reactor is inversely proportional 
to the initial flux in the system. This, of course, would be expected on intuitive 
grounds. | 

In the preceding discussion, it was presumed that the reactor is kept in operation 
until all of the control rods have been removed, at which time the reactor falls sub- 
critical. It may be mentioned that it is not always a sound practice to operate a 
reactor in this manner. [n particular, many reactors are operated only as long as 
it is possible to over-ride the post-shutdown buildup of Xe!?5, This is then taken 
to be the end of the life of the reactor (or, more accurately, of the reactor core). 
This criterion for end of life is often adopted for the reactors used to power ships. 
A reactor aboard a ship may be subject to accidental shutdowns, and unless it is 
able to over-ride the xenon buildup the ship will remain “dead in the water” during 
the deadtime of the reactor—an embarrassing state of affairs, to say the least. The 
above results are easily generalized to this case. Thus if the minimum allowable 
control poison is S¢min, the lifetime may be found by solving the relation 


# 


Zc(ti) = Zemin, (13-119) 


where Zc(t;) is given by Eq. (13-116) for the constant power reactor. 

Up to this point it has been assumed that the reactor does not contain fertile 
material. If such material is present, the newly produced fissile isotopes tend to 
support the criticality of the system. The control requirements over time are then 
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somewhat different from those derived above. Suppose, for instance, that the (infi- 

· nite) reactor is fueled with a mixture of 0235 and U?3® (natural or partially- 
enriched uranium), and is again operated at constant power density. There is now 
a contribution to the power from thermal fissions occurring in Pu??? and Pu?*! 
as well as from fission in U??5.* The power density P4, in watts/cm?, is thus 


Y(N258,;25 + Мадбјао + Na418741)ór = Pa, (13-120) 


where Y is the recoverable energy per fission in joules (assumed the same for all 
isotopes). 

Solving Eq. (13-120) for фт and substituting this into Eqs. (13-102), (13-104), 
(13-105), and (13-106), the following equations are obtained for determining 
the U?35, Рџ239, and Pu?*! concentrations as a function of time: 


Y = 2 = dN. = 
P; (М256/25 + Мадбјао + Na418541) 2m = NosFa255 (13-121) 


Y Е е _ dN. = 
P; (Моь@у25 + Маобјао + Na10;41) е = NosGr28 


+ (1 — pye(vosNosGro5 + УдоМаобјао + VaiNa10;41) — Nagao, 
(13-122) 


Y _ = - dN. Ж = | 
Р, (Nas8;25 + Маобјао + Ма1бј41) == = Мадбуао — Маобало (13-123) 


Y ta c = dN z z 
Р; (Мо5@у25 + Маобјао + Narra) ET = N490040 — NaiFaa1- (13-124) 


This set of coupled, nonlinear equations can be solved using an electronic 
computer. With the U?35, Pu???, and Pu?*! concentrations known, the flux is 
determined from Eq. (13-120). The control poison can be calculated by introducing 
all of these results into Eq. (13-108). The lifetime is then found, as in the previous 
example, by placing 

Zac(ti) = 0 ог Zac(ti) = ® стшп. 


Figure 13-7 shows the results of calculations of this type for a reactor fueled 
with 2.7% enriched uranium and operating at a power density of 70 watts/cm® 
with an initial flux of 2 X 10!? ст“ 2 вес“ !, The resonance escape probability 
and fast fission factor were taken to be 0.814 and 1.044, respectively. The thermal 
utilization at startup was 0.71, which corresponds to an initial excess reactivity 
of about 20%. (These parameters are similar to those of the Yankee Reactor at 
Rowe, Massachusetts.) As indicated in the figure, the control poison (or excess 
reactivity) does not decrease linearlyf as it would if there were no buildup of 
Pu??? and Pu?*!; instead, there is a slight concavity to the curve. The sudden 
drop in-reactivity near startup is due to the accumulation of equilibrium Xe 3° 


* The power produced by fast fission іп U238 is ignored here. 
1 Note that Eq. (13-116) is almost linear іп 7. 
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Fig. 13-7. Control poison as a function of time after startup of a thermal reactor fueled 
with 2.7% enriched uranium. (Courtesy of B. Pellaud, Consolidated Edison Company of 
New York.) 


149 


and Sm 
started from a clean-cold condition there is also a drop in reactivity (the tempera- 
ture defect) due to the negative temperature coefficient of the system. This is not 
shown in Fig. 13-7, the reactor having been assumed to be at a fixed temperature. 

The reactivity buildup due to Pu??? and Pu?*! is more pronounced for a 
reactor fueled with natural uranium. This is shown in Fig. 13-8 for a reactor 
assumed to operate at a power density of 0.5 watt/cm? with an initial flux of 
1013 cm~? sec^!. For this reactor, p = 0.85, є = 1.031, and the initial excess 
reactivity was 5.5%. It will be observed that after the initial drop in reactivity due 
to the buildup of equilibrium xenon and samarium, the curve rises and after about 
700 days from startup Zc(t) almost reaches its initial value. At this time the 
control rods which were removed to compensate for the poison buildup are back 
in their starting positions. In some reactors the rise in reactivity accompanying 
the buildup of plutonium isotopes may actually exceed the excess reactivity 
at startup. 


Zc(0/Zc(0) 


0 500 1000 1500 2000 
Time after startup, days 


Fig. 13-8. Control poison as a function of time after startup of a thermal reactor fueled 
with natural uranium. (Courtesy of B. Pellaud, Consolidated Edison Company of New 
York.) 


which occurs during the first few days of operation. With any reactor | 
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The finite thermal reactor. The procedure for estimating the properties 
of a finite reactor over its lifetime is essentially the same as it is for the infinite 
reactor, except that now these properties are functions of space as well as time. 
For simplicity, the present discussion is confined to a two-region thermal reactor, 
consisting of a core and reflector, which is fueled with a pure fissile isotope. The 
space-dependence of the flux will be found using two-group theory, and it will 
be assumed that the reactor operates at constant power. In the notation of two- 
group theory, this means that 


Р = Үсә; Í, Nr(r, t)ós(r, t) dV = constant, (13-125) 


where P is the total reactor power, Y is the recoverable energy per fission, ©», is 
the thermal fission cross section, and ¢2(r, £) is the thermal flux. 

The control-rod distribution at any time will be simulated by a thermal control 
poison Zc(r, 1), which is varied in such a way that the reactor remains critical 
throughout its lifetime. Within limits, the spatial distribution of the control rods 
is at the discretion of the operator of the reactor. That is, at any time the reactor 
can be kept critical with different arrangements of the control rods, and at the start 
of a lifetime calculation it must be decided how the control rods are to be moved 
over the life of the core. Such a plan of rod motions is known as a control-rod 
program. One of the objectives of calculations of reactor properties over life is to 
determine the rod program which is most suitable for the reactor under considera- 
tion. Lifetime calculations are usually carried out, therefore, for a variety of rod 
programs. For the purpose of illustration, a very simple rod program will be 
used. Thus it will be assumed that at all times the rods are distributed uniformly 
throughout the core. In this case, Zc(r, £) is the function 


Zc(t), r <a, 


Ec(r, 1) = | МА (13-126) 


where а is the radius of the core. Only the magnitude of Хс(/) is then at the dis- 
posal of the reactor operator for maintaining the criticality of the system. 

Because of the continually changing distributions of fuel and poisons, the 
thermal absorption and fission cross sections in the core are functions of space 
and time. However, these changing distributions have little or no effect upon the 
slowing-down properties of the core nor upon the diffusion coefficients, and these 
can usually be assumed to remain constant. For the core, therefore, the two group 
equations describing the critical reactor at time ¢ are 


Руф, 0) — Z1ó1(r, 1) + nrZor(r, t)ós(r, t) = 0 (13-127) 
and 


DsV?os(r, t) — [Zor(t, f) + Dom + Бора, 0) + Zc(0es(r, t) 
+ Zigir, = 0. (13-128) 
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In these equations, Zor(r, t), Хәм, Zap(r, 1), and Zc(t) are the average thermal 
macroscopic absorption cross sections of the fuel, moderator (and structure), 
fission product poisons, and control poison, respectively. Since the properties of 
the reflector presumably do not change over the reactor lifetime, the reflector 
equations are given by Eqs. (10-50) and (10-51). 

Using a computer, Eqs. (13-127) and (13-128) can readily be solved by replacing 
the continuous operation of the reactor with a stepwise operation. The reactor 
lifetime is first divided into a number of time intervals of length Az. The parameters 
of the core are then assumed to remain constant during Af, and these are used to 
calculate the core parameters for the next interval, using the equations derived 
earlier in this chapter. For instance, the fuel concentration at t + At, in terms of 
its concentration at time ¢ according to Eq. (13-103), is given by 


Ny(r, t + At) = Negle, te "27% 0044. (13-129) 
so that 
Lor(r, t + Af) = Zarx(r, е ~72Fb2 At, (13-130) 


The fission product poison cross section Z sp(r, t) consists of three terms arising 
from the Хе!35, the Sm! *?, and the permanent poisons. To find the concentration 
of the xenon at ¢ + At, Eq. (13-74) is solved for the 119° concentration assuming 
that 2; and фт are constant, and the result is substituted into the solution of 
Eq. (13-75). The final expression for the Хе!35 cross section is 


(Yr + Yx)Zas(r, ї)фә(Т, 1) 

ox + é»(r, t) 
ANIC, 1) — YrZos(r, t)ox(r, 1) [e ^r^ 
ox — or + ó»(r, 1) 


_ Or + х) әу, Doo, 9| —Axl1--óa(. 0/ xA t 
» [xt 9 ox + c(t, 0) ° | 


Zox(r, t + At) = 


+ 


(13-131) 


In this equation, Nr(r, г) is the concentration of the iodine and the other symbols 
have the same meaning as in Section 13-2. The Sm!*? cross section can be found 
in a similar manner from Eqs. (13-88) and (13-89); this is 


Zas(r, t + At) 
Np(r, t) — YpZoy(r, t ‚1 at Ж с, 
= YpZo,(r, t) + [aerei 0 — таза Neal D] [е 394 — е 19080198144 


+ [Zas(r, t) — YPE, Deion 01874, (13-132) 


where Np(r, t) is the Pm!*? concentration. Finally, the macroscopic cross section 
of the permanent poisons is 


Хорр(т, t, + At) = Lapelt, f) + 6р 2/(0, Hoa, t) At, (13-133) 


where 85, = 50 barns. 
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Equations (13-127) and (13-128) are first solved at £ = 0, that is, at the startup 
of the reactor using the iterative procedure given in Section 10-3. In this cal- 
culation the dimensions of the reactor as well as the initial fuel loading must be 
specified. The object of the calculation is simply to find the magnitude of the con- 
trol poison which must be included in the reactor at startup to compensate for 
the excess fuel. In short, the parameter Zc(0) is treated as the eigenvalue of the 
problem. The computation proceeds as follows. A value of Zc(0) is guessed, and 
one of the fluxes, say ¢® is assumed throughout the reactor. This flux is used in 
Eq. (13-127) to compute a first estimate, {, of the fast flux; фу) is then used in 
Eq. (13-128) to compute 9f" ; and so on. For the reasons explained in Section 10-3, 
the ratio ¢"+?/¢™ for either flux soon approaches a constant C, which is the 
multiplication factor of the reactor. If C is less than unity the reactor is subcritical, 
which means that the original choice for Zc(0) was too large. On the other hand, 
if C is greater than unity the reactor is supercritical and Zc(0) was too small. In 
either case, the value of Zco(0) is changed, the computations are repeated and а 
new value of C is determined. This procedure is continued until a value of Zc(0) 
is obtained which corresponds to a critical system at startup. 

In addition to the critical value of Zc, this calculation also gives the relative values 
of each flux throughout the reactor, that is, values of the fluxes multiplied by a 
constant. The magnitude of this constant is determined by the operating power of 
the reactor, and can be found by numerically performing the integration in 
Eq. (13-125). 

With the fluxes known at startup, the values of the various parameters can be 
computed at t= Ar by using Eqs. (13-130) through (13-133). The criticality cal- 
culations are then repeated until a new value of the control poison Zc(At) is found. 
Using the fluxes computed for £ = At, new parameters are computed for £ = 2 At, 
and so on. In this way, the computations are carried from interval to interval 
until the value of Zc(t) falls below some specified minimum value. This cor- 
responds, as with the infinite system discussed earlier, to the end of life of the 
reactor core. 

These calculations can also be carried out by using the multigroup equations, 
and naturally the results are more accurate than those of two-group theory. How- 
ever, multigroup criticality calculations require considerably more computer time, 
and since a criticality search must be performed for every time interval, repeated 
multigroup lifetime calculations can become quite costly. In practice, therefore, 
preliminary lifetime studies are usually carried out with two or at most only a few 
groups. Multigroup calculations are made after the design specifications have 
been more or less frozen. The results of lifetime calculations can also be greatly 
improved by simulating the control rod distribution more accurately. This can be 
done, as mentioned in Section 14-7, by the use of two or three dimensional multi- 
group computer codes with which it is possible to represent the actual shape of 
the rods and their distribution in the reactor. 

The preceding discussion was restricted to homogeneous reactors. Lifetime 
calculations of heterogeneous reactors are considerably more difficult to carry 
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out due to the fact that in these reactors the consumption of fissile nuclei, the pro- 
duction of fission products, and the conversion of fertile material all occur non- 
uniformly in each fuel element as well as nonuniformly throughout the reactor. 
The analysis of the properties of the system over its lifetime can only be ac- 
complished with elaborate numerical methods which are beyond the scope of 
this book. 

It should be pointed out that even elegant lifetime calculations may be subject 
to considerable error. This is due to the inherent difficulties in properly describing 
the system, on the one hand, and also because in lifetime calculations there tends 
to be an accumulation of errors. Thus an error of any sort (a numerical error or 
an inaccuracy in the description of the system) in the calculation for any At has 
an effect on the calculations for all subsequent Az. It is not unusual therefore for 
the results of reactor lifetime calculations to be in error by as much as several 
hundred percent. 
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Problems 


13-1. Let x; be any temperature-dependent reactor parameter. (a) If 


n 
x = [хь 
i 


show that 
от(х) = » от(х‹). 
(b) If | 
х = 3 Xi, 
show that | 


от(х) = 2, (=) ат(х:). 
13-2. Using Table 8-2, determine a7(77) from 20°C to 1000°С for 
(a) U233 (b) U?35 (c) Pu?39 


13-3. (a) Using the expressions for the cylindrical lattice functions given in Problem 11-5, 
show that 


aF _ _ 1 [сва _ (тау | |, 
ат | 4T| 4 48 

dE _Е—1. 

dT 2T 


(b) Show that according to diffusion theory the temperature coefficient of f for a solid- 
moderated heterogeneous reactor is 


f |ЕамУм [ (cra)? (kraf 
ar(f) = РАС 4 48 


(c) Find an expression for o7(/) if each fuel rod is surrounded by a thin layer of cladding 
and there is an air gap between the fuel and moderator (cf. Problems 11-7 and 11-8). 


ec] exe- 0. 
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13-4. Compute aprompt(p) and «т(Кы) for the lattice described in Problem 11-19. 
13-5. One effect of a change in temperature on the age of fission neutrons is a change in 
the energy interval over which the neutrons slow down. (a) By writing тт as 


Eo 
al D dE. 
m aT £Z, E 


where a is some constant and T is the temperature, show that for a homogeneous system, 


оттп) = 28 — me 
(b) Does this calculation overestimate or underestimate this effect? Explain. (c) Com- 
pute ат(тт) for graphite and H20 at room temperature. 
13-6. The core of a certain reactor consists of thin U?35-aluminum sandwiches (cf. 
Problem 9-20) in an H20 moderator-coolant. The metal-to-water-volume ratio is 1.0, 
and the ratio of aluminum atoms to U?3? atoms is 150. The reactor operates at a power 
of 75 MW(th) at an average temperature of 200°C. Compute the temperature coefficients 
of this reactor assuming that the core is bare. 
13-7. For the reactor described in Prob. 11-9, compute (a) the prompt temperature 
coefficient, (b) ат(К„), (c) ar(k). [Hint: In (b) compute от(/) using diffusion theory and 
the result of Problem 13-3.] 
13-8. The escape probability, Pro, for a cylindrical rod of radius a is a function of 
Х,а, where >, is the total cross section (cf. Fig. 11-8). (a) Show that the temperature 
coefficient of Х,а is given by 

ar(Z,) = —$8, 


where f is the coefficient of volume expansion of the fuel. (b) Using the result of part (a), 
estimate the temperature coefficient of Pro for fission neutrons in a natural uranium rod 
of radius 1.4 cm. (с) Estimate the temperature coefficient of є for a lattice of these rods 
assuming that the rods do not interact. [Note: The quantity ат(Рро) also is important 
in determining the temperature coefficient of f according to the ABH method.] 
13-9. Suppose that at time г = 0, either intentionally or by accident, a large amount of 
reactivity (many dollars) is suddenly inserted into a reactor having a negative tempera- 
ture coefficient. The response of the system can be estimated by (1) ignoring the delayed 
neutrons (the reactor is prompt critical, in any case), and (2) assuming that the heat 
generated in the transient remains within the reactor. 

Let W(t) be the total energy released per cm? in the reactor from the onset of the 
reactivity change to time г. The equations describing the incident are then 


афт) _ Б) — 1 
Sd Dt фто), 


kalt) = k«(0) — ark«(0)[T() — TO), 
C,IT(t) — TO) W(t), 
75, |, РОГА 


W(t) 
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where Ко(0) is the initial (changed) value of Ко, T is the reactor temperature, C, is the 
specific heat per cm? of the reactor, Y is the recoverable energy per fission, and or is the 
magnitude of the negative temperature coefficient. (a) Show that 


dør _ 0) — 1 dW _ оті (0) aW, 
dt 72] dt ПС; а 


апа Һепсе 
IY; 


arko (0) 


2 
W(t). 
21, С; 72/ 6 


фт(@) = $7(0) + W(t) — 


(b) Writing the result in part (a) as 


dW(t) 
dt 


_ 1 ar 2 
= Po + Bo W(t) 2C,60p Ww (t), 


where Po = У2Ў,фт(О) is the initial power density of the reactor, бо = /p/[ko(0) — 1] 
is the initial reactor period, and p is the initial reactivity insertion, show that 
2Рово(е"“ — 1) 


MEE ME 
[(80/6) — е"? + [(@0/8) + 1] 


, 


where 
0o 


МТ + 20тРобо/ Cop 


(c) Show that the total heat release is 


2Робо | 
(09/0) — 1 


and the total temperature rise in the transient is 


W(e) = 


2Робо/ С 
АТ = ———— • 
(80/0) — 1 


(а) Show that the flux is given by 
| А(бо/буе“ | 
{[(%/6) — 1]e"^ + [000/0) + 15? 


(e) Show that the flux rises to a maximum at the time 


r(t) = фт(0) 


(60/0) + 1 
Imax = 6 In| ————— — 
Ё fee =i 
and that the maximum flux is 
фт(0) 


OT max = 1 — (07 = (0 /89)2 Е 


[Note: This analysis of а reactor transient is known as Fuchs’ model.] 


13-10. Using the formulas derived in the preceding problem, plot the response of a small 
research reactor, originally operating at a power of 0.1 watt, following the step insertion 
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of $3. Determine the maximum flux, the total energy release and the final temperature 
of the system. Note: The reactor has the following parameters: 


от = —3.6 X 10-4/°C, 


lp = 10~* sec, 
ру = 0.074 cm-!, 
C, = 2 joules/cm3-°C = 0.48 calories/cm3-°C, 


Core volume = 1.23 x 10: cm?, 


13-11. Compute and plot the ratio of the atom densities of equilibrium Xel?5 and 
U235 as a function of thermal flux in a reactor operating at constant flux. 

13-12. Consider a natural uranium-fueled subcritical assembly of the type used for in- 
structional purposes. (a) If the average thermal flux is 5 X 10* neutrons/cm?-sec, 
how long must the assembly be operated for the Xe!%5 concentration to reach 90% 
of its equilibrium value? (b) Repeat the calculation for Sm!*?. (c) Roughly how much 
reactivity do these concentrations of isotopes represent ? 

13-13. In the xenon tables of Clark and English (cf. references), the 1:35 and Xe135 
concentrations are written as 
I = A + Blo, 

X = C+ Dio + EXo, 


where Го and Хо are known concentrations at time ѓо. The quantities A, B, С, D, and E 
are tabulated as functions of the elapsed time from to, assuming that the flux and fuel 
cross sections remain constant. (a) Find expressions for A, B, etc. (b) Show how the 
tables could be used to determine the Хе135 concentration at any time after a number 
of changes in flux. 

13-14. Show that an hour or so after the startup of a clean reactor having a thermal flux 
фт > ox, the Хе135 concentration is given approximately by 


ХО) = X«(1 — er). 


Interpret this result physically. 
13-15. (a) Show that for a reactor operating at constant flux before shutdown, the 
maximum Xe!35 buildup occurs at the time fmax after shutdown where 


t = eC 6 In TERT | 
тах Mr— Àx L1 + Or + YxYór — $x)/V1@x + фт) 


(b) Show that бах is not sensitive to the value of фт in those cases where xenon poisoning 
is important, and that fmax = 11.3 hr. (c) Derive an expression for pmax, the maximum 
reactivity of post-shutdown Xe!35, in terms of the reactivity of equilibrium Хе!35, 
and compute pmax for а U235-fueled reactor operating at a flux оѓ фт = 101* neutrons/ 
cm2-sec prior to shutdown. 

13-16. Show that there is no post-shutdown buildup of Xe!35 in a U?35-fueled reactor 
operating at constant flux фт provided 


фт < = ox = 37 X 10! neutrons/cm?-sec. 
1 
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13-17. A U?35.fueled reactor operates at a power of 100 MW(th) at an average thermal 
flux of 2 x 1014 neutrons/cm?-sec. Long after startup, when the reactor has 10% 
reserve reactivity, the reactor is scrammed. Compute (a) the time to the onset of the 
deadtime; (b) the duration of the deadtime. 

13-18. The reactor in Problem 13-17 is returned to critical at a power of 100 MW(th) 
immediately after the end of the deadtime. Compute and plot the rise in reactivity as a 
function of time after startup. 

13-19. What is the minimum level to which the power of the operating reactor in Prob- 
lem 13-17 may suddenly be dropped if there is to be no deadtime? 

13-20. Compute and plot as a function of flux the time after startup of a clean thermal 
reactor that the Sm!*? concentration reaches 90% of its saturation (equilibrium) value. 
13-21. Compare the effects of equilibrium Xe135 and Sm!?9 in thermal reactors fueled 
with 107233, 17235, and Ри239. 

13-22. (a) At what flux levels are the reactivities of equilibrium Xe!?5 and Sm!4? 
equal іп a U?35-fueled reactor? (b) How long does it take for these isotopes to reach 
90% of their equilibrium values in this flux? 

13-23. Show that when a reactor is operated at constant power the concentration of 
Sm!4? is given approximately by the formula 


_ ҮР) |, _ |Ф о) |", 
i бав | eT | 


where 
Tas . 
Сав 


[Note: This is a somewhat more accurate expression than Ед. (13-99).] 

13-24. Compute a7(f) for an infinite reactor consisting of a homogeneous mixture of 
U?35 and pressurized H20, operating with negligible excess reactivity at a power density 
of 150 watts/cm? at 300°C. Include effects due to equilibrium xenon and samarium, but 
ignore permanent poisons. 

13-25. An atom of 0235 is placed in a thermal flux of 2 X 10!? neutrons/cm?-sec. 
What is the probability that this atom will not disappear by neutron absorption in a 
period of one year? 

13-26. The quantity 


an = f Фа) а 


is known as flux-time. Derive expressions іп terms of this variable for the concentrations 
of U235 and the isotopes of plutonium in a natural uranium-fueled thermal reactor. 
13-27. A large thermal reactor fueled with natural uranium operates at constant flux 
over its life. Derive expressions for the concentrations of U?35, Pu?39, and Pu?*! as 
a function of time. [Моге: Ignore the production of Pu??? from resonance capture 
of Pu?! fission neutrons.] 

13-28. A thermal reactor is initially fueled with a mixture of 1235 and Th??2?, As time 
goes on, the converted isotope U?33 accumulates as the 0235 is consumed. (a) Show 
that the concentrations of U?35, P3233, and {7288 at any time are given by the equations 
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(resonance capture in the thorium neglected) 


dN: 
a = — Мо5баг5фт, 
dN 
i Могбаогфт — MaNi1a, 
dt 
dNa: = 
e = hi3N13 — Мозбагзфт. 


(b) Solve these equations assuming that фт and the thorium concentration are constant. 
(c) Determine graphically the cross-over time at which the fission rates of U235 and 
233 are equal if the original concentration of the U?35 is Nos(0)/No2 = 1/100 and 
the reactor operates at a flux of 2 X 1013 neutrons/cm?-sec. 
13-29. Show that the excess reactivity at the time ¢ controlled by the poison Zc(7) is 
given by 

Ze) . 


idi E пт ар) 


where Sar(t) is the absorption cross section of the fuel. 

13-30. If the excess reactivity of the reactor described in Problem 13-6 is 25% at startup, 
compute, by two-group theory, the bare, critical radius of this reactor. 

13-31. Using the formulas derived in Problem 13-27, compute and plot the concentra- 
tions of U?35, Pu?39, and Pu?*! as a function of time in a natural uranium-graphite 
reactor operating at a constant flux of about 2 X 1012? neutrons/cm?-sec and an initial 
power density of 0.1 watts/cm?. Other reactor parameters at startup are f — 0.898, 
p = 0.878, e = 1.030. 


13-32. The core of a large U??5-fueled, D3O-moderated reactor must be capable of 
operating at a power density of 85 watts/cm? for one year. Neglecting temperature 
effects, estimate (a) the average thermal flux at startup and shutdown, (b) the excess 
reactivity at startup, (c) the 0235 concentration in gm/cm? at startup and shutdown. - 
13-33. The excess reactivity (and hence the number of control rods), which must be 
included in a reactor in order to obtain a desired lifetime, can be reduced by the use of 
a burnable poison. This is an isotope having a large absorption cross section (B!° is 
often used for this purpose) which is converted to an isotope of low absorption cross 
section as the result of neutron absorption. The increase in reactivity due to the burnup 
of this poison compensates to some extent for the decrease in reactivity due to fuel burnup 
and the accumulation of fission-product poisons. (a) Show that regardless of the way 
in which the reactor is operated (e.g., constant flux or constant power) the following 


relation holds: 
Ме) [22 
Nr(0) | 


Na(t) = №(0) | 


where Ng and сав аге the concentration and absorption cross section of the poison, 
respectively. (b) If the reactor operates at constant power, show that 
Na(r) = Мв(0]1 — сҥфт(0)]'°В/®вЕ, 


where фт(0) is the flux at startup. 
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13-34. Derive an expression for the life of a fissile-fueled research reactor which operates 
at constant thermal flux. For simplicity, assume that the reactor is infinite. 


13-35. A certain quasihomogeneous reactor has the following properties at startup: 


Core dimensions cube, 20 in. on a side 

Fuel 8.55 kg U235 

Burnable poison 21.1 gm B!? 

Moderator #20, normal density 

Fuel elements stainless steel 
Metal-to-water-volume ratio 0.25 

Average thermal flux 2.7 X 10!? neutrons/cm?-sec 


(a) By considering the equivalent infinite system, compute and plot the excess reactivity 
of the reactor as a function of time after startup. (b) Estimate the reactor life if the 
minimum allowable excess reactivity is to be 3.0%. (c) Estimate the reactor life if there 
were no burnable poison but the reactor had the same initial excess reactivity. [Note: 
The reactor is to be operated at constant power over its lifetime.] 


14 
Control Rods 


As explained at the beginning of Chapter 12, it is necessary, in order to keep a 
reactor critical, to compensate for changes which occur in the system due to the 
burnup of the fuel, the production of isotopes, changes in temperature, and so on. 
In most reactors this is accomplished by control rods, which are also used to start 
up and shut down a reactor or change its power level. 

In the early days of the nuclear industry, reactors were controlled with com- 
paratively few rods. These were invariably cylindrical in shape and made of a 
strong thermal neutron absorber such as cadmium [o,(0.025 eV) = 2450b]. Their 
diameter was substantially greater than the absorption mean free path of thermal 
neutrons, and all thermal neutrons striking this kind of rod were therefore ab- 
sorbed. Such strongly absorbing rods are said to be black. 

Black rods are not used as frequently today for a number of reasons. For one 
thing, strongly absorbing rods badly distort the flux in their vicinity, and this gives 
rise to undesirable power and temperature distributions. Less strongly absorbing 
materials such as hafnium [s,(0.025 eV) = 105b] or steel containing small 
amounts of boron are therefore used for the rods in most modern reactors. These 
rods are also comparatively thin, so that while they are good neutron absorbers, 
all thermal neutrons striking them are not absorbed. Rods of this type are 
called grey. 

The control rods used in many modern reactors are not cylindrical, but are 
fabricated in various shapes such as the cruciform or cross-like rod. Rods of this 
Shape fit snuggly into an array of fuel assemblies and are widely used in reactors, 
particularly water-moderated reactors, that have tight fuel lattices. This type of 


rod has the additional advantage over the cylindrical rod in that it can be cooled . 


more easily. This is particularly important in power reactors where a rod may 
become very hot unless properly cooled. 

When a rod is removed from a solid-moderated reactor, the region originally 
occupied by the rod remains behind as a vacant space, while in a liquid-moderated 
reactor the region may fill with moderator. In either case, the replacing of a 
strongly absorbing rod by a void or a weak absorber tends to peak the flux in this 
region. To avoid this situation, it is common practice to attach a region of fuel 
or mildly absorbing structural material to the end of the rod. Such rod followers, 
as these extensions to a control rod are called, reduce the peaking of the flux, and 
if the followers are fueled they may substantially increase the reactivity equivalent 

497 


498 CONTROL RODS [CHAP. 14 


Fig. 14-1. Flux in a bare reactor with and without central control rod. 


of the rod. Thus in this case, fuel is simultaneously introduced into the system as 
the rod is extracted. 

The insertion of a control rod in a reactor changes its multiplication factor in 
two ways. First, of course, the rod simply absorbs neutrons. At the same time, 
however, the rod distorts the flux in such a way that the leakage of neutrons from 
the system is increased. This can be seen in Fig. 14-1, where the flux is shown in a 
bare cylindrical reactor before and after a single rod is inserted. It will be observed 
that the curvature or buckling of the flux is greater when the rod is present. The 
gradient of the flux at the surface of the reactor is therefore greater, and so also is 
the leakage current. With many reactors these two effects of a control rod, i.e., in- 
creased absorption and increased leakage, are about equally important in deter- 
mining the effect of the rod upon the multiplication factor of the system (cf. 
Prob. 14-4). | 

The amount of reactivity which the control rods must be capable of providing 
depends upon the nature of the reactor, the desired core lifetime, and many other 
factors. Table 14-1 gives the required control for two reactors, the Pressurized 
Water Reactor (PWR),* which is a 230 megawatt(th) thermal reactor, and the 
Fermi Reactor,f а 300 megawatt(th) fast reactor. It will be observed that the con- 
tro] requirements for the Fermi Reactor are considerably smaller than for the 
PWR.{ There are several reasons for this. First, it can easily be shown that 
temperature changes have a much smaller effect on a fast reactor than on a thermal 
reactor. At the same time, xenon, samarium, and the other thermal poisons have 
no effect on a fast reactor since there are essentially no thermal neutrons in the 
system. Finally, the small reactivity compensation for burnup with the Fermi Re- 


* Duquesne Light Co., Shippingport, Pennsylvania. 

T See Section 4-4. | 

1 All thermal reactors do not have such large control requirements as the PWR. Thus, 
Yankee requires 20%, Dresden 16%, the Savannah 15%, and so on. Furthermore, the 
recent introduction of continuous refueling (also called on-/ine refueling) will considerably 
reduce the required control reactivity of all reactors. 
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Table 14-1 
Control Requirements (in %) of Two Reactors 


Temperature compensation 
Equilibrium xenon 


Xenon override 

Equilibrium samarium 

Fuel burnup, permanent poisons, 
isotope production 

Actual control system capability 


actor is due to the fact that portions of this reactor are refueled about every 
two weeks. 

While all reactors, thermal or fast, do not have the same control requirements 
as the PWR or the Fermi Reactor, Table 14-1 illustrates many of the factors which 
must be taken into consideration in designing the control system of every reactor. 
Once these control requirements have been established, the number, composition, 
and arrangement of the control rods which are needed to fulfill these require- 
ments must next be determined. Methods for calculating the reactivity equivalents 
of a single rod and an array of rods are considered in this chapter. For the most 
part, the discussion is restricted to rods in thermal reactors; the (less difficult) 
problem of rods in fast reactors is considered briefly in Section 14-7. 


14-1  Control-Rod Worth 


As already mentioned, control rods are used in two fundamentally different ways. 
They are either inserted and withdrawn rather quickly during startup, shutdown, 
and changes in power, or they are moved slowly to compensate for fuel burnup 
and other long-term changes in the properties of the system. It is important to 
recognize that these two modes of operation are quite different physically. In 
particular, when the rods are moved quickly the reactor becomes supercritical or 
subcritical, whereas when they are moved slowly the reactor remains critical or 
nearly so. It is not surprising, therefore, that the quantitative measure of the 
effect of the rods on the reactor, that is, the worth of the rods, is defined differently 
in the two cases. 

Consider an example of the first use of a control rod. It will be assumed that 
the reactor is initially critical and that no rods are present in the reactor. Then 
suddenly a rod is inserted fully into the system, and as a result the reactor im- 
mediately falls subcritical. The insertion of the rod clearly represents a nonuniform 
change in the reactor, since the rod does not extend over the entire reactor. The 
eigenfunctions of the reactor with the rod present are therefore different from the 
eigenfunctions with the rod removed. Consequently, as explained in Section 12-4, 
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the time-dependent flux following the insertion of the rod is a superposition of the 
eigenfunctions of the new reactor, that is, the reactor containing the rod, each 
multiplied by seven exponential time factors, one for each solution of the reactivity 
equation. The harmonics, however, die out more rapidly than the fundamental, 
and the flux ultimately assumes the shape of the fundamental, which dies out as 
exp (—1t/T), where T is the stable period. The worth of a control rod used in 
this manner is defined as the magnitude of the reactivity insertion required to 
place the reactor on this stable period. 

To derive an explicit formula for rod worth, it is convenient to treat the rod as 
a region external to the reactor. Thus with a cylindrical rod of radius a inserted 
along the axis of a cylindrical reactor of radius R, the “reactor” is taken to be the 
annular region between the surface of the rod and the outer surface of the reactor, 
that is, the region defined by a < r < R. In this way, the actual nonuniform 
reactor (reactor plus control rod) is replaced by a uniform, one region (annular) 
reactor, and all of the formulas derived in earlier chapters for uniform reactors 
can be applied in the control-rod problem. Furthermore, it is assumed that there 
is no hole for the rod in the original reactor, and that as the rod is inserted a 
. cylinder of core material equal in size to the rod is forced out of the reactor. 
Similarly, when the rod is withdrawn the hole is assumed to fill with core material. 
This situation is realized in practice if the rod is equipped with a follower composed 
of core material. 

Denoting the rod worth by the symbol рь, it follows from the above definition 
and the formula for reactivity (cf. Eq. 12-66) that 


1—k 
рь = |p| = 2: (14-1) 


where k is the multiplication factor of the reactor after the rod has been inserted. 
For the moment, it will be convenient to make calculations of pẹ using modified 
one-group theory. Then from Section 9-5, k is given by* 


k 


k = TF EM’ 


(14-2) 


where B? is the buckling of the reactor with the rod inserted. In view of the fact 
that the physical properties of the reactor material do not change as the result of 
the rod motion, the parameters k, and M? in Eq. (14-2) are constant. Only B? 
changes because of the motion of the rod. 

Since the reactor was assumed to be critical before the rod was inserted, the 
original multiplication factor, ko, was unity, that is, 


Ко 


Kg sui ume et з 
1 + вама 


(14-3) 


* Because the formulas dealing with control rods are so complicated, subscripts denoting 
thermal values of reactor parameters are omitted in this chapter, except in Section 14-7. 
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where Bg is the initial buckling of the reactor. Substituting Eqs. (14-2) and 
(14-3) into (14-1) gives 


py = LÁ = ÉL. (14-4) 


If the reactivity equivalent of a rod is small, as is often the case, then B = B, 
and Eq. (14-4) can be simplified; thus 
_ (B — Вохв + Bo)M? 
1 + BM? 
_ 2M?BoAB © 
1+ вём? 


(14-5) 


Returning now to the case in which the rod is withdrawn slowly to compensate 
for the reactivity changes, it should first be noted that the physical properties of 
the core material are somewhat different when the rod is finally withdrawn than 
when it was initially inserted. It is the usual practice, therefore, to define the worth 
of such a rod in terms of the changes in the properties of the system for which it 
can compensate. In particular, the rod worth is written as 


_ Ко = (Којо 
РИ heyy Ce) 
or 
бр Ка Ss, (14-7) 


© 


where k» and (k.)o are the infinite multiplication factors of the core with the rod 
inserted and withdrawn, respectively. Equations (14—6) and (14-7) are essentially 
equivalent since in practice the difference between ke and (k.)o is usually small. 
Denoting the initial and final migration areas by M? and М, respectively, К 
and (Ко), are given by 


Ко = 1+ BP (14-8) 


and 
(Кој = 1 + BOMG. (14-9) 


From Eq. (14-6) it follows that the rod worth is , 
_ BM? — BiM$, 


(14-10) 
1 + BM? 


Pw 


If the changes in the system compensated by one rod are small so that М? ~ Mj, 
it will be seen that Eq. (14-10) reduces to Eq. (14-4). Thus in this case the two 
definitions of rod worth are equivalent. Furthermore, if the rod worth is small, 
Eq. (14-10) reduces to Eq. (14—5). It is common practice, therefore, to use either 
Eq. (14-4) or Eq. (14-5) for one group calculations of rod worth regardless of the 
way in which the rod is used for control purposes. 
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With two-group theory it is somewhat easier to define rod worth by Eq. (14-6) 
than by Eq. (14-1), although an equivalent definition based on reactor period can 
be given. The two-group formula for k» can be found by solving Eq. (10-37) 
for k,. The result is 

ko = (1 + и°?т)(1 + uL), (14-11) 


where u? [one of the two-group parameters defined by Eq. (10-37)], kæ, т, and L? 
refer to the reactor with the rod inserted. With the rod removed (k..)o is 


Сејо = (1 + игтоја + 212), (14-12) 


where all parameters refer to the reactor with the rod out. From Eq. (14-6) the 
rod worth is then 


_ (+ pr) + WL?) — (+ итд + шй). 


(14-13) 
(1 + uiro) + иб) 


Pw 


If the reactor is large compared to the slowing-down length (4/7) or the diffu- 
sion length, the terms in u* or u$ in Eq. (14-13) can be ignored, and this equation 
reduces to 
u^ M? — u$M$. 


14-14 
1+ u6Mà 


Pw = 


The similarity between Eqs. (14-14) and (14-10) will be immediately apparent. 
Furthermore, from the argument following Eq. (14-10), it is often true that 
М? = Мё and Eq. (14-14) becomes 


2...2 2 . 


Pw 
1 + дом“ 


Finally, if the rod worth is small, p, can be written as 


2M?ugAu . 


14-16 
1 + mM?’ 


pw 2 


This result, which will be recognized as the two-group version of Eq. (14-5), is 
the most commonly used expression for computations of rod worth in two-group 
theory. 

In the following sections explicit expressions for pẹ will be derived based on the 
above formulas. The discussion will be restricted to bare reactors; reflected re- 
actors can be treated approximately by including the reflector savings in the dimen- 
sions of the bare system. A more accurate analysis of reflected reactors leads to 
computations which must be performed on an electronic computer. For the 
moment, the discussion will also be confined to the most commonly encountered 
systems, namely, cylindrical thermal reactors. As will be shown in Section 14-6, 
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the worth of a control rod of arbitrary shape can be computed in terms of the 
worth of an equivalent cylindrical rod. It is logical therefore to begin by con- 
sidering cylindrical rods in some detail. 


14-2 One Central Rod—Modified One-Group Theory 


Although one-group theory (or modified one-group theory) ordinarily does not 
provide more than a rough estimate of control-rod worth, it illustrates the general 
approach to control-rod calculations. Consider, therefore, a bare homogeneous 
thermal reactor of extrapolated radius R and height H having at its center a single 
rod of radius a. (If the reactor is reflected the reactor dimensions include the 
reflector savings.) As in the preceding section, it will be assumed that as the rod 
is withdrawn the hole that would ordinarily remain behind fills with core material, 
and contrariwise, as the rod is inserted, a cylinder of the reactor core is forced out 
of the system. Unless the rod is equipped with a rod follower, this assumption 
overestimates the worth of the rod.* 

In view of Eq. (14-4) or Eq. (14-5) the rod worth is determined by the bucklings 
of the system, that is, the first eigenvalues of the reactor equation, with the rod 
inserted and withdrawn. In both cases the flux satisfies the reactor equation 


Vor + В?фт = 0. 


With the rod out the flux is given by (cf. Section 9-3) 


фто”, 2) = АЈ exor cos ( 22 |, (14-17) 
R H 
and the buckling В is 
2 2 
B? = e) + (2) : (14-18) 


The quantity (2.405/R)?, which is often called the radial buckling, will be given 
the symbol 22, so that 


2 
В? = od + (2) (14-19) 


The criticality problem with the rod inserted is complicated by the fact that the 
rod is a strong absorber of neutrons (although not necessarily black), and diffusion 


theory is not applicable in or near the rod. This difficulty can be circumvented by 


simply considering the rod to be a region external to the reactor as discussed in 
the preceding section. Diffusion theory can then be employed in regions up to the 
edge of the rod by using an appropriate boundary condition at the rod-reactor 
interface. This is precisely the same procedure as that used in Section 11-2 for 


* The error introduced by this assumption can be corrected using methods discussed in 
Chapter 15. 
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the calculation of the thermal utilization by the method of Amouyal, Benoist, 
and Horowitz. 
Thus the boundary condition at the rod surface is written as 


1 dor 1 
фт "dr ids = d (14-20) 
where a is the physical radius of the rod, and d is the linear extrapolation distance, 
which, in general, depends upon the radius of the rod and the scattering properties 
of the rod and core material. Figure 11-10 shows d for black rods. Values of d 
for grey rods will be found in the references at the end of the chapter (see, in 
particular, ANL-5800).* 

With the rod inserted in the reactor there is no reason to exclude solutions to the 
reactor equation which are singular at r = 0, since the region occupied by the 
rod is considered to be external to the reactor. With the rod present, the flux 
may then be assumed of the form 


or(r) = Але» — oe n sen) COS (2) з (14-21) 
where 
2 
B= а + (5) ; (14-22) 


As may readily be seen, this function satisfies the reactor equation and also van- 
ishes forr = Randz = +H/2, that is, at the surface of the reactor. Next, apply- 
ing the boundary condition at the rod-reactor interface, Eq. (14-20) gives 


alJo(aa) — Jo(aR) Yo(oa)/ Yo(aR)) _ 1. 


ува) — Jo(aR)Yq(aa)/Yo(aR) ^ d (1423) 
Using the identities Jj(aa) = —J,(aa) апа Yo(aa) = — Y, (оа), this becomes 
_ ааа) — Jo(«R)Ys(a2)/ Үә) _ 1. (14-24) 


Jo(aa) — Jo(aR)Yo(aa)/Yo(aR) 4 


* Although the curve of d versus a shown in Figure 11-10 and values of d for grey rods 
given in the references have been used in control rod calculations for many years, it 
should be recognized that these values are by no means exact. In particular, they are 
based on one-velocity transport theory calculations for a rod placed in an infinite, source- 
free, nonabsorbing medium into which neutrons enter only from infinity. Clearly, these 
assumptions do not reproduce the conditions actually found in a reactor. Thus reactors 
are finite; thermal neutrons are not monoenergetic and appear as distributed (thermalized) 
sources throughout the system; and, finally, all reactor materials absorb neutrons. 
Unfortunately, exact values of d have not been obtained as yet due to certain computa- 
tional difficulties. There is reason to believe, however, that the exact values are somewhat 
larger than those currently in use. [Cf. С. С. Pomraning, “Оп the Linear Extrapolation 
Distance,” Nuclear Science and Engineering 16, 239 (1963).] 
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Equation (14-24) is the critical condition for the reactor with the rod inserted. 
The smallest positive value of a, which satisfies this equation, that is, the first 
eigenvalue, must next be determined by numerical or graphical methods. Once 
this value of а is known, В? can be computed from Eq. (14-22), and p,, is then 
given by Eqs. (14-4) or (14-5). It must be emphasized that it is necessary to set 
up and solve the critical equation simply because this equation determines the 
buckling, i.e., first eigenvalue of the reactor with the rod present. As explained 
in Section 14-1, this reactor may not actually be critical. 

If the rod and its worth are both small, an approximate solution to Eq. (14-24) 
can easily be found. Thus according to the formulae in Appendix II, if 
aa < 1, then 


Јо(ва) = 1,  Ji(aa) = 


ЕЕ Е) 


^ mod 


Yo(oa) = 


xt 


Yi(oa) = 


Furthermore, letting a = ао + Ao, the Bessel functions evaluated at r = R can 
be expanded as 
Jo(aR) == Jo(aoR + R Aa) 

~ Јо(аок) + Jo(aoR)R Да 

= Jo(aoR) = Ji(ao R)R Aa. (14-25) 
However, 

Jo(aoR) = J (2.405) = 
and 
Ji(agR) = J4(2.405) = 0.519, 


so that Jo(aR) ~ —0.519R Да. Also, Yo(aR) ~ Yo(aoR) = 0.510. 
When these results are substituted into Eq. (14—24) and the equation is solved 
for Aa, the following expression is obtained: 


1.54 R 4|- 
Да = = |o 116 + In (ssa 135) + 4 . (14-26) 


From Eq. (14-22), however, 
ао Aa = Bg AB, (14-27) 


so that from Eq. (14—26) and Eq. (14-5), 
2 —1 
TERUEL MER lo. 116 + In (siis; iss) Е d ‚ (14-28) 
(1 + BoM*)R? 


where B? is given by Eq. (14-19). This is the reactivity worth of a small central 
cylindrical control rod according to modified one-group theory. 
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14-3 Two-Group Theory of Control Rod 


The preceding one-group calculation tends to overestimate control-rod worth. 
This is because in the one-group model it is implicitly assumed that the rod absorbs 
neutrons of all energies at the same rate, whereas in actual fact control rods absorb 
fast neutrons to a far lesser extent than thermal neutrons. This can be taken into 
account approximately by going to a two-group calculation. Multigroup calcula- 
tions are necessary if even greater accuracy is desired. | 

With the rod absent, the two-group fluxes are given by (cf. Prob. 10—14) 


éi(r, 2) = AJo (29 cos (2) (14-29) 


and 


és(r, 2) = ASWo (248) cos (2) (14-30) 


where S, is the coupling coefficient defined by Eq. (10-49). The parameter џ2, 
which is equal to the buckling for the bare reactor with the rod withdrawn, is 


2 2 
"Heo (5) | (14-31) 


When the rod is fully inserted the fast and thermal fluxes are given by 


$1(r, 2) = AX(r, 2) + CY(r, 2) (14-32) 
and 
2(r, 2) = AS, X(r, 2) + CS2Y(r, 2). (14-33) 


Here S, and 5, are the coupling constants (cf. Eq. 10-49) and the functions 
X(r, 2) and Y(r, 2) satisfy the equations 


(V? + и?) (ә, 2) = 0 (14-34) 
and | 
(у? — A?)Y(r, 2) = 0, (14-35) 


where u? and A? are given by Eqs. (10-37) and (10-38). 

The fluxes must satisfy a number of boundary conditions. In particular, both 
фу and фә must vanish at z = + H/2 and atr = R. Furthermore, at r = a the 
thermal flux must satisfy the condition 


1 4 


1 
т=а а 


as in the one-group problem. Finally, since the fast neutrons are not appreciably 
absorbed by the rod, there can be no net current of fast neutrons into the rod 
so that 
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By separation of variables, or better, by direct substitution, it is easy to see that 
the functions 


Хе, z) = [еэ = Y Yer) cos (2) (14-38) 
and 
Y(r,z) = каво = me 1489 cos (2) (14-39) 
where 
2 
o? + (2) = џ? (14-40) 
and | 
2 
B^ es (2) -M, (14-41) 


satisfy both Eqs. (14-34) and (14-35) and the boundary conditions at the surface 
of the reactor. For future reference, it may be noted here that o? and 8? are 
closely related parameters. Thus subtracting Eq. (14-40) from Eq. (14-41) gives 


2 
8 = о + А – из + 45) (14-42) 
However, from Eq. (10-36), 
À — = 1 + 1l , 
и = T т? 
and Eq. (14—42) reduces to 
1 2 
= а tot a Ф 45) | (14-43) 


Substituting Eqs. (14-38) and (14—39) into Eq. (14-33) and then into Eq. (14-36) 
gives 


| 45а [isan — ER vico] + Сва | кива) ~ TER пива) 
AS (ва) — R улаа) | + cd Кыза) — ру лова | 
Азга] (ва) — ZER ува) + сез кава) + PER neo] 
AS; [e = CRD veo] + cs; [кыза — ZOER 1,0) 
(14-44) 
The ratio C/A may now be found by inserting Eq. (14-32) into Eq. (14—37), viz., 
Jo(a R) | 
С E “ Ј (aa) = Y (aR) У (aa) 14-45 
4 B Ko(BR) oe 
K(8a) + 7? 1.(Ва) 


1(8К) 


—— кз. 
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Introducing this expression into Eq. (14—44) gives finally 


É Jo(aR) Ko(8R) 
ge aB(S; — D» лао) m Y (aR) үа) [ + ТВ R) ва) 
= los | лава) — HER учеа) || кава) + FEW ва) 
- а,в) - ZER ума] коа) — зк) пива) |. 


(14-46) 


Equation (14-46) is the critical equation for the reactor with the rod inserted. 
The right-hand side of this equation is a function of the two parameters, a and 8. 
However, according to Eq. (14-43) 8 is directly related to о, so that Eq. (14-46) 
may be considered to be a function of а only. The critical value of o can therefore 
be found by either numerical or graphical methods. This value of a determines 
u? through Eq. (14-40). The rod worth is then obtained by inserting и? and ид 
into Eq. (14-13) or Eq. (14-14). 

If the rod is small, that is, if a < R, and also if L & R, Hand ут & R, H 
(which is true except in very small cores), Eq. (14-46) can be simplified as was done 
in the one group calculation. Thus when these conditions are satisfied it is possible 
to write 

Jo(aa) Б 1, Ji(oa) es 0, 
Yo(aa) = — 2 [016 +n (9). Yi(oa) ~ е 


аа 
Ко(ва) ~ 0.116 + In (2): K,(6a) ~ 

Also, as in the pressing section, | 
Jo(aR) ~ —0.519RAw and Yo(aR) ~ 0.510. 


Furthermore, when Ва is small, 


кова) — 19900 Io(Ba) ~ Kolpa) (14-47) 
and 
Ki(Ba) — AR (8а) ~ Ки(ва). (14-48) 


Inserting these approximations into Eq. (14-46) and solving for Aa yields 


| = 1.54 2s 52 = 52 i i d E 52 E 
Aa R [ois ¢ 52) СА In (3 ) + in( ;) +. 2 (1 =) | 
(14-49) 


From Eq. (14—40), 
а Да = ag Aa = по Ди. (14-50) 


| 
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Also, from Eq. (14-41), and noting that и? « ^?, 


1,1 
В? = А? т (14-51) 

so that 
8 ~ А. (14-52) 


When these results are introduced into: Eq. (14-16), the worth of a small central 
control rod is found to be 


2 
Pw = eM Jo.116( = 3) 292115 (27) 
(1 + y5M?)R? $ Si 


=f 
ea) 0-8] eem 


According to Eq. (10-49), the ratio S5/S, is given by 


S» О 1 + pL? 
Se (14-54) 


It can easily be shown from Eqs. (10-37) and (10-38) that for small values of 
т, 52/81 is proportional to т. Thus in the limit as 7 — 0, which corresponds to 
a one-group situation, Eq. (14-53) properly reduces to the one-group formula 
given by Eq. (14—28). 


14-4 The Eccentric Control Rod 


The calculation of control-rod worth is somewhat more involved when the rod 
is not located along the axis of the reactor. For simplicity, the present discussion 
will therefore be confined to the modified one-group model. 

It is convenient to set up two coordinate systems; one centered on the axis of 
the reactor, and the other centered on the axis of the rod (cf. Fig. 14-2). Any point 
in the reactor then has coordinates (r, 9) with respect to the first coordinate system 
and (t, V) with respect to the other. It should be especially noted that 9 is meas- 
ured from the line joining the axis of the reactor with the axis of the rod. In view 
of the symmetry of the problem, the flux must therefore be an even function of 9. 

As in the previous section, the rod is replaced by the boundary condition, 
Eq. (14—20), at the rod-reactor interface. The flux must then be found throughout 
the core excluding the region occupied by the rod. Since the solution need not be 
finite in this excluded region, it is possible to write the flux as the sum of a function, 
$r, Which is regular (nonsingular) over the entire core, plus another function, ф;, 
which is irregular (singular) within the rod. Thus 


фт = ф + Фф (14-55) 


р 
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Arbitrary point 
in reactor 


Control rod 


Fig. 14-2. An eccentric control rod in a bare cylindrical reactor. 


It may readily be verified that the general solution to the reactor equation which 
is nonsingular throughout the reactor and which is even in 9 is of the form 
2 © 
$r = cos (22) У) AmIm(ar) cos тд, (14–56) 


т=0 
where Am are constants to be determined and, as usual, 
2 
В? = а? + (2) (14-57) 
Н 

The behavior of the flux in the vicinity of the rod is determined to a large extent 
by the function ф;, since this varies so rapidly near the rod. However, if the radius 
of the rod is small compared with the radius of the reactor, the flux will tend to be 
rather symmetric about the rod. In other words, ¢; can be taken to be the singular 


solution to the reactor equation in the coordinate system (t, V) which is inde- 
pendent of у, namely, 


ф = A cos (2) Yo(at). (14-58) 
The complete solution for the flux from Eq. (14—55) is then 
фт = cos Эрэ AmJm(ar) cos тд + A Yo(at)]. (14-59) 
From the addition theorem for Bessel functions* 


Yo(ot) = Yo(ar)o(aro) + 2 Y Yn(ar)Jn(arg) cos тд, (14-60) 


m1 


* See any book on advanced calculus or function theory. 
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Eq. (14-59) becomes 
TZ 


фт = COS (и Yo(or)Jo(aro) + АоЈо(ағ) 


+ Y [4nJ5(or) + 24 Y4(ar)Js(oro)] cos тој . (14—61) 


т==1 


The flux must vanish at r = R for all values of 9, and from Eq. (14-61) it 
follows that 


_ _ AYo(aRWVo(aro) 
Ао = Ја) (14-62) 
and 
= _ 2AYn(oRWm(oro) , | 
Ay = Jn(aR) (14-63) 
Introducing the quantity 8, defined by 
1, т = 0, 
б = b moo * (14-64) 


Eq. (14-59) can be written as 


фт = А cos (2) E — P» Ën Talo Palora) Js (ar) cos по | · (14-65) 


The boundary condition at the surface of the rod is 


uL H (14-66) 


or dt 
This condition can now be satisfied by noting that the regular part of фт, which 


is given by the summation in Eq. (14-65), is relatively constant near the rod. In 
this region, therefore, since the rod is located at 9 = 0, 


o0 2 
ór(f) = A cos Ө] Yas) – У, о enor) s Msn]. (14-67) 


m0 


Using this function in Eq. (14—66) gives 


= ______________еУцаа ______. (14-68) 


| Yo(aa) — Ў ба ¥n(aRW2(aro)/Jn(aR) 


m=0 


Equation (14-68) is the one-group critical equation for the eccentric rod. The 
worth of the rod can now be found by first solving Eq. (14—68) for o and then 
computing B? from Eq. (14-57). The worth is then given by Eq. (14-4) or (14-5). 

To simplify the computations, it may be noted that the higher terms in the 
series in the denominator of Eq. (14-68) make decreasing contributions to the 
sum, and as a rough approximation, the series may be truncated after the first 


жуг 
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term. Also, if a << R, it is possible as in the preceding sections to write 
Yo(aa) = — = [0.116 + In (1/aa)], 
У (аа) ~ —2/таа, Yo(aR) = 0.510, Jo(aR) = —0.519К Да. 
When these formulas are introduced into Eq. (14–68), the resulting equation can 


be solved for Да. An expression for AB can then be obtained using Eq. (14-27). 
Finally, when AB is substituted into Eq. (14—5), the rod worth is found to be 


 743M? 2.405ғо R S 
^" аза (3) 016 + m (рад) +] ^ 0466 


A comparison of Eq. (14-69) with Eq. (14-28) shows that according to one-group 
theory the effectiveness of an eccentric rod is equal to the effectiveness of a central 
rod multiplied by the factor J2(2.405r9/R). This factor is just the square of the 
thermal flux at ro, normalized to unity at 7 = 0. The physical reason for the re- 
duction in the worth of the rod with increasing distance from the axis of the 
reactor is simply that the rod absorbs fewer neutrons in the lower flux. The 
reason why the worth involves the square of the flux will be discussed in Chapter 15. 


14-5 Ring of Rods 


Reactors are never constructed with only one control rod. They always contain a 
number of rods arranged in one or more rings, and frequently there is also a rod 
at the reactor center. Since the analysis is quite tedious for more complicated 
cases, the present section is limited to a single ring of N equally spaced rods and 
the one-group model will be used throughout. 

Generalizing the case of the single eccentric rod, it is reasonable to assume a 
solution for the flux of the form 


— A Y Yo(ots) + У AmJm(ar) cos тд, (14-70) 


n=l т==0 


where i, is a radial variable measured from the center of the nth rod, and 9 is 
measured clockwise from an arbitrarily chosen first rod, as shown in Fig. 14-3. 
Each of the terms in the first summation corresponds to a single rod, and in view 
of the symmetry of the system all of these terms must be equal. It should also be 
noted that since the rods are equally spaced the flux is an even function of 2; hence 
the use of cos тд in Eq. (14-70). 

Expanding the Yo(et,) functions by the Bessel function addition theorem, 
Eq. (14-60) gives 


Yo(agtn) = Yo(ar)Jo(oro) + 2 У Ү„(оғ)/,„ (оғо) cos Mmda. (14-71) 
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Arbitrary point in reactor 


Fig. 14-3. Ringofcontrolrodsina 
bare cylindrical reactor. 


In this expression 2, is an angle measured clockwise from the nth rod, and 3, = 3 
(cf. Fig. 14-3). The flux then becomes 


© N 
фт = Ам Yo(aro(aoro) + 2 >. > Y, (ar)Js(aro) cos mòn 


mal n=l 


+ Y AmJm(ar) cos mè. (14-72) 


m=0 
Consider now the second term in Eq. (14-72). From Fig. 14-3 it is seen that 


n(n — 1). 


ду = 9 — TU 


(14-73) 


Writing cos тд, in exponential form, the sum on п in the second term becomes 


> COS тд, «ly [eo 2 (0 = 2e 1 


+ exp| - im (v - 2e =) ||. (14-74) 


Each of these sums can be written in closed form using the familiar formula 


N _ „у 
уух"! = L — (14-75) 
n=l 


where in the present instance x = exp (—2rmi/N). The first sum is then 


2 — | im 1 — —2rmi 
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The numerator of this expression is zero for every value of m, since exp (—2ттї) = 1. 
On the other hand, the denominator is zero only when m/N is an integer. In this 
case, the fraction in Eq. (14—76) is indeterminate and has the value М. Thus 


N ітд 
‘ _ 2x(n — 1) _ јМме"“, m= N,2N,3N,..., 
Da exp Ё (0 N )| g | otherwise. МАКИ) 


n=l 


A similar result is obtained for the second sum in Eq. (14-74), and it follows that 


N 
N cos m, m = N,2N,3N,..., 
| 2 соз mà, = n otherwise. 0) 


n=l 


The flux is therefore 


or = A [x Yo(ar)Jo(aro) + 2N УХ Ү„(от)7,„(ото) cos mo | 


m/N integer 
+ У) AnJn(ar) cos тд. (14-79) 

m=0 
The boundary condition ¢(R) = 0 can now be satisfied for all values of д, 
and from Eq. (14-79) this gives | 
= AN Yo(aR)Jo(arg) А 


dw EE (14-80) 

A, = — ZANYnloRVm(ero), im = N2N,3N,..., (14-81) 
Js (o R) 

Am = 0, m#¥0,N,2N,3N,... (14-82) 


Thus returning to Eq. (14—70), the flux can be written as 


N © 
фт= 4 2, Yo(atfa) — N 2 era Ja (ar) cos mi} > 
m/N integer 
(14-83) 
where ôm is defined by Eq. (14-64). 

It is now necessary to satisfy the boundary conditions at the surface of the rods. 
Because of the symmetry of the problem, however, it is only necessary to consider 
опе rod. In the neighborhood of the rod number 1, the variables fo, [3,..., £N 
are roughly constant, provided the rods are not too closely spaced. It is possible, 
therefore, to replace the variables t, for n > 1 by the constants bin, where Din 
is the distance from the center of the first rod to the center of the nth rod. From 
Fig. 14-4, it is easy to see that bı» is given by 


(n — Пут. 
N 


bin = 2rosin (14-84) 
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Fig. 14-4. The distance 51, for a ring of control rods. 


With rod 1 arbitrarily located at 8 = 0, Eq. (14-83) becomes 


N " 
ér(ti) ~ A КОР, + УХ Ро) – МУ. ал). 
n=? m m 
(14-85) 


All quantities in Eq. (14-85) except {ү are constant near the first rod. Inserting 
Eq. (14-85) into the boundary condition, Eq. (14-66), the one-group critical 
equation for the reactor with a ring of rods is found to be 


а Ү (аа) М 
N 
Yo(aa) + У, Yo(abin) — N У? ба Ym(@RWm(aro)/Jn(aR) 


Ql 


n=2 


(14-86) 


This equation must be solved by numerical or graphical methods for a, and this 
value is used in the usual way to compute the worth of the ring of rods. 

If a < К, Eq. (14-86) can be simplified as in the preceding sections [cf. discus- 
sion following Eq. (14–68)] with the following result: 


| 743M?^N s (24%) 
Ww 77-7 3. co. a 90 
(1 + B2M?)R? R 


R а v 2.405b1n\ |! 


Comparison of this expression with Eq. (14-69) shows that were it not for the term 
containing the summation, the worth of a ring of N rods would be simply М times 
the worth of a single rod located at the same distance from the reactor axis. This 
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would be the case if the rods acted independently. In actual fact, however, the 
presence of each rod changes the worth of all others by distorting the flux in their 
vicinity. The summation term in Eq. (14-87) accounts for the distortion of the 
flux at one rod due to the other rods. 

To see the effect of the interaction of one rod upon another it is instructive to 
consider a ring consisting of only two rods. In this case, the summation in 
Eq. (14-87) reduces to only one term with bın = 270. For two rods, therefore, 
according to one-group theory, 


_ 14.86M? z ea 
а + B2M?)R? `° | 


R 
R d т 4.81ro V! 


The function Y (x), which is shown in Fig. II-2, is negative for x less than 
about 0.90 and positive for x greater than 0.90. Thus from Eq. (14-88), if 
4.81ro/R < 0.90, that is, го < 0.19R, the worth of the two rods is Jess than twice 
the worth of the two rods acting independently (cf. Eq. 14-69). This reduction in 
effectiveness per rod is due to the fact that the flux at each rod is reduced by the 
presence of the other, an effect known as shadowing. 

-On the other hand, if the rods are so placed that ro > 0.19R, then Yo(4.81ro/R) 
is positive and the worth of the two rods is greater than the sum of the worths of 


w 


6 


| 
Noninteracting rods 


Total rod worth, arbitrary units 
| о 


Shadowing 
| Antishadowing-- 
0 
0 0.5 1.0 
ro/R 


Fig. 14-5. The worth of two diametrically opposite control rods as a function of their 
distance from the axis of a cylindrical reactor, with and without interaction. 
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each rod acting alone. This effect, which is known as antishadowing, is caused by 
the increase in flux at each rod due to the other. This situation is illustrated in 
Fig. 14-5, where the worth (arbitrary units) of two rods is shown, with and without 
the interference term Yo(4.81r9/R), as a function of their location in a reactor. 
The regions of shadowing and antishadowing are clearly evident. 


14-6 Noncylindrical Rods 


It was noted in the introduction to this chapter that for a number of reasons 
cylindrical rods are not used as frequently in reactors as they once were. Non- 
cylindrical rods, particularly cruciform rods, have largely replaced cylindrical 
rods in many types of reactors. The worth of an isolated noncylindrical rod may 
be determined analytically by first finding the radius of the equivalent cylindrical 
rod. This radius is then used in the appropriate formulas derived in the preceding 
sections for the worth of the cylindrical rod. This procedure is not applicable to 
closely spaced or overlapping rods, which are often found in reactors having many 
cruciform rods. These must be treated by approximate analytical procedures or 
by numerical methods both of which are discussed in the next section. 

The equivalent radius of a noncylindrical rod is found by solving the diffusion 
equation, subject to the usual boundary conditions at the rod surface. In view 
of the complicated geometry of the problem, the mathematical analysis is too 
involved to be reproduced here. Furthermore, it is not possible to obtain exact 
expressions for the equivalent radius except in special cases. However, if the 
effective radius is small compared with the diffusion length in the reactor core 
material, as is frequently the case, the effective radius a is given by the following 
formulas: 


Infinite fiat ribbon. If the ribbon has width w and essentially zero thickness, then 


m e (14-89) 
4 
Cruciform rod. If the span of the cross is w, then 
am кыз = 0.371». (14-90) 


The formulas for the effective radius are considerably more complicated when а 
is not small compared to the reactor diffusion length, and the reader should consult 
the references at the end of the chapter for the effective radius in this case (see, 
especially, ANL-5800). 


14-7 Many Rods 


As mentioned earlier, many reactors, particularly power reactors, are designed 
with a large number of control rods, each rod having a relatively small worth. 
In this case, it is not usually practical to determine the worth of the entire array 
by using an analysis like that in Section 14-5 for a ring of rods, since the mathe- 
matics is too involved, and other methods must be used. 
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If the rods are arranged in a regular array, it is possible to compute their effec- 
tiveness by a procedure similar to that used to treat heterogeneous reactors. The 
reactor is first divided into cells, each containing one rod at its center. The rod 
utilization, fr, is then defined as the number of thermal neutrons absorbed in the 
rod per neutron thermalizing in the cell. To compensate for the rods it is necessary 
to increase the thermal utilization of the system by the factor (1 — f)~* to main- 
tain criticality. Using Eq. (14-1) ог Eq. (14-7), the worth of the array is therefore 


a К=(1 — fry — Ко _ 
Po = XC = T 


The computation of fp is quite straightforward. The diffusion equation is solved 
in the cell using Wigner-Seitz boundary conditions at the outer boundary of the 
cell and Eq. (14-20) at the rod surface. The resulting expression for fp is 

1 _ (А2 — ај 
> = A ke Elka, R.); . (14-92 
Be x (ка, кА.) (14-92) 


(14-91) 


where R, is the cell radius, a is the radius (or effective radius) of the rod, d is 
given by Eq. (14-20), к = 1/Lr is the reciprocal thermal diffusion length in the 
core material, and Е(ка, kR.) is the lattice function (cf. Section 11-2) 


«(R2 — а?) | + Ко(кај (kR) 


Bean) = A т и и: 


In many cases this formula can be simplified (cf. Prob. 11-5). 

The above technique is not applicable to reactors containing relatively large 
and closely spaced cruciform rods such as are often found in water reactors. In this 
case the following method due to A. F. Henry may be used. The reactor is again 
divided into cells, but now each cell is partly bounded by the blades of two rods as 
shown in Fig. 14-6. The rod utilization is then found by computing the ratio of the 
number of neutrons flowing into the blades per neutron thermalized in the cell. 


| 
| Midplane P 
| we cell 


Midplane 
of blade 


Fig. 14-6. Cell for calculation of worth Fig. 14-7. Slab geometry for solution of 
of closely spaced cruciform rods. diffusion equation. 
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In view of the complicated geometry of the problem it is not possible to obtain 
an exact analytical expression for fg. An estimate of fg can be made, however, by 
solving the diffusion equation in infinite slab geometry with the blade along one 
boundary as in Fig. 14-7. The diffusion equation is then 


= Ффт 
DT 


— Žar = —qr, (14-94) 
where D and 5, refer to the core material and дт is the slowing-down density, 


assumed constant throughout the cell. The flux must be an even function and 
satisfy the boundary condition (note that $7 is negative) 


ES сы (14-95) 


at the blade surface, that is, at x = (т/2) — а. If the rods are black, 
d = 0.713. = 3 X 0.71D (cf. Fig. 11-10). It is readily seen that фт(х) is given by 


dius gji- cosh (x/Lr) |. 
: 5, (d/Lr) sinh [(т — 2a)/2L7] + cosh[(m — 2a)/2L7] 
(14-96) 


The quantity fg is now obtained by multiplying the current at the surface of - 


the blade [computed from Eq. (14-96)] by the length of the blades which border 
the cell, and dividing by the total number of neutrons thermalized in the cell. 
The final result is 

4(1 xu a)Lr l 


Pw = Је = Ta = ay (d/Lp) + ohin 23] 177) 


In view of the nature of the above derivation, Eq. (14—97) only provides a rough 
estimate of the worth of the assembly of rods. More exact values can be obtained, 
however, by solving the diffusion equation numerically in two dimensions using 
an electronic computer. It is then possible to take into account the actual shape 
of the rods and the fraction of each cell bordered by the rod blades. Computer 
programs have also been written for two dimensional multigroup calculations 
of this nature. Such calculations are particularly important if the control rods 
absorb neutrons at energies above thermal to any appreciable extent. 

Another method which is often used to estimate the worth of a large array of 
rods is to replace the rods by an equivalent distribution of poisons. If the rods 
are spaced uniformly in a region of the reactor, for example, these rods are re- 
placed by a uniform distribution of poisons in this region. If the rods are arranged 
in many concentric rings, they may be replaced by concentric annular regions of 
different absorption cross section. The worth of the array of rods is then found by 
comparing the multiplication factor of the poisoned and unpoisoned reactors 
computed from a one-group or a multigroup calculation. This procedure is par- 
ticularly reasonable for fast reactors since in these reactors the mean free path of 
fast neutrons is always much larger than the dimensions of a control rod. 
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Problems 


14-1. An infinite sheet of absorber of thickness a is placed in an infinite medium con- 
taining uniformly distributed sources emitting S neutrons/cm?-sec. (a) Using one-group 
theory, derive an expression for the thermal flux in the medium. (b) Show that thc 
number of neutrons absorbed/cm?-sec of the sheet is equal to 2572 (17 + d) = 2SLr; 
when d «€ Lr. 

14-2. At startup, a hypothetical, U?35-fueled, H2O-moderated and reflected reactor 15 
critical with a single, heavily borated rod 1 in. in diameter fully inserted at its center- 
The reactor core is a square cylinder 76 cm in height and operates at a power of 100 
MWY(th). The reflector savings is approximately 3 ст. Using modified one-group theory 
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estimate (a) the excess reactivity at startup, (b) the thermal flux throughout the reactor 
core, (c) the rate at which heat is generated in the control rod. 


14-3. A uniform sphere of moderator of extrapolated radius R is exposed to a burst 
of fast neutrons and the decay constant Х of the fundamental mode is measured. An 
absorbing sphere of radius a is then placed at the center of the sphere and the decay 
constant № is measured. (a) Using one-group theory, derive an expression determining 
the change AX = № — X. (b) In the limit of small a, derive an explicit formula for A), 
and show that Ad varies inversely with the volume of the moderator sphere. 

14-4. An infinite, bare cylindrical reactor is critical with a cylindrical control rod along 
its axis. (a) Using one-group theory, derive expressions for the probability that a thermal 
neutron (i) is absorbed by the rod, (ii) escapes from the surface of the reactor, (iii) is 
absorbed in the reactor core material. (b) Show that the increase in the number of neutrons 
leaking/sec from the surface due to the presence of the rod is comparable to the number 
of neutrons absorbed/sec in the rod. 

14-5. A cylindrical rod 1 cm in radius is suddenly inserted along the axis of an initially 
critical thermal reactor. The reactor is a square cylinder 85 cm high (including reactor 
savings). It is fueled with 0235 and moderated with H20. (a) Assuming that the rod 
is black to thermal neutrons, estimate the reactivity introduced by the rod using one- 
group theory. (b) Repeat part (a) using two-group theory. (c) Determine the stable period 
of the reactor following the insertion of the rod. 

14-6. A small absorbing sphere of radius a is placed at the center of a spherical reactor 
of radius R (including reflector savings). (a) Derive an expression determining the worth 
of the sphere using one-group theory. (b) Repeat part (a) using two-group theory. 
(c) Find explicit expressions in both one- and two-group theory for the worth of the 
sphere in the limit of small a. 

14-7. (a) Using two-group theory derive a critical equation determining the worth of a 
large sheet of black absorber which is used in case of emergency as a safety “rod” to 
divide in half a cubical reactor (length of side a). (b) If the sheet is grey to thermal 
neutrons, show that according to two-group theory its worth is given approximately by 


ам? |5 Е tanh (25) + 1 + ЈЕ 
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(с) Compare the results of parts (a) and (b) with similar one-group calculations. 


14-8. If the reactor іп the preceding problem is 100 cm on a side, fueled with 0235 and 
moderated with Be, compute the worth of the black sheet using two-group theory. 


14-9. (a) Using two-group theory, derive an expression determining the worth of an 
eccentric cylindrical control rod in a bare cylindrical reactor. (b) Show that in two-group 
theory, as in one-group theory, the worth of a small eccentric rod is equal to the worth 
of a central rod multiplied by the square of the radial part of the thermal flux at its actual 
location. 

14-10. (a) Using one-group theory, derive an expression determining the worth of a 
central rod surrounded by a ring of N equally spaced similar rods. (b) Derive an explicit 
formula for the total worth of the rods in the limit of small rod size. (c) In the special 
case of N = 2, discuss quantitatively the conditions under which the worth of the three 
rods is a maximum. 
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14-11. A bare critical assembly consists of a cubic array of beryllium blocks and evenly 
spaced, thin sheets of U235 metal. The assembly, which is 5 ft on a side, is critical with 
no control rods present. (a) Using two-group theory, determine the mass of 07235 іп 
the assembly. (b) Estimate the worth of a single black cruciform rod 0.25 in. thick 
of 3-in. span fully inserted at the center of the assembly. 

14-12. The Yankee Reactor at Rowe, Massachusetts, contains a square array of cruciform 
control rods 27.6 cm between centers (т = 19.5 cm in Fig. 14-6). The blades аге 0.672 
cm thick and have a span of 20.0cm. The average thermal neutron diffusion length of 
the fuel-moderator mixture is 1.8 cm, and 5, is 0.114 ст“ !, The rods are black to thermal 
neutrons. Estimate the total worth of the rods. 


14-13. If the reactor described in Problems 13-6 and 13-30 is to be controlled by a 
uniform array of black cruciform control rods of 10 cm span and 0.5 cm thickness, 
approximately how many rods will be necessary ? 


14-14. If the width of a blade of a cruciform rod is comparable to the side of a control 
cell, i.e., / =~ m (cf. Fig. 14-6), it is reasonable, as a first approximation, to assume that 
the cell is completely surrounded by control rods. (a) Using this model and one-group 
theory find an expression for the thermal flux in such a square cell. (b) Find an expression 
determining the worth of the rods. [Hint: In part (a), assume for simplicity that the flux 
vanishes an extrapolation length into the rod and use a double eigenfunction expansion. 
(Eigenfunctions satisfying the condition ф'/ф = —1/d at the rod surface can also be 
used.)] | 


14-15. By assuming that the cell in Problem 14-14 is cylindrical rather than square, 
derive an expression for the worth of the rods in one-group theory. 
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Perturbation Theory 


It is often necessary to compute the effect of small changes or perturbations on the 
behavior of a reactor. If the perturbation occurs uniformly throughout the entire 
reactor or a region thereof, the problem can be handled by the methods developed 
in the earlier chapters. For instance, the effect of a uniform change in the core of 
a reactor can be found by computing new group constants for this region and then 
performing a two-group or multigroup calculation as discussed in Chapter 10. 
However, this procedure is not satisfactory for small perturbations, for the effect 
of the perturbation may be lost in the computations as the result of round-off 
errors. Problems involving small uniform perturbations can also be handled by 
differentiation, as was done in Chapter 13 in the calculation of the uniform tem- 
perature coefficient, but as noted in that chapter, this technique is restricted to 
only the most simplified reactor models. 

Uniform perturbations are met very rarely in practice, and most of the changes 
which occur in the course of the operation of a reactor are nonuniform. There. 
are numerous examples of such nonuniform perturbations. Small pieces of foreign 
material or instrumentation are continually being inserted and withdrawn from 
research and test reactors; while in power reactors, although foreign materials 
are seldom intentionally inserted, other kinds of nonuniform perturbations occur, 
such as those due to nonuniform fuel burnup and nonuniform poison accumula- 
tion. Unpredicted or unintentional conditions may also develop, such as the onset 
of boiling in a liquid-moderated or cooled reactor or the sudden melt-down of a 
fuel element. 

In principle, the effect of nonuniform perturbations on the performance of a 
reactor can be found by performing a multigroup calculation in which the per- 
turbations are represented by appropriate space-dependent group constants. With 
small, localized perturbations, however, this procedure is not usually practical. By 
its very nature, a localized perturbation requires that a multigroup calculation be 
carried out in at least two but more probably in three dimensions; and, as men- 
tioned in Section 10-4, such calculations are very costly. Fortunately, problems of 
this type can be handled by perturbation theory, provided the perturbation is not 
so large as to distort substantially the flux in the neighborhood of the perturbation. 
This technique is not limited to problems involving localized perturbations; the 
effect on a reactor of all (small) nonuniform changes as well as uniform changes 
can also be determined by perturbation theory. 
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15-1 Reactivity and Perturbations 


Consider, for a moment, a uniform, bare, thermal reactor. Its multiplication 
factor is* 
k = nfpePt, (15-1) 


where Ру, is the total nonleakage probability. Equation (15-1) can also be 
written as 


k-» (2 те). (15-2) 
Уак 

in which Z; and Zar are the macroscopic fission and absorption cross sections of 

the fuel, respectively. Denoting the factors in the parentheses by the symbol g, 

Eq. (15-2) becomes | | 

k = vg. (15-3) 


If the reactor is critical it follows that 
vg = 1. (15-4) 


Suppose now that a uniform change of some sort occurs throughout the reactor. 
As a result, one or more of the parameters included in the factor g will be altered 
and the reactor will become supercritical or subcritical, depending upon the 
nature of the perturbation. If the new value of g is g’, the new multiplication 
factor is 


k = vg! € 1, (15-5) 
and the reactivity of the perturbed system is (cf. Eq. 12-66) 


k—k g-8 
= >— = L3. 15-6) 
p X z ( 


In view of the fact that the multiplication factor is proportional to >, the per- 
turbed reactor obviously could be returned to critical if it were possible to change 
the value of v in such a way as to compensate for the changed value of g. Although 
this, of course, is impossible since v is a constant of nature, it is convenient never- 
theless in perturbation problems to describe the effect of the perturbation in terms 
of the compensatory change in v required to maintain criticality. Denoting the 
required value of v by v’, this is defined so that 


yg = 1. (15-7) 
From Eq. (15-6), the reactivity of the perturbed reactor can then be written as 


y — у Ду (15-8) 


* Throughout this chapter the symbols denoting thermal averages and thermal flux will 
be omitted to simplify the notation. 
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Up to this point, the discussion has been restricted to the uniform, bare, thermal 
reactor and to uniform perturbations. The above results can be generalized, how- 
ever, to other situations. In particular, it can be shown that for any reactor the 
requirement for criticality can be put in the form 


vg = 1, (15-9) 


where g is some constant determined by the composition and dimensions of the 
system.* It must be emphasized that Eq. (15-9) applies whether the reactor is 
uniform or not. Thus whenever a reactor is perturbed, the g factor is changed, but 
regardless of the nature of the perturbation, the system can be returned to critical 
by an appropriate change in v. The quantity Av/v given in Eq. (15-8) can be used, 
therefore, to express the effect on a reactor of any kind of perturbation. Methods 
for computing Av/v are considered in the following sections. Since these methods 
involve a number of mathematical techniques which may not be familiar to the 
reader, it is necessary to pause at this point for a little mathematics. 


15-2 Some Mathematical Preliminaries 


Throughout much of the present chapter it will be convenient to write differential 
equations in an abbreviated form by using operators of one type or another. Con- 
sider, for example, the one-group equation for a critical slab reactor. If the reactor 
is not uniform this equation is of the form 


4 DG) $$ + Fow = 0, (15-10) 


where D(x) is the diffusion coefficient and F(x) is a function which depends upon 
the multiplying and absorption properties of the system. Equation (15-10) can 
be written succinctly as 

Мф = 0, (15-11) 
where M is the operator 


M = 2 D(x) 4 + F(x). (15-12) 


In connection with the calculations considered later in this chapter, it is necessary 
to introduce а new equation, which is related to Eq. (15-11), known as the adjoint 


equation: 
Mty = 0. (15-13) 


The operator M* is known as the adjoint of M and is related to M in a manner to 
be described momentarily. The function y is called the adjoint function by mathe- 


* If the reactor fuel is a mixture of isotopes an appropriate average value of > is to be used 
in Eq. (15-9); with fast reactors, where > may be a function of energy, an appropriately 
normalized у must be used. 
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maticians; in nuclear engineering y is usually referred to as the adjoint flux or the 
importance function.* In addition to satisfying Eq. (15-13), y is required to satisfy 
the same boundary conditions as ¢. Hence if the extrapolated thickness of the 
slab reactor is a, у must vanish at x = +а/2. The physical significance of y will 
be discussed in detail later. 

It should be noted that Eq. (15-13) and the boundary conditions determine the 
shape of the function y but do not specify its absolute magnitude. This is analogous 
to the situation with the flux. Thus it will be recalled that the magnitude of the flux 
is determined by the operating power of the reactor and cannot be found simply 
by solving the differential equation subject to the boundary conditions. As will 
be seen later, however, the magnitude of y is not required in practical calculations 
and it will therefore remain unspecified. 

The adjoint operator М is defined as the operator which satisfies the following 
relation: 

а12 а/2 
/ иМь ах = vM*u dx, (15-14) 
—a/2 —a[2 
where и and р are any two functions which vanish at x = =а/2. То find an ex- 
plicit expression for M* it is merely necessary to insert M into the integral on the 
left-hand side of Eq. (15-14) and integrate by parts wherever required to transfer 
the various operations from v to u. In this way it is easy to see that 


a/2 


reer fd d 
Кыл M cde = Jy 
|| 2 D Дх + Еј; ах = (иро u’ Dv) 


—a/2 —a[2 


a/2 
x JE. рй 4 r|uax (15-15) 


—a[2 dx 


Since both u and v are zero at the limits, the first term on the right vanishes and 
it follows that 
rip uMv dx — |, оМи ах. (15—16) 
— —a/2 


а/2 
Comparing this result with Eq. (15-14), it is evident that 
M* = M. (15-17) 


Thus the operator and its adjoint are identical and in this case the operator M is 
said to be self-adjoint. In view of the fact that Eqs. (15-11) and (15-13) are ho- 
mogeneous and both ф and y vanish at x = =а/2, it also follows that ¢ and у are 
everywhere proportional. 

These results, which up to this point have been limited to operators in one 
variable, can easily be extended to multivariable operators., For example, the 


* It may be of interest to mention that in quantum mechanics adjoint functions are called 
“bras” (cf. P. A.M. Dirac, Principles of Quantum Mechanics, 4th ed., London: Oxford 
University Press, 1958). 
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general one-group diffusion operator is 
M = div Dgrad + F, (15-18) 


where D and F are functions of position within a reactor of volume V. The adjoint 
of M is now defined by the equation 


f uMv dV = | vM*u dV, (15-19) 
V 


y 


where u and v vanish on the surface of V. 

To find an explicit expression for М, it is first observed that the function F is 
obviously self-adjoint and it is necessary therefore to determine only the adjoint 
of the operator div D grad. In this connection the following vector identity is 


useful: 
и div W = div wW — W - grad w, (15-20) 


in which w and W are scalar and vector functions, respectively. Then 
f u div D gradv dV = f div (uD grad v) dV — | D grad v - grad u dV. 
y У У 
From the divergence theorem, however, 


f div (uD grad о) dV = f uD gradv: n ал = 0, 
v A 


since и = 0 on the surface of the reactor, so that 


Í u div D gradu dV = — | D grad и · grad v dV. (15-21) 
У V 

Using the above identity again (this is the equivalent of integrating by parts twice, 
as done earlier), it is seen that 

Í D grad и · grad v dV = Í div (00 grad u) dV — Í v div D grad u dV 
V V V 
= — || v div D grad u dV. 
y 


Substituting this result into Eq. (15-21) gives 


f u div D gradv dV = Í v div D grad u dV, (15-22) 
У У 


which shows that the operator in Eq. (15-18) is self-adjoint. 

The above results are more general than they may at first appear due to the fact 
that D and F are arbitrary functions of position. The preceding operators can 
be used, therefore, to describe any nonuniform, reflected, or multiregion reactor 
by an appropriate choice of the functional form of these parameters. For example, 
if the reactor consists of a uniform core and a uniform reflector with different 
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physical properties, D and F are taken to be step functions, i.e., functions having 
one value in the core and another value in the reflector. Hence it may be con- 
cluded that all one-group diffusion operators are self-adjoint. 

Turning now to two-group theory, the flux equations are 


div D, grad фу — Еф, + уе22/ф2 = 0, (15-23) 
div Dz grad фә; — Lede + pridi = 0. (15-24) 


Here, Z5; is the macroscopic fission cross section for the slow group and the other 
parameters are the same as used in Chapter 10. All of these parameters (except v) 
may be functions of position, so that, as in the preceding example, Eqs. (15-23) 
and (15-24) are applicable to multiregion as well as one-region reactors. 

Equations (15-23) and (15-24) can be put in a more tractable form by consider- 
ing фу and фз as the components of a two-component vector @. This vector is con- 
veniently represented by a one-column matrix, namely, 


(*) (15-25 
ф = " ) 
Then by defining the matrix operator M as 
div D, grad — 2, ДУ, 
М = . (15-26) 
рх! div Рз grad — Ze 


and following the rules of matrix multiplication,* Eqs. (15-23) and (15-24) can 
mii 'т12 
M = А 
moi m22 
(m ra) (*) + Md 
Mọ = E | 
m21 m22/ M$2 moii + m22¢2 


In general, if M is an N X N matrix and operates on an N-component vector the result is 


b» miss 


* If M is the 2 X 2 matrix 


then 


where all the sums are carried out from n = 1 to n = №. 
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be written as the single equation 
Mọ = 0. (15-27) 
The adjoint equation is 
Mty = 0, (15-28) 


where М, the adjoint operator, is another matrix and v, the adjoint function, is 
a two-component vector. The operator M* is defined by an expression similar 
to those used earlier, namely, 


f .uMv dV = f vM*u dV, (15-29) 
V V 


where u and v are any two-component vectors, all of whose components vanish 
at the surface of the reactor. Incidentally, in connection with Eq. (15-29) it should 
be noted that in evaluating a product of vectors the first vector must be written 
as a row matrix rather than a column matrix. For instance, the product uv is 


01 
(uy wo ) = Uy + 202, (15-30) 
02 К 


which is a scalar. In Eq. (15-29) the quantity Му is a vector, and the product uMv 
is therefore a scalar. 
The elements of the operator M* can be found by expanding both sides of 


Eq. (15-29). Thus let 
ші H 
Mt = | xi 2) (15-31) 


M21 H22 
where u11, 41 2, etc., must be determined. Substituting M апа М? into Eq. (15-29) 
and carrying out the multiplication gives 


f ијт1101 dV + f и1 1202 av + | Ugg 10 1 dV + f UuaM209 dV 
У 4 y V 


= || ош dV. + f Viiu dV + f Vote, dV + f роџогиг dV, 
y y v v 


(15-32) 
where ті, Mı2, etc., are the elements of M (cf. Eq. 15-26). 
As seen in Eq. (15-26) mıı is a one-group operator and is therefore self-adjoint. 
Thus 


f Uu 1101 dV — f U4170111U1 dV, 
y y 


and the first term on each side of Eq. (15-32) will be identical if ші is taken 
equal to mıı. By a similar argument 


M22 = M22. 


The remaining elements of M* can easily be identified by noting that the operators 
m,» and тој are merely functions and are also self-adjoint. Equation (15-32) is 
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then satisfied if u12 = тој and uai = туз. Hence М* is given by 


div D, grad — 2, Du 
VeZo; div Də grad — Ze 


Mt = (15-33) 


Comparing Eq. (15-33) with Eq. (15-26) shows that М+ is not the same as M, 
and it must be concluded that the operator M is not self-adjoint. In particular, 
МТ is the transpose* of the matrix M. Since M is not self-adjoint, it also follows 
that the adjoint function and the flux are not proportional as they were in the one- 
group problem; they may now be quite different functions. 

These conclusions can be generalized in an obvious way to the multigroup equa- 
tions. If there are N equations, the flux is written as an N-component vector, and 
the multigroup operator is an N X N matrix. In this case, the adjoint operator 
can be shown to be transpose of the multigroup operator, as would be expected. 


15-3 One-Group Perturbation Theory 


Consider a critical reactor described by one-group theory. The flux is then given 
by the equation 
div D grad $ + (Z; — Za) = 0, (15-34) 


where Z, and Z, are the macroscopic fission and absorption cross sections, respec- 
tively. The quantities D, Х;, and Z, may all be functions of position. As explained 
in the preceding section this equation can also be written as 


Мф = 0, — (15-35) 
where М is the operator 
М = div D grad + 72; — Za. (15-36) 


Suppose now that for some reason Z; and/or Za are changed so that Z; — >, 
апа Z, — 24. For the moment, it will be assumed that D does not change. Since 
both Z, and Z; may be functions of position, the difference between Zy and Zy, 
in general, is also a function of position. This function is denoted by the symbol 
62 „Т so that Z; can be written as 


Dh = By + 8; (15-37) 
and similarly 
Уа = La + б. (15-38) 


As a result of these perturbations, the reactor becomes either subcritical or 
supercritical. As explained in Section 15-1, however, the system could be returned 


* The transpose of a matrix whose elements are т;; is defined as the matrix with elements 
Hij = тд. 

T The symbol ô is borrowed from the calculus of variations. (See, for instance, F. B. 
Hildebrand, Methods of Applied Mathematics. New York: Prentice-Hall, 1952, Chapter 2.) 
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to critical were it possible to change the value of v to an appropriate new value >”. 
The flux @’ in the perturbed critical reactor would then satisfy the equation: 


div D grad $9! + (y/Z; — 4)’ = 0, (15-39) 
which can be put in the form 
М'ф' = 0, (15—40) 
where М” is the operator 
M' = div D grad + и; — а. (15-41). 


Inserting Eqs. (15-37) and (15-38) and writing v/ = v + Av, M' becomes 


M" 


div D grad + (у + Av)(Zy + 62s) — (Za + 82a) 
M + у 82; + Av By + Av $; — 83q. (15-42) 


Perturbation theory can only be used in connection with small changes in a 
reactor. For this reason, the term Av 62, in Eq. (15-42) can be ignored since it 
involves the product of two small quantities. Equation (15—42) then reduces to 


М’ = M + у 62у + А» 2; = 62a. (15-43) 
This can also be written as 
М' = М +P, (15-44) 
where 
Р = у 62; + Ду х; — 624 (15-45) 


is called the perturbation operator. Equation (15-39) is then simply 
(М + Р)ф = 0. (15-46) 


The reactivity introduced by the perturbation can be found by the following 
procedure. Ignoring for the moment the fact that the operator M is self-adjoint, 
the equation adjoint to Eq. (15-35) is 


M*y = 0. (15-47) 


Multiplying this equation by ¢’ and Eq. (15-46) by y, subtracting, and integrating 
over the volume of the reactor yields 


J КМ + Ру dV — || ФМУ dV = 0, (15-48) 
У y 
Or 
[ уму — eM*y) dv + | урау = 0. (15-49) 
4 V 


In view of the definition of the adjoint operator given in the preceding section 
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(cf. Eq. 15-19), the first integral vanishes, so that 
f WP! dV = 0, (15-50) 
У 


Inserting the expression for P from Eq. (15-45) and solving for Av/v gives the fol- 
lowing result: 


= — — = 1. 15-51 
k у vf, Ф dV ( ) 


This equation cannot be used as it stands to compute p since the perturbed flux ¢’ 
is not known. However, if the perturbation of the reactor is small, ¢’ will not differ 
significantly from ф. In this case, ф' can be replaced by ¢ and Eq. (15-51) becomes* 


rm Ji Wy 0Z; — 82.) dV . (15-52) 
vf, үх ,ф dV 


At this point it may Бе noted that the one-group operator is self-adjoint so that y 
is proportional to ф. Equation (15-52) then reduces to 


_ fy 83s — бео dV 


(15-53) 
vf, Eso? dV 


Equation (15-53) shows that the effect of a perturbation in 2; or Z, is obtained 
by weighting the perturbation by the square of the flux. For example, suppose that 
a small absorber of volume У; and absorption cross section Zep is inserted in the 
reactor at the point го. This perturbation can be represented approximately by 
the function | 

&® = LapVp 8(Т — ro) (15-54) 


where 6(r — ro) is the Dirac delta function.t There is no perturbation in 2, 
so бе; = 0. Inserting Eq. (15-54) into Eq. (15-53) gives 


_ Jy ё, фу 
vf, Do? dV 


_ _ ®аәУтФ (то). (15-55) 
vf, Zo? dV 


Thus the effect on the reactivity of placing the absorber at го is weighted by the 
square of the flux at that point. For this reason the quantity ¢7(r) is called the 


* It can be shown that the replacement of $' by ф represents the same order of approxi- 
mation (namely first-order) as the omission of products such as Av 5; in Eq. (15-42). 
(See any book on quantum mechanics.) M 

1 The use of the same symbol to denote both a perturbation and the Dirac ó-function 15 
an unfortunate but well-established tradition. | 
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statistical weighting function or the statistical weight of the point r. Incidentally, 
it should be observed that Eq. (15-55) has the correct sign. Obviously, inserting 
an absorber into a critical reactor causes its reactivity to become negative; i.e., 
the reactor falls subcritical. 

Up to this point only changes in Z, and Z, have been considered. It will now be 
supposed that D is changed while Z; and Z, remain fixed. In this case, 


р-э р = D+ SD, 
and the operator for the perturbed system can again be written as 
M=M+P, 
where now the perturbation operator is 
Р = div ôD grad + Av 2;. (15-56) 
Proceeding in the same manner as before gives 


[ v av = Ј #4 = 0. 


Inserting Eq. (15-56) for Р, and again noting that since the operators аге self- 
adjoint y is proportional to ф, the reactivity is found'to be 


р=—— = te. (15-57) 


This expression can be written in a better form by using the identity given in 
Eq. (15-20). Thus 


f ф div ôD grad ф dV = | div ( ôD grad ф) dV — f 5D (Vo)? dV. 
У У У 
From the divergence theorem the first term on the right is 
f div (¢ 5D grad ¢) dV = fs ôD grad ф · п ЯА = 0, 
У 


since ф vanishes on the surface. Hence Eq. (15-57) becomes 


_ _ fy 9D (We) dV. 
vf, Zj$? dV 


It will be seen from Eq. (15-58) that changes in D are weighted by (V$)?, rather 
than by ф? as in the previous case. Also, it should be noted that an increase in D, 
i.e., a positive ôD, again leads to a negative value of p. Physically, this is due to 
the fact that the neutron current increases with increasing D. A positive 6D thus 
results in additional leakage of neutrons from the reactor, causing the originally 
critical reactor to fall subcritical. 


(15-58) 
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If D, Za, and Zy are all changed simultaneously, the total reactivity is simply the 
sum of the reactivities given by Eqs. (15-53) and (15-58). In this case, p is 


„ = Syl 92; — дао — Фр (УФ) dV. 


15-59 
vf, Хуф? dV ( ) 


It must be emphasized that the integrals in Eq. (15-59) are carried out over the 
entire reactor, though generally they may be zero over a portion of the system. 
For example, with a two-region reactor consisting of a core and reflector, 2; and 
8Z; are both zero in the reflector so that p can be written as 


I 


ET cone Zye? dV 42, — 82,)9? — 80 (уф) dV 
P vfus 2rd? dV [f „е / » (7Ф) 1 


— | asus [828 д? + ôD (V9)7] ау (15-60) 
reflector 


The various one-group perturbation formulas developed in this section are 
necessarily limited by the inadequacies inherent in the one-group method. For 
example, it will be recalled that the peaking of the thermal flux in the reflector is 
not predicted by one-group theory. Thus the effect of placing an absorber in the 
reflector cannot be determined accurately with one-group perturbation theory. 
The one-group formulas also are not applicable to problems involving changes 
in the moderating properties of the system or the production of fast neutrons, 
because these things simply are not included in one-group theory. The above 
formulas are limited therefore to changes in the one-group absorption cross section 
and diffusion coefficient, and may be used only for perturbations occurring where 
one-group theory gives accurate values of the flux. 

In applying Eq. (15-59) to various problems, it should be remembered that the 
absorption cross section За includes both capture and fission by the fuel. While 
a change in Za does not necessarily imply a change in Zy, a change in Zy always 
gives rise to a change in Z,. In particular, since the absorption cross section of the 
fuel, Zap, is related to the fission cross section, Ху, by (cf. Section 3-3) 


Lor = (1 + o9, (15-61) 
where a is the capture-to-fission ratio, there is a change in Za of 
ôa = бре = (1 + a) 85; (15-62) 


associated with a change іп 2; of 62y. 


15-4 Two-Group Perturbation Theory 


For the various reasons mentioned above, one-group perturbation theory has very 
limited applications. A much wider range of problems can be handled in two- 
group theory. Still greater accuracy can be attained with multigroup perturbation 
methods. The present section will be confined to thermal reactors. 
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The two-group perturbation formulas. Using the matrix and vector 
notation introduced in Section 15-2, the two group equations for an unperturbed, 
critical reactor may be written as 

Mọ = 0, (15-63) 


where ¢ is the two-component vector flux given by Eq. (15-25) and M is the matrix 
operator defined by Eq. (15-26). 

Suppose now that all reactor parameters except p, є,* and the diffusion coeffi- 
cients D; and D» undergo small changes. In the notation of Eqs. (15-23) and 
(15-24), 


21 => Zi + 621, Z2 => 22 + 622, Zor — Zof + 62 of. 


As the result of these changes the reactor is no longer critical but, as discussed 
previously, the system can be returned to critical by a suitable change in v. The 
flux in the perturbed reactor is then determined by the equation 


M’ = 0 (15-64) 


where M' is the perturbed reactor operator. 

Inserting the above parameter changes into the matrix operator given in 
Eq. (15-26) and neglecting products of small quantities in the usual way, it is easy 
to show that M’ can be written as 


M’ = М +P, (15-65) 
where P is the perturbation operator 
P= E. «(Ду Bos Tv =) К (15-66) 
р 624 — 622 


To find the reactivity introduced into the system by this perturbation the pro- 
cedure is essentially the same as it was in one-group theory, with the exception 
that the reactor operators are now matrices and the fluxes and adjoints are both 
two-component vectors. First, the adjoint equation 


Mty = 0 (15-67) 

is multiplied by the perturbed flux ф'; the perturbed equation 
(M + P)9/ = 0 (15-68) 
is multiplied by the adjoint function y; and the two equations are then subtracted 


* The resonance escape probability and fast fission factor are not functions of position in 
the same sense as the other reactor parameters, and they are assumed in this section to 
remain constant. Perturbation problems involving resonance absorbers and fast fission 
are best handled by multigroup methods. 
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and integrated over the volume of the reactor. The result is 


/ YM + P)e/ dV — || e'M*y dV = 0, (15-69) 
У У 
or 
/ (yM¢' — ФМ) dV + f УРФ' dV = 0. (15-70) 
У У 


Again, in view of the definition of the adjoint operator, the first integral vanishes 
and Eq. (15-70) reduces to 
[ РФ av = 0. (15-71) 
У 


Introducing Eq. (15-66) for P and replacing ¢’ by ф, as usual, the final expression 
for the reactivity is found to be 


p 5e eese tl- f 621 уф. ЧУ + e | 82:3; Wide dV 
y y» 


qp y 521 261 dV — | 622 V'202 ау | , (15-72) 
у y 


where 


Q= o f Zas Video dV. (15-73) 
v 


As in one-group perturbation theory if the diffusion coefficients are also per- 
turbed, the calculation of p is somewhat more complicated. Nevertheless, by 
performing operations similar to those discussed in the preceding section it is not 
difficult to show that in this more general case the reactivity is given by 


1 
p= +l- | 6D, Vy: $ Уфу dV — || 624 Yii dV + су | 622; Vide dV 
y V y 


tp |, 624 yaoi dV — А бр; Уу» · фә dV — J, 622 Угфг av | , 
(15-74) 
where Q is given by Eq. (15-73). 

It should be noted in applying Eqs. (15-72) and (15-74) that a change in Zəy, 
the macroscopic thermal fission cross section, necessarily implies a change in Zo, 
the total macroscopic thermal absorption cross section. Thus, as explained in 
Section 15-3, a variation 622; gives the variation 625: 


622 = (1 + a) 6227, (15-75) 
where a is the capture-to-fission ratio. 


Computing the adjoint function. In order to use the above perturba- 
tion formulas, both the fluxes and adjoint functions must be computed for the 
unperturbed reactor. Methods for calculating the fluxes were discussed in detail 
in Chapter 10; the adjoint functions remain to be found. 
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Consider first a two-region reactor consisting of a uniform core with a uniform 
reflector. The two-group equations in the core are then (cf. Section 10-2) 


Di фу, — Libre + УЄЎәусфәе = 0, (15-76) 
D2V"boe — Еосфог + PLichic = 0, (15-77) 
and, in the reflector, 
D1V"oir — Уф, = 0, (15-78) 
Ру фу — Lorbor + Уф = 0. (15-79) 


From Chapter 10 it will be recalled that the solutions to the core equations can 
be written in the form 
dic = AX + CY, (15-80) 


фә = 451Х + CS2Y¥, (15-81) 


where A and C are constants and X and Y are functions satisfying 
(V? + 4?)X = 0, (15-82) 
(v? — МЈУ = 0. (15-83) 


The parameters u? and A? are given by Eqs. (10-37) and (10-38), and the coupling 
coefficients Sı and $» аге 


S E Рап] Ба S2 = кысы, (15-84) 
1 + и Li 1 т A Le 


The two-group fluxes in the reflector are 


oir = FZ, (15-85) 
фу = FS3Z1 + 625, (15-86) 


where F and С are constants and 4; and Z satisfy 


(v? — k12Zi = 0, (15-87) 
(V? — K3,)Z2 = 0, (15-88) 
with 
а – |, ik. (15-89) 
Kir — T, Kor = 12 
The coupling coefficient 5 з is given by 
Sq = 20/02. (15-90) 
Kor — Kir 


Three of the four constants A, C, F, and G are specified in terms of the fourth by 
the boundary conditions at the core-reflector interface [cf. Eqs. (10-77) through 
(10-80)]. The fourth constant is determined by the operating power of the reactor. 
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The two-group equations written in operator form are 


Mọ = 0, 
where 
on T Zic VeZofc | 
Mee рё іс D3,V? TI Zac (0:44 
in the core, and 
(А к 0 | 
М = 15—92 
Zir Юү? — Хз, (19722) 


in the reflector. 
The adjoint equations in operator form are 


Mty = 0, 


where М? is given by the transpose of M, namely 


" [um = 21; Dic | 
= 25772 Ру? — Хз, 19293) 
іп the core, and 
[um — х1, Zi | 
я a 
M 1 D NN (15-94) 


in the reflector. Written out in detail, the adjoint equations in the core are 


Di Vie — Злате + Рәс = 0, (15-95) 


Ру У Мос — Боже + veLoscWic = 0; (15-96) 

in the reflector, they are 
Dy Vi, — Xii + Zihor = 0, (15-97) 
Ру фу, — Хто, = 0. (15-98) 


In view of the fact that the adjoint equations are identical in form to the flux 
equations (both are coupled, linear, second-order differential equations with con- 
stant coefficients), the adjoint functions, like the flux, must consist of linear com- 
binations of the functions X, У, 21, and 22. It is desirable to write these solutions 
in the form 


vic = AtSHX + CtSHY, (15-99) 

Yoo = ATX + CTY, (15-100) 
in the core, and 

vi, = FIZ, + 67522, (15-101) 

Yor = С Za, (15-102) 


in the reflector. In these equations 4+, Ct, FY, and GĦ are constants and Si. 
Si, and ST are coupling coefficients which remain to be determined. 
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The procedure for finding 57, 52, and 53 is the same as it was in Chapter 10 
for the flux coupling coefficients. Thus, substituting Eqs. (15-99) and (15-100) 
into Eq. (15-95) and noting that X and Y are independent functions, it is found 
that 


AG cat Sn a = 
51 = pu um (15-103) 
and 
+ _ Р А T 
527 = Г Mr (15-104) 


Similarly, substituting Eqs. (15-101) and (15-102) into Eq. (15-97) gives 


+ 1 "RM: -: 
СОЕ ER 


= f (15-105 
I K3r/Kir L? — Tr ) 


It will be recalled from Section 15-2 that the adjoint function is required to satisfy 
the same boundary conditions as the flux. The requirement that у vanish at the 
extrapolated surface of the reflector is satisfied by the functions X, У, 21, and 27» 
as defined in Chapter 10. At the core-reflector interface the adjoint fluxes must 
also satisfy continuity conditions similar to those given in Eqs. (10-59) through 
(10-62), namely, 


Vie = Yir (15-106) 
Dichie = Dir (15-107) 
Yoc = Wars (15-108) 
Dore = Род (15-109) 


where all functions and their derivatives are evaluated at the interface. As in 
Section 10-2, when Eqs. (15-99) through (15-102) are inserted into Eqs. (15-106) 
through (15-109), a set of four homogeneous linear algebraic equations is obtained 
from which it is possible to determine three of the constants 4+, С“, F*, and Gt 
in terms of a fourth. Carrying out this procedure gives 


A*X xX! 25 
= —— = 7. 3 — 
+ _ АХ + + 
Е 8*Z, Da (SÈ — SH) => 5 + D(S$ — S 1) ӯ a D2(S* — 52 2 , 
(155505 
ATX X! Y' 
UL fee 
Gt = у (5.5 De >) (15-112) 
where 8" is defined by 
Bt = Da op E. (15-113) 
2r 25 22757 Y 


The constant At is not determined and the absolute magnitudes of the adjoint 
fluxes are therefore left arbitrary. As mentioned earlier, however, these are not 
needed since the magnitudes of the adjoint fluxes (and, incidentally, also the 
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10 15 
Distance from center of reactor, cm 
Fig. 15-1. The two-group adjoint fluxes for the reactor described in Section 10-2. 


fluxes themselves) do not appear in perturbation formulas. [See, for example, 
Eqs. (15-72) or (15-74).] 

As an illustration of the procedure for computing two-group adjoint fluxes, it is 
convenient to return to the example of the reflected spherical reactor discussed in 
Section 10-2. Then using Eqs. (15-110) through (15-113) the adjoint fluxes are 
found to be 


фа 0) = 0.7354* [nor OE ee E oe], 


Var) = At | голу — 258 X1 


r 


0-7 sinh 061. | 


—0.192r —0.3517 
e e 
за |. 
> 


yim) = 39.94" | 


—0.3517 
Wor) = 87847 Е - |. 


These functions, normalized to у, = 1 at the origin, are plotted in Fig. 15-1. The 
physical reason for the shape of the functions shown in the figure will be discussed 
at the end of the next section. 

If the core and reflector are not uniform regions as in this example, the adjoint 
fluxes can be found by solving the adjoint equations using the iterative numerical 
technique given in Section 10-3. This method is also convenient for computing 
the adjoint fluxes in a multigroup perturbation calculation. 

Incidentally, it is interesting to note that if the reactor is bare, the constant C * 
in Eqs. (15-99) and (15-100) must be taken to be zero in order to satisfy the 
boundary condition at the extrapolated surface of the reactor. The adjoint fluxes 
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then reduce to 
A*STX (15-114) 


#1 
уо = ATX. (15—115) 


апа 


It will be recalled (cf. Prob. 10-14) that for a bare reactor the fluxes are of the same 
form, namely, 

фі = AX 
and 

фо = А5 iX. . 


Thus the fluxes and their adjoints all have the same shape in a reactor of this type. 
This result is also true in the multigroup case. 


15-5 Physical Interpretation of the Adjoint Flux 


To understand the physical significance of the one-group adjoint flux, consider 
the reactivity introduced into an originally critical reactor by the insertion of a 
small absorber at the point rg. If the absorber (which is assumed not to scatter 
neutrons) has the volume V, and macroscopic absorption cross section Zap, the 
perturbation is given by the usual formula 


62, = Х.И (Г — ro), (15-116) 
and according to Eq. (15-52) the reactivity is 


— ауто), (15-117) 
у], VZyó dV 


The denominator in Eq. (15-117) is a constant which depends upon the normali- 
zations of the functions у and ф, but is independent of the nature of the perturba- 
tion. Denoting this term by the symbol C^! and solving Eq. (15-117) for (го), the 
result is 


р = 


mr cre E 
Wro) = СУТ) (15-118) 


The quantity Z;,V,$(ro) is equal to the total number of neutrons absorbed per 
second in the absorber, and it follows from Eq. (15-118) that the one group adjoint 
function y(ro) is proportional to the (negative) change in reactivity of the reactor per 
neutron absorbed per second at ro. If, for example, the absorber is placed at a point 
where V/(ro) is small, the reactivity will also be small. In other words, (ro) measures 
the importance of the point ro with respect to the reactivity introduced by an ab- 
sorber located at that point, and it is for this reason that y is also called the im- 
portance function. 

Suppose now that a small piece of fissile material of volume V, and of macro- 
scopic fission and absorption cross sections Zp and Zap, respectively, is inserted 
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atro. The perturbations in these cross sections may be written as 


ôE; = EjpVp òlr — ro) (15-119) 
and 
52g = арур (Г — Го). (15-120) 


Then according to Eq. (15-52) the reactivity of the system becomes 


== (02у ка Lap) У ру(гоЈф (То) И (15-121) 
vf, Yr уф dV 


Again, denoting the denominator by C 7! and solving for (Го) gives 


p 


p 

Vt) 7 Соз „ — X), ко) Mos 
The term (yZ;, — ар)“ рфбо) is equal to the net number of neutrons introduced 
per second in the reactor at the point ro by the fissile material. It follows from 
Eq. (15-122) that (се) is proportional to the (positive) reactivity per (net) neutron 
introduced per second by fissile material located at rọ. In view of this result and the 
conclusions of the preceding paragraph, it is evident that the adjoint function 
represents the relative importance of any local change at the point ro which either 
introduces or removes neutrons from the system. 

In a similar way the physical significance of the two-group adjoint fluxes can 
easily be established. As would be expected, the functions # (Го) and Wo(ro) аге 
proportional, respectively, to the reactivites resulting from perturbations which 
introduce or remove neutrons from the fast or slow groups. For example, if a slow 
neutron absorber (which does not scatter neutrons) of volume V, and thermal 
cross section Z», is introduced at го, the perturbation is 


629 = ZopVp é(r = го), (15-123) 


and from Eq. (15-74) the resulting reactivity is 


p = — фу Pa palolo). (15-124) 
The quantity Х/ф (го) is the number of neutrons removed рег second by the 
absorber while the value of О is independent of the presence of the absorber. Thus, 
as predicted, the slow adjoint flux, уо(го), is proportional to the reactivity per 
thermal neutron absorbed per second at ro. 
If, on the other hand, a piece of fissile material of fission and absorption cross 
sections Х гур and Z5, is placed at ro, the perturbations are 


05у == LospV p б(т = Го), 622 = ХИ é(r = ro) (15-125) 


and the reactivity is 


p = б [еу Хор У; (гојфо(то) — ®ә›Йрфә(то)Ффә(го)]. (15-126) 
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The second term in the brackets is the loss in reactivity due to the absorption of 
slow neutrons by the sample, while the first term gives the increase in reactivity 
from the additional fissions. Since there are a total of evZ5;, V,$s(rg) neutrons 
produced per second from the sample it is evident that ү; (го) is proportional to the 
gain in reactivity per neutron produced per second in the fast group at ro. 

The above results may be summarized as follows. The group adjoint function 
Va (г) is proportional to the gain or loss in reactivity of a reactor due to the insertion or 
removal of one neutron per second in the group at the point r. Another physical 
interpretation of this interesting function is given in the problems (cf. Prob. 15-12). 

It is now possible to give a physical explanation for the shape of the adjoint 
fluxes shown in Fig. 15-1. As seen in the figure, the adjoint functions have some- 
what a reverse behavior from the fluxes shown in Fig. 10-4. In particular, the fast 
adjoint is less than the slow adjoint in the core although the fast flux is greater 
than the slow flux in the same region. From the discussion in Section 10-2, it will 
be recalled that the reason why фе is less than фі, is that the thermal absorption 
cross section in the core is greater than the slowing-down cross section. As a 
result, the thermal flux is depressed below the value of the fast flux. Viewed in a 
different way, the fact that Za, > 21; also means that neutrons introduced into 
the slow group are absorbed at a greater rate and therefore contribute more directly 
to the chain reaction than neutrons introduced into the fast group. This is equiva- 
lent to saying that neutrons added to the slow flux are more important than neutrons 
added to the fast group, and this is the reason why the fast and slow adjoints or 
importance functions have a behavior which is the reverse of that shown by the 
fluxes. In short, it takes more fast neutrons than slow neutrons (more precisely, 
dic > фәс) to keep the reactor described in Section 10-2 critical. Neutron for 
neutron (ог “flux for flux") the slow neutrons have a greater effect on the reactor 
than the fast neutrons, and hence Yie < ұз, as shown in Fig. 15-1. It must be 
emphasized, of course, that these conclusions only apply to the reactor in question. 
The physical principles are applicable, however, to all reactors. 


15-6 Some Applications of Perturbation Theory 


There are a great many reactor problems which can appropriately be treated by 
perturbation theory. A few of these will now be discussed for the purpose of 
illustrating the use of the perturbation formulas derived in the preceding sections. 


Partially inserted control rod. Perturbation theory cannot be used to 
determine the worth of a control rod unless the rod is a weak absorber of neutrons. 
With strongly absorbing rods, the worth must be computed using the methods 
which were given in Chapter 14. It will be recalled that in Chapter 14 it was always 
assumed that the rods were fully inserted in the reactor. If the rods are partially 
inserted, the problem is too complicated to be handled by ordinary analytical 
methods. In this case, perturbation theory can be used to provide a satisfactory 
estimate of the worth of the partially inserted rod relative to its worth when fully 
inserted. 
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Fig. 15-2. Control rod partially in- Fig. 15-3. The worth of a partially inserted 
serted along the axis of a bare cylindri- control rod as a function of its distance of 
cal reactor. insertion. 


Center of 
“+ coordinates 


р(х)/о(Н) 


0 


The present discussion will be limited to a central rod of radius a located іп а 
bare cylindrical reactor of extrapolated radius R and height H, as shown in Fig. 
15-2. It will be assumed that the rod absorbs but does not scatter neutrons. For 
simplicity, one-group theory will be used; the two-group problem is given in the 
exercises at the end of the chapter (cf. Prob. 15-13). It is convenient to take the 
center of the coordinate system at the top of the cylinder (cf. Fig. 15-2). Then 
with the rod inserted the distance x, the perturbation is 


Za, OX ZS x, OS rsa, 


es | otherwise, (15740 


where Zap is the macroscopic absorption cross section of the rod. In this co- 
ordinate system the unperturbed flux is 


У ay ie (22) sin (52). (15-128) 


Introducing Eqs. (15-127) and (15-128) into Eq. (15-53) and noting that the 
volume element is 27r dr dz, the reactivity due to the rod inserted the distance x is 


2n A?Z,, Је Jà(2.405r/ К) dr } sin? (т2/Н) dz. 


х) = — - 15-129 
p(x) of 3/62 dV ( ) 

When the rod is fully inserted the reactivity is 
ХН) = — 2r A?Z,, Је Jo(2.405r/R)r dr Јо sin? (т2/Н) dz (15-130) 


vf, >/ф? dV 
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Dividing the last two equations gives 


г. 


_ jo sin? (т2/Н) dz _ E Ма: e )| _ 
p(x) = р(Н) Tf sin? сн) dz p(H) |j — 3 sin | og (15-131) 


In using Eq. (15-131), the fully-inserted worth о(Н) is to be computed by using 
the methods of Chapter 14 or is to be determined from experiment. Since only 
relative worths appear in Eq. (15-131), this formula then can be applied even to 
strongly absorbing rods. Incidentally, despite the fact that Eq. (15-131) was de- 
rived for a central rod, it also gives the worth of a partially inserted eccentric rod, 
provided the appropriate value is used for р(#). 

Equation (15-131) is plotted in Fig. 15-3. It will be observed that the greatest 
change in the reactivity per unit distance of insertion, i.e., the maximum derivative 
of p(x), occurs when the rod is half-way inserted. This is due to the fact that when 
the end of the rod is in the center of the reactor it is moving in the region of greatest 
importance. 


Nonuniform fission-product poisoning. It was shown in Chapter 13 
that fission-product poisons generally do not accumulate uniformly in a reactor, 
and exact numerical methods were discussed in that chapter for handling problems 
involving nonuniform poison distributions. Certain problems of this type can 
also be treated by perturbation theory. 

Consider, for example, the reactivity equivalent of equilibrium Xe!?5, Ac- 
cording to Eq. (13-100) the equilibrium xenon concentration at the point r in 
atoms/cm? is given by 

_ От + Yx)Z/(r)e(r)y/osx , = 
Х.(т) ега C ^ (15-132) 


where the symbols* are all defined in Section 13-2. To find the reactivity due to 
this distribution of poisons by perturbation theory, the entire poison distribution 
is treated as the perturbation, that is, 


62, = Хо(тбах. (15-133) 


Scattering by the xenon can be neglected since its absorption cross section is so 
large compared with its scattering cross section. Using the one-group perturbation 
formula (Eq. 15-53) the reactivity is then 


3 
р = — сч | ОФ (у. (15-134) 
vf, Zo? dV Y ox + Фф 


Except in special cases, Eq. (15-134) must be evaluated numerically. 


* The symbols denoting thermal averages of the cross sections and the flux are omitted 
for simplicity. 
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Danger coefficients. The effect on a reactor of introducing a small amount 
of foreign material is often expressed in terms of the danger coefficient. This is 
defined as the change in the reactivity of the system per gram (or, frequently, per 
mole) of the material, and will be denoted as pp. This coefficient, which is a 
function of the location of the material, can be computed by perturbation theory. 
Since a foreign material generally alters the moderating as well as the absorption 
properties of a reactor, it is usually necessary to calculate danger coefficients with 
two-group (or multigroup) perturbation theory. 

For the moment it will be assumed that the foreign material is neither fissile nor 
fissionable. It will also be assumed that no displacement of reactor material occurs 
when the foreign matter is introduced in the system. This is the case, for instance, 
when a sample is placed in a vacant beam tube. Then, noting that 1 gram of ma- 
terial occupies dọ * cm?, where dọ is its normal density, the perturbations in the 
two-group parameters, when the material is inserted at the point ro, are 


Уу = È за, alt — ro), — 822 LX òlr — ro), (15-135) 
0 


d do 
6D, = 1 Dip ó(r TE T9), 6D» =1 Dap ó(r Га го), (15-136) 
do do 


where Zip, Бор Dip, and Рз are the two-group parameters for the material at 
normal density. Inserting the above perturbations into Eq. (15-74) gives the fol- 
lowing formula for the danger coefficient: 


рр = ai E Ру. (То) · Voi (Го) 
— 2 12 (тојфи(Го) + p Ziof2(ro)ói(ro) 
— ПоУџ(То)· Véz(to) —— | , (15-137) 


where О is given by Eq. (15-73). 

If the reactor is liquid moderated, the introduction of foreign material may 
simultaneously displace reactor material. In this case the perturbations may 
be written as 


62, = i (Zip — 21) ôr — го), 22 = + €» — Хз) or — ro), 
(15-138) 
BD, = (Dip — Di) ale — по, арз = J; (Day — Da) ale — го), 
(15-139) 
where 21, 2, Ру, and D; refer to the displaced reactor material. When these ex- 


pressions are used in Eq. (15-74), a formula is obtained which is similar to, but 
much more complicated than, Eq. (15-137). If the inserted material is fissile, it is 
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necessary to add the perturbations 


1 1 
825; = do Zorp (f — Го) 622 = d; (1 + а) Хол (7 — ro) (15-140) 
or 


1 1 
85у = do (Zesp — Хэу) 6(7 — ro), 22 = d (1 + а) (Zorp — Lays) (7 — го), 
(15-141) 


depending upon whether or not fuel material is displaced by the inserted material. 

Danger coefficients can be measured by observing the stable period of an 
originally critical reactor following the insertion of a small quantity of material. 
The reactivity of the system is related to the period in the manner discussed in 
Chapter 12. Measurements of this type can also be used to determine absorption 
cross sections. For example, if the scattering cross section is small compared with 
the absorption cross section and the sample is located at a point where the gradient 
of the flux is small, the reactivity, according to Eq. (15-137), is proportional 
to Z25/do. Therefore, by comparing the periods of a reactor when samples of 
known and unknown absorption cross sections are inserted at the same point, 
it is possible to measure an unknown cross section in terms of the known cross 
section. Unfortunately, in most instances where this method is most useful, the 
scattering cross section is not small compared with the absorption cross section, 
and appropriate corrections must be made. 


15-7 Orthogonality and Adjointness 


Throughout much of this book eigenfunction expansions have been utilized in 
solving a variety of problems. The reader may recall, however, that these expan- 
sions were used only in connection with one-group problems. The application of 
eigenfunctions in two-group or multigroup problems has been carefully avoided. 
The reason for this apparent inconsistency is related to the orthogonality properties 
of the eigenfunctions. Thus as will now be shown, two-group and multigroup 
eigenfunctions do not form orthogonal sets in the usual sense. 

Before discussing the more general problem, it will be helpful first to review the 
orthogonality of the one-group eigenfunctions. Consider therefore a uniform, 
bare reactor which may or may not be critical. For simplicity the delayed neutrons 
will be ignored; in any event, they do not alter the results of the present argument. 
The one-group time-dependent equation is then 


Dyv^o(r, 1) + (ke — 5,0,0) = 1 99055. (15-142) 


As in Chapter 9, if separable solutions of the form 


olr, 1) = TO 
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are sought, the function T(t) is given by T(t) = e*', where w is the separation 
constant. The space-dependent part of the flux then satisfies the equation 


DV*$(t) + (ko — 1)5ф(т) = = Ф0) (15-143) 
or | 
ру?ф(г) + |o. — zx — d é(r) = 0. (15-144) 
Writing 
_ Keo — Za — о/р, к 
В? = D (15-145) 


Eq. (15-144) reduces to the reactor equation 
угфт) + В?д(т) = 0. (15-146) 


It has already been shown that Eq. (15-146) is an eigenvalue equation. That is, 
there are only certain values of B?, denoted by B2, for which there are nontrivial 
solutions to the equation which also satisfy the boundary conditions. Thus 
Eq. (15-146) must be written as 


у2ф.(т) + B26,(r) = 0. (15-147) 


Now since В? and w are related through Eq. (15-145) it will be clear that w may 
have only certain values, ‹о„, and it follows that о, may also be considered to be ап 
eigenvalue of Eq. (15-144). This equation can therefore be written as 


[DV? + (ke — Тави) = F dnl) (15-148) 
or, equivalently, as 
оМфи(г) = опфи(г), (15-149) 


where M is the one-group reactor operator: 
M = DV? + (ka — X. (15-150) 


Equation (15-149) presents the reactor equation in a form which is convenient for 
discussing the orthogonality of the eigenfunctions. 
To demonstrate this orthogonality, the equation for the mth eigenfunction, 
namely | 
v Mos(r) = Фтфһ(Т), | (15-151) 


is multiplied by ¢,(r), while Eq. (15-149) is multiplied by ¢,,(r). The two equations 
are then subtracted and integrated over the volume of the reactor; the result is 


о [ ы) МФ) — ФМФ (C) AV = (on — шы) | Фабио а. 
V У 
(15-152) 
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It was shown in Section 15-2 that all one-group operators are self-adjoint, so that 
f &x(0M$.(r) dV = | ФМФ (т) dV. (15-153) 

y У 
The left-hand side of Eq. (15-152) therefore vanishes and this equation reduces to 


f Ф„(т)ф,(т) dV = 0, (15-154) 
, 


when m > n. This shows that the eigenfunctions of the one-group equation form ап 
orthogonal set. Although this result was derived for a uniform reactor, it can be 
shown to be valid for a nonuniform reactor by simply treating M as a space- 
dependent operator. It will be recalled that M is still self-adjoint in this more 
general situation. 

The above procedure can easily be extended to two-group or multigroup prob- 
lems. The two-group equations analogous to Eq. (15-142) are 


la 

DV? — Bids + oarba = ;- =, (15-155) 
1 à 

роу фу — 7фә +  pXiéi = p 202, (15-156) 


where v, and р» are the average speeds of the neutrons in the fast and slow groups, 
respectively. These equations may be written in operator form as 


vM¢ = 9$, (15-157) 
where M is the two-group operator defined earlier, ф is the two-component flux, 


and у is the diagonal matrix 
v= °) . (15-158) 
0 02 


If separable solutions to Eq. (15-157) are sought as in the one-group problem, 
the resulting eigenfunction equation is 


УМФ, = Wabn- (15-159) 


However, unlike the one-group eigenfunctions, the eigenfunctions determined by 
Eq. (15-159) do not form an orthogonal set. Thus multiplying Ед. (15-159) by 
фу, and the corresponding equation for the mth eigenfunction by ф,, subtracting, 
and integrating gives 


f Геауме, — PMen] dV = (ал — Om) | Фифь dV. (15-160) 
У У 
Since М (or rather vM) is not self-adjoint, the left-hand side of this equation does 


not vanish as it did in the one-group case. It must be concluded, therefore, that 
the eigenfunctions of the two-group operator do not form an orthogonal set. 
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Consider now the eigenfunctions of the equation adjoint to Eq. (15-159). It can 
easily be shown (cf. Prob. 15-19) that the eigenvalues of this adjoint equation are 
precisely the same as the eigenvalues of the flux equation. The mth adjoint eigen- 
function therefore satisfies the equation 


Mtvym = onn. (15-161) 


It should be noted that the v-matrix must be written following the operator Mt 
as can be verified by carrying out the matrix multiplication term by term. Multi- 
plying this equation by фл and Eq. (15-159) by Ym, subtracting, and integrating 
over the volume of the reactor gives 


S WnvMbn — bnM*Wm] dV = (ex — әт) | Ҹаф, dY. (15-162) 
y y 
From the definition of the adjoint operator, 
/ у„УМФ, dV = f pn (YM) Ym dV. (15-163) 
V y 


It is easy to show that the adjoint of the product of two operators is the product 
of their adjoints in reverse order. Furthermore, since the matrix v is diagonal, 
vt = у. Equation (15-163) then reduces to 


[ Mon dV = | М dV. (15-164) 
V y 


The left-hand side of Eq. (15-162) therefore vanishes, and the result is obtained 
that 
чь dV = 0, (15-165) 
V 


when m zé n. Thus the two-group flux eigenfunctions are orthogonal to the two- 
group adjoint functions. This conclusion can be generalized to the multigroup case. 
Thus regardless of the number of groups, corresponding flux and adjoint eigenfunc- 
tions are orthogonal. The flux and adjoint eigenfunctions in this case are said to 
form a biorthogonal set. 

The biorthogonality of the eigenfunctions and their adjoints is of enormous im- 
portance in reactor theory. In particular, it means that it is possible to expand any 
reasonably well-behaved multi-component vector function in a series of eigen- 
functions, and determine the expansion coefficients even though these functions 
are not orthogonal among themselves. Thus if the function f(r) is expanded as 


f(r) = У Агфа(, (15-166) 


the coefficients 4, can be found by multiplying both sides of the equation by 
Ym(r) and integrating over the reactor volume. The biorthogonality condition 
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then gives 
A, = KHODA (15-167) 
Sp #һ(т)Ф(т) dV 


Using expansions such as Eq. (15-167), it is possible to treat a number of impor- 
tant reactor problems which were omitted in the earlier chapters of this book. 
These include the multigroup theory of subcritical reactors, the kinetics of reflected 
reactors, and so on. Some of these problems are discussed in the exercises at the 
end of the chapter. 
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Problems 


15-1. (a) Show that the operator adjoint to 


n—1 
М = љо) 2, сар BU c p fle) 25 ~ + fal) 
15 
m 
-y7 -AWH = E fio) + fh). 


(b) In the special case of n = 2, derive a relationship between fo(x) and fi(x) which 
must be satisfied if the operator is to be self-adjoint. 

15-2. Show explicitly that the one-group operator for a refiected slab reactor is self- 
adjoint. 

15-3. A live, but slow-moving fish, approximately 0.2 liter in volume, is tossed into a 
critical swimming-pool reactor by a disgruntled nuclear engineering student. The reactor 
core may be treated as a sphere 60 cm in diameter containing a concentration of U?35 
sufficient to achieve criticality, and the pool may be taken to be infinite. The moderating 
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properties of the fish are the same as those of water, and its average macroscopic absorp- 
tion cross section is =, ~ 0.1 cm-!. (a) Using one-group theory, compute and plot 
the negative reactivity introduced by the fish as a function of its position in the pool. 
(b) Determine the stable period of the reactor as a function of the position of the fish. 
[Моге: Where the facilities are available, this makes a splendid experiment.] 

15-4. Using one-group perturbation theory, derive a formula for the effectiveness of a 
small cylindrical control rod of radius a located in a bare cylindrical reactor (a) at the 
axis, (b) off-axis. Compare your formulas with those derived in Chapter 14. 

15-5. In computing the effectiveness of control rods in Chapter 14, it was assumed that 
when a control rod is removed from a reactor the space occupied by the rod is filled with 
core material, and conversely, when a rod is inserted a slug of core material is expelled 
from the reactor. In other words, it was assumed that each rod has a fueled follower. 
(a) Derive one-group and two-group formulas for the error introduced by this assumption 
if the rod does not have such a follower. (b) Evaluate this error for the control rod 
described in Problem 14-2. 

15-6. In a pulsed-neutron experiment with a bare assembly of moderator, the thermal 
flux is measured with a small detector, located at the point ro, having volume V; and 
macroscopic absorption cross section 5а. Using one-group perturbation theory, show 
that the presence of the detector changes the observed decay constant by approximately 


» vp VaS abi (ro) : 


AX = 
Јфт аў 


where рт is the speed of neutrons having the energy kT (cf. Eq. 8-11). 
15-7. Verify the formulas for C+, F*, and G* given in Eqs. (15-110) through (15-112). 


15-8. Compute and plot the two-group fluxes and adjoint fluxes for the reactors described 
in (a) Problem 10-16, (b) Problem 10-17, (c) Problem 10-19. 


15-9. Show that the adjoint of the multigroup operator is the transpose of the multigroup 
operator. 


15-10. (a) Write down the reactor operator for a directly coupled multigroup calcula- 
tion. (b) What is the adjoint operator? 


15-11. A small void forms (for instance, by boiling) at the center of a critical, bare, 
spherical, thermal reactor containing no resonance absorbers. (a) Using two-group 
perturbation theory, show that if the reactor consists of a liquid fuel-moderator mixture 
of fixed density, the reactor falls subcritical. (b) Show that if the reactor is quasihomo- 
geneous with a liquid moderator-coolant and the void forms in the liquid, the reactor 
becomes supercritical unless c*rrLz/R* > 1, where R is the radius of the reactor. 
[Hint: Treat the void as a medium with negative atom density; in part (b), 620, = 0.] 


15-12. At the time г = 0 a neutron is introduced into a critical reactor at the point ro. 
In one-group theory the flux at г = 0 becomes ф(г, 0) = Ау(т) + v ôr — ro), where 
A is a constant depending upon the initial power of the reactor, ф1(т) is the fundamental 
eigenfunction, and v is the one-group speed. With the introduction of the neutron, the 
neutron balance is disturbed (although the reactor is still critical) and for : > 0 the 
flux can be written as 


Ф, D = У Capac", 
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where w, < 0 for n > 1. Determine the constants C, and show that the ultimate flux 
at any point in the reactor is larger than the initial flux (? < 0) by an amount which is 
proportional to the importance of the point ro. 


15-13. Using two-group perturbation theory, derive an expression for the relative worth 
of a partially inserted control rod in a bare cylindrical reactor, and compare with Eq. 
(15-131). Explain your result physically. 


15-14. In an effort to obtain a uniform flux and also to simplify the control system, the 
control rods in most power reactors are usually ganged, that is, connected to the control 
circuitry in such a way that several rods (a “gang’’) move together. (a) If all the rods 
in the reactor, whose lifetime control requirements are shown in Fig. 13-7, operate as 
one gang (a most unlikely situation), plot the relative distance of insertion of the rods as 
a function of time from startup to shutdown. (b) If the rods operate in two gangs of 
equal worth, plot their distance of insertion if the second group of rods is not moved 
until the first is entirely removed from the reactor. 


15-15. A large, natural uranium-fueled, graphite-moderated research reactor is a bare 
cube 25 ft on a side. With the reactor operating at a power of 25 MW(th), the maximum 
thermal flux is 5 X 10!? neutrons/cm?-sec. Calculate the negative reactivity due to 
equilibrium Xe135, 

15-16. (a) Using one-group perturbation theory, derive a formula for the reactivity due 
to equilibrium Sm!*?, (b) Apply this formula to the reactor described in the preceding 
problem. 


15-17. Using the results of Problems 10-16 and 15-8, compute the danger coefficient 
at the center of the reactor described in Problem 10-16 for the following substances: 
(a) D20 (in a small container), (b) Be, (c) Fe, (d) U?35, 
15-18. For some reason, the temperature suddenly increases by the amount AT through- 
out a cylindrical region of radius a along the center of a critical, bare, cylindrical reactor 
of radius R. The reactor is homogeneous and contains no resonance absorbers. By 
treating as perturbations the changes in the reactor parameters arising from the change 
in temperature, compute by one-group theory the reactivity introduced into the reactor 
by this local temperature rise. 
15-19. Show that corresponding eigenvalues of the reactor operator and its adjoint are 
equal. 
15-20. Show that the transpose of the product of two matrices is equal to the product 
of their transposes but in reverse order. 
15-21. A point source emitting a continuous spectrum of neutrons is placed in a medium 
of arbitrary geometry. (a) Show that the multigroup diffusion kernel is determined by 
the equation 

MG(r,r) = S ôf — г), 


where M is a multigroup operator and S is the source vector whose jth component is 
equal to the fraction of the source neutrons emitted in the jth group. (b) Write down M 
for a medium which does not contain fissionable material. (c) What is M* for the medium 
in (6)? (d) Show that the reciprocity theorem is G*(r, r) = G(r’, r), where G*(r, r^) 
satisfies the equation 

M*G*(r,r)-Só(r-—r). 
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15-22. Show that the two-group fluxes in a reflected subcritical reactor are given formally 
by the expression 


Фе) = | SEGE, г) av”, 
where S(r’) is the source vector (cf. Problem 15-21) and 


, Ont n) 
Ger) = >> o. fis. dV" 
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Miscellaneous Constants 


and Data 


Quantity 


Avogadro’s number 
Boltzmann’s constant 


Classical electron radius 
Electron rest mass 
Elementary charge 


Fine structure constant 


Neutron rest mass 


Planck's constant divided by 2r 


Proton rest mass 


Speed of light 


Table I-1 
Physical Constants* 


Symbol or 
definition 


Мр 


c 


Value 


0.602252 x 102+ (gm:mole)-! 


1.38054 X 10-719 erg (°К)-! 
8.617065 x 10-5 eV (°К)-! 
2.81777 X 10-1? cm 
9.1091 x 10—28 gm 
5.48597 X 10-* amu 
0.511006 MeV 

1.60210 x 10-1? coul 
7.29720 x 10-3 

1/137.0388 

1.67482 X 10—24 gm 
1.0086654 amu 

939.550 MeV 

1.05450 X 10—27 erg:sec 
6.58199 x 10—16 eV-sec 
1.67252 X 10—24 gm 
1.0072766 amu 

938.256 MeV 

2.997925 x 1019 cm:sec^! 


* The values are those recommended by the Committee on Fundamental Constants of the 
National Academy of Sciences-National Research Council. See Physics Today, February 1964, 


p. 48. 
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Miscellaneous Constants 


and Data 


Quantity 


Avogadro’s number 
Boltzmann’s constant 


Classical electron radius 
Electron rest mass 
Elementary charge 


Fine structure constant 


Neutron rest mass 


Planck’s constant divided by 2r 


Proton rest mass 


Speed of light 


Table I-1 
Physical Constants* 


Symbol or 
definition 


м, 


c 


Value 


0.602252 x 102+ (gm:mole)-! 


1.38054 x 10-18 erg (°К)-! 
8.617065 x 10-5 eV (°К)-! 
2.81777 X 10-13 cm 
9.1091 x 10—28 gm 
5.48597 X 10-* amu 
0.511006 MeV 

1.60210 x 10-1? coul 
7.29720 x 10-3 

1/137.0388 

1.67482 X 10—24 gm 
1.0086654 amu 

939.550 MeV 

1.05450 X 10—27 erg:sec 
6.58199 x 10—16 eV-sec 
1.67252 X 10—24 gm 
1.0072766 amu 

938.256 MeV 

2.997925 x 1019 cm:sec^! 


* The values are those recommended by the Committee on Fundamental Constants of the 
National Academy of Sciences-National Research Council. See Physics Today, February 1964, 


p. 48. 
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Table I-2 


Units and Conversion Factors 


1 joule 

1 watt 

1 day 

1 mean year 


1 curie 
1°K 

1 kg 

1 in. 

1 ft 

1 ft? 

1 hp 
ок 


e a M" 


1.60210 x 10-1? joule 
1.60210 x 10-12 erg 
108 eV 

1.60210 x 10-1? joule 
1.660438 x 10-?* gm 
931.478 MeV 

1.49232 x 10-3 erg 
107 erg 

1 joule/sec 

86400 sec 

365.25 days 

3.156 X 107 sec 
3.7000 x 101? disintegrations/sec 
8.617065 x 10-5 eV 
2.205 Ib 

2.540 cm 

30.48 cm 

2.832 X 10* cm? 
0.7457 kW 

—273.15?C 


А — 
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Table I-3 


Some Isotopes of Importance in Nuclear Engineering 


Atomic Abundance, > та, су, 
number Isotope atom % half-life barns bame 
0 n 12m 
1 H! 99.985 332 mb 
н? 0.015 0.5 mb 
H3 12.26 y 
3 Li? 7.42 945 
Li? 92.58 37 mb 
5 B10 19.6 3837 
Bii 80.4 5 mb 
6 C12 98.89 3.4 mb 
C13 1.11 0.9 mb 
ст 5770 у 
7 N14 99.63 1.85 
N15 0.37 24 ub 
8 016 99.759 0.178 mb 
017 0.037 0.235 
O18 0.204 0.21 mb 
53 ]135 6.7 h 
54 Хе135 9.2h 2.7 X 1061 
61 Pm!49 54.4h 
62 Sm149 13.83 40,800? 
90 Th232 100 1.41 X 1019 y 7.4 
Th?33 22.1 m 1500 15 
92 17233 1.62 х 105 у 573.11 524.51 
07234 0.0057 248 x 105 у 95 
07235 0.72 7.13 х 108 y 678.21 577.11 
0236 2.39 х 107 y 6 
U238 99.27 4.51 x 10? y 2.73 
U239 23.5 m 22 14 
94 Ру239 24360 у 1014.51 740.61 
Pu?240 6760 y 286 0.03 
Pu?41 13 y 1375 950 
Pu?42 3.79 x 109 y 30 «0.2 


* Cross sections at 0.0253 eV or 2200 m/sec. (From BNL-325, 2nd ed. 1958 plus supplements 
1 and 2, 1960, 1964, and 1965.) 
t Non-1/v absorber; see Table 8-1, p. 255, for non-1/v factor. 
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APPENDIX II 


Special Functions 


The properties of several transcendental functions which are important in reactor 
theory are summarized in this Appendix. References to these functions and avail- 
able tabulations are given at the end of the Appendix. 


II-1 The Delta Function-Singular Source Distributions 


The delta function, written 6(x), is defined to be zero for all values of x except 
x = 0. The integral of (х) is finite, however, provided the range of integration 
includes the point at x = 0, and the value of this integral is taken to be unity. 
In summary, 


d(x) = 0, x #0 (II-1) 
b : : 
| are | ifa<0 « b, (11-2) 
E 0, otherwise. 


The defining relations do not include the possibility that either a or b may be Zero, 
and it is necessary to extend the definition of 5(x) as follows: 


a 0 
Í &(x)dx = — / 5(x) dx = 4. (1-3) 
0 а 


Integrals involving delta functions сап easily be evaluated. Consider, for in- 
stance, the integral 


un f(x) 8(x) dx. 


Since à(x) is zero everywhere except at x = 0, there is no contribution to the 
integral except at that point. However, unless f(x) is singular at x = 0, it will 
change very little in a small interval near x = 0 and can be taken out of the in- 
tegral; thus 


| год 50) dx ~ f) f год dx = Ло), (11-4) 


where e is an arbitrary small number. If f(x) is singular at x — O, the integral 
562 


SPECIAL FUNCTIONS 563 


does not exist. Although the limits on the above integral are from — oo to +o, 
Eq. (II-4) is valid for any range of integration which includes the point x = 0. 
Thus, 
Я ЛО), а < 0 < Б, 
[, 700 80) х = 4 ру), йа = 0, (1-5) 


0, otherwise, 


provided 7(0) exists. 
In terms of the above definitions it is easy to derive the following relations: 
d(x — x’) = 0, x zx, (11-6) 
f(x), ifa « x <b, 
b 
| f f(x) (х — x) dx = \%/(х'), ifa = x’, (II-7) 


0, otherwise, 
provided f(x’) exists. 

It is important to note that 5(x) is an even function; that is, 6(—x) = 6(x). This 
can be seen by letting f(x) in Eq. (II-4) be any odd function and noting that the 
integral of the product of an even function and an odd function is zero. 

Singular source distribution functions can usually be written in terms of delta 
functions. However, the appropriate representation of such a source function de- 
pends upon both the nature of the source and the geometry of the system under 
consideration. For example, the neutron source density s(x) for a planar source 
lying in the YZ plane at x = 0 and emitting S neutrons/cm? per sec can be repre- 
sented by 

s(x) = 5 6(x). (II-8) 


For an isotropic point source located at the origin and emitting S neutrons/sec, 
the source density is given in rectangular coordinates by 


s(x, y, Z) = S é(x) б(у) 6(2). (II-9) 


It will be noted that the integral of s(x, y, z) over all space is equal to S. This re- 
sult must be obtained regardless of the coordinate system used to represent the 
source. Thus in spherical coordinates, a point source at the origin is represented by 


ya 2. (11-10) 


2rr2 


The integral of this density function is 


” 560) i 
| s(r)dV = [ rr Aer? dr = 25], (7) dr = S, 


in view of Eq. (1-3). 
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The density function in cylindrical coordinates for an infinite line source at 
r = 0 emitting S neutrons/cm per sec is 


Sa). 


тг 


s(r) = (II-11) 
- It is often necessary to have expansions of the various singular source functions 
in eigenfunctions of the infinite slab, infinite cylinder, and sphere. These are given 
by the following formulas: 
Infinite slab, thickness a (—a/2 < x < a/2), planar source at x’: 


25 птх птх'. . [птх\ . (птх 
— / —4 — — — o — 
Slx — x’) = E РЭС = Jes( a ) + У sa( 5 ) sin ( = )| 


(II-12) 
Infinite cylinder, radius R, infinite line source at r = 0: 
| S). S чл ; : 
етш 2 JoGxar/ К) Лха), (1-13) 
where Jo(x4) = 0; 
Sphere, radius R, point source atr = 0: 
S é(r) S < . [nar 
2172 — OR? >, cae (=) UEM) 
n= DL 
II-2 The Exponential Integral Function 
The function Ei( — x) defined by 
ou 
—Ei(—x) = J = ди, x > 0, (II-15) 


is known as the exponential integral function. This function appears in many 
problems of neutron diffusion. At x = 0, — Ei(— x) is singular but then decreases 
to zero more rapidly than e~* as shown in Fig. H-1. 


II-3 The Functions E,(x) 


The functions E,(x) are generalizations of the exponential integral function. These 
are defined as follows: 


и" 


E,(x) aj e du, (1-16) 


which can also be written as 


© 


E,(x) = х"! || е; | (II-17) 


т un 


SPECIAL FUNCTIONS 565 


Fig. II-1. The exponential, exponential-integral, and error functions. 


When n = 0, the integral can be carried out with the result 


—7 


E(x) = <. (1-18) 


Ei | — mg cry (II-19) 


Using integration by parts it is easy to show that 


1 


E,(x) = п — | 


[6° — xE, 10] n> 1. (II-20) 
It follows from Eq. (II-20) that for n > 1 the Е„(х) functions can be expressed 
in terms of E,(x) = —Ei(—x). However, since diffusion problems often involve 
functions with n = 3 or n = 4, it is easier to use tabulated values of E,(x) rather 


than expressions involving — Ei(—x). For other properties of E,(x) see Problem 
11-12. 


II-4 The Error Function 
The error function, which is denoted by erf (x), is defined by the integral 


2 li —и? 
erf (x) = Te || e du. (II-21) 


This function is the area under the Gaussian function 2е "ут from и = 0 
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to u = x. It follows that erf (x) is a monotonically increasing function of x as 
shown in Fig. II-1. The total area under the Gaussian from и = 0 to = oo is 
unity, so that erf (oo) = 1.. 

The Maclaurin series for erf (x) is 


2 x? x? x? 
ст) = 2 (x – тү + Sy Fat) . (11-22) 
and for large x, 
2 
e^ 1 1-3 1-3-5 
eto) = 1 - <li а + узи оза]. (1–23) 


II-5 Bessel Functions 


The solutions of reactor problems in cylindrical coordinates frequently involve 
Bessel functions. Some useful properties of these functions are summarized here. 


Ordinary Bessel functions. Bessel’s equation is: 


ao 14 2 nm\ _ 
du ee \“* х8 ф = 0, (11-24) 
where o and n are constants. If n is not an integer or zero, the two independent 
solutions to this equation are denoted by 


ф(х) = eee (1-25) 
Ј_„(ох). 


If п is an integer or zero, however, these two functions are not independent, and 
the two solutions are usually written as* 


ф(х) = eee (1-26) 
У (ох). 


The functions J,(z) and У, (2) are known as ordinary Bessel functions of the first 
and second kind, respectively. In the following it will be assumed that п is an 
integer or zero and that z is real; this is the case in most reactor problems. 

The function 7, (2) is finite for all values of 2; Jo(z) is shown in Fig. II-2. About 
the origin, J,,(z) has the following series expansion: 


.l(zYy|.. _GPy а у - | Я 
A0 = Fi G) | lie + 57 Zn + Da + 2) (0220 
* In German texts and in much of the recent literature of mathematical physics the func- 
tion У,(2) is denoted by N,,(z). 
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Fig. II-2. Ordinary and modified Bessel functions of zero order. 


For large values of 2, J,(z) has the asymptotic behavior: 


Ј,(2) = NE cos -3 — = = (n + pl: (II-28) 


The function Y,(z) is singular at 2 = 0 and is given by the following series: 


Y,(z) = 2 [m (3) у. > 6) Ја) 


_ 134 (n — m — 1) 
T пай mY(z/2y 2" 


ps "EPA - 1 
-t ~ a ( + st) | (29) 


Pom + my = 5 +"п 


where Y = 0.57722 is Euler's constant. When n = 0, the summation in the first 
bracket and the sum from m = 0 to m = n — 1 in the second term do not ap- 
pear. Equation (II-29) then reduces to 


Yo(z) = = inz — 0.11593 (2) — Z » (—-1)" em È (E ) (11-30) 
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For small values of z, Y,(z) behaves as 


у) —— 2 [nz — 0.11593], n = 0, (1-31) 
E 1 n : 
She @— (2) ud dut. (11-32) 
2—0 7T 2 


For large z, Y,(z) has the asymptotic form 


Ү.(2) — 4 sin |: — 2 (n + 5| (II-33) 

It may also be noted that 
Ј_„(2) = (Phn), 
У_„(2) = (—1)*Ү„(2). 


Modified Bessel functions. If the quantity o? in Eq. (II-24) is negative, 
Bessel’s equation takes the form 


4% 12 ae, у S 


(11-34) 


When п is not an integer or zero, the two independent solutions are denoted by 
ф(х) = pots (1-36) 
1_„(ох). 


Again, if п is zero or an integer, these functions аге пої independent and the two 
solutions are written as 
L(ox), 


К.(ох). 


Ф(х) = | (1-37) 


The functions 1,(2) and K,(z) are called, respectively, modified Bessel functions 
of the first and second kind.* They are related to the ordinary Bessel functions as 
follows: 

I,(z) = i7"Jn(iz) (II-38) 
and 
K,(z) = 5 i sz) + iY,(iz)]. (11-39) 


The series expansion of 1,(2) can be obtained from Eqs. (11-27) and (11-38); 


thus 
га (У (2/2)? (2/2)* |. 


* Modified Bessel functions are sometimes called hyperbolic Bessel functions. 
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For large values of z, 1,(2) behaves as 


re) —— ; 2 (1-41) 
V LT. 


Like Y,,(z), the function K,(z) is singular at z = 0 (cf. Eq. II-29). The series 
representation about this point is 


K,(2) = (71 BE >) + у – > ©) (2) 


„ (п — m— 1)! 
+1 о" aa 


m=0 
" © 2 n+22m m 
xm 93, ў п)! G+ s+ na 558 


The similarity between this expansion and that of Y,(z) should be noted. For 
= 0, Eq. (1–42) gives 


© 2m m 
Коб) = —[Inz — 0.115930) + У) с: 2 У (4). (1-43) 
т==0 | 8==1 


For small values of 2, K,(z) behaves as 


K,(z) —— — [Inz — 0.11593], п = 0, (1–44) 
2—0 
Кы — irs dl (2) qud o ы (1-45) 
2-0 
For large z, 
" РЕР 
К,.(2) S. 2z e . (11-46) 
Relations similar to those given in Eq. (1-34) are 
I.4(z) = (2), K_,(z) = Ka). (1-47) 


Some useful formulas. The following formulas, which are written іп 
terms of J,(z), are also valid for Y,(z) and for any linear combination of Ј,(2) 
and Y,(z): 


22 Јаја) = hi) + Лаб), (1-48) 

2950) ро) а) OL cre, 49) 
/ Ji(zg dz = &z"JZ(z) — Ja 102), 6102), (II-50) 
[02 а = aeuo) + ЛО), (1-51) 


f Ji) dz = —Jo(z), | Jo(z)z dz = zJy(z). (1—52) 
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Important relations connecting J,,(z) and Y,,(z) are the following: 


MO Ya 160) — Jn—a(2) Yne) = = 


„гш EO _ Pal) уд = 2. 


(a? — в?) f Jo(azVo(Az)z е azJ,(azWo(62) — Вэ/е(олуЛ\(8т), 


(a? =, 8^) fJ. (az (вг) dz — BzJs(az)Js -1(8z) ET ог Ју 1 (oz Js (82). 


(11-53) 
(1—54) 
(1-55) 
(1-56) 


Equations (I-55) апа (1-56) are also valid for integrals of products of ordinary 


Bessel functions of the first and second kind such as J,,(az) У, (82). 


The formulas involving modified Bessel functions similar to those given above 
for J,(z) and У,(2) are not the same for K,,(z) as they are for (2), and these must 


be written separately. For /,(z), 


27 гу = La) — hp), (1-57) 
2456) рау + љалб), SR = ве, (0-58) 
[ds = Ба) – ath (11-59) 
|| Hz dz = IR — D) (11-60) 
f Iz) dz = Ip(z); f Ip(z)z dz = 21\(2). (II-61) 
For K,,(z), 
~ 28 Куба) = К, 100) — Kuta) (1-62) 
-2956). коб) + Ка КӘ = Kg, 01-63) 
[ 502 dz = IRO — Kn—1@)Kn41@)h (11-64) 
[Кос dz = ako) — Ki (1-65) 
|| Ki(z)dz = — Кос); || Ko(z)z dz = —zK,(z). (1-66) 
It is important to note that the relation Zo(z) = —Z,(z) holds for every Bessel 
function except 10(2). 
Relations analogous to Eqs. (11—53) and (1–54) are 
BOK) + КЕ) = 1, (1-67) 
dC ку г) E = 1. (11-68) 
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Orthogonality. The Bessel function Jo(z) has an infinite number of zeros, 
i.e., values of z where the function is zero. If these values of z are denoted by x, 
then it follows that Jo(x,) = 0. 

Consider now the functions Jo(x,,z/ К) and Jo(Xnz/R). Both of these functions 
vanish at z = Rand are unity at z = 0. Using Eqs. (II-51) and (II-55), it can be 
shown that the integral 


R ae on 0, тп, 
f љ(52)љ(8) га = R? (1-69) 


т Ji(x.) т = п. 


Equation (11-69) expresses the orthogonality of the Bessel functions. This ortho- 
gonality can be used to expand any well-behaved function in a series of Bessel 
functions in the region from 2 = 0102 = R. Thus let 


fo- 64 (=). (1-70) 


n=l 


where C, are constants. Multiplying both sides of this equation by Jo(%mz/R) 
and by the weighting function z and integrating from z = 0 to z = R gives the 
following formula for Cn: 


Es = fc 236: Z) zaz (1-71) 
RS)? 
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